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PREFACE 


O UR aim in this book has been to give as complete an account 
as possible of the application of classical and quantum 
mechanics to collisions between atoms, electrons, and ions. We 
have paid special attention to collisions between particles moving 
with relatively small velocities, partly because most text-books 
treat only the scattering of fast particles, and partly because we 
hope that the theory will soon be applied to problems of chemical 
kinetics. We have not dealt with phenomena where one of the 
colliding particles is a light quantum, or with problems involving 
a discussion of nuclear structure. 

We would like to express our thanks to Dr. C. B. O. Mohr, who 
has helped us in the preparation of the figures, and who has read 
much of the book in manuscript, and to Dr. Weisskopf, for assis- 
tance in proof-reading. 

1ST. F. M. 

H. S. W. M. 

CAMBRIDGE, 

September 1933. 
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INTRODUCTION 


M ANY of the most important advances in physics have been due to 
the study of the behaviour of beams of charged particles. The re- 
searches of J. J. Thomson and others on cathode rays were responsible 
for the discovery of the electron and the measurement of the ratio 
of its charge to its mass. Similar methods enabled Kaufmann to 
demonstrate the relativistic variation of mass with velocity, and in the 
last decade the development of the method in the hands of Aston has 
led to our present knowledge of mass defects. 

These experiments have yielded information about the nature of the 
charged particles themselves. Once their nature was understood, beams 
of charged particles have provided a most useful tool for the investiga- 
tion of atomic structure. The most precise information can be obtained 
by bombarding matter, usually in the form of gas or a thin foil, under 
conditions such that very few of the incident particles make an effective 
collision with more than one atom. The conditions are then said to be 
such as to give 'single scattering’. One may then examine the energy 
and angular distribution of the scattered particles, or the radiation 
emitted by the atom. 

The earliest experiment of this type was that of Rutherford, who 
bombarded a thin metal foil with a beam of ex-particles. From the 
relation between the number of scattered particles and the thickness 
of the foil, he was able to show that the conditions were such as to 
give single scattering, and hence, from the variation of scattering with 
angle, he was led to postulate the heavy nucleus in the centre of the 
atom. Later developments have led to the discovery of anomalous 
scattering and of artificial disintegration, and have provided one of the 
most valuable methods of investigation of the nucleus. 

Experiments in which atoms are bombarded by electrons of known 
energy have, in the hands of Franck, Hertz, and other workers, pro- 
vided the most direct proof of the existence of the stationary states 
postulated by Bohr in 1913. It has been possible to measure the mini- 
mum energy required to excite the atom to a state from which it can 
radiate, and also to investigate the velocity distribution of the electrons 
after collision, and to show that scattered electrons have either lost no 
energy, or have lost more than the first resonance potential. 

In these experiments the interest is concentrated more on the atom 
than on the colliding particle. It is the atom which has a planetary 
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structure, exists in stationary states, and radiates quanta of energy. 
Assuming the truth of these facts, the colliding particle behaves very 
much as one might expect, and provides a valuable tool for their 
investigation. Theoretical work has therefore, until very recently, been 
chiefly concerned with the stationary atomic states. This is also due 
to the accuracy and extent of the information about the energies of 
these states provided by spectroscopic methods. Early attempts were, 
however, made to obtain theoretical expressions for the probability that 
a colliding particle should lose energy. Thus in 1911 Bohr gave a semi- 
classical theory of the loss of energy of electrons and a-particles in 
passing through matter, from which he obtained an expression for the 
stopping-power which was qualitatively in agreement with experiment. 
Kramers in 1923 gave a theory of the emission of radiation by a particle 
on impact with a solid target. These formulae, while very useful as 
a basis with which to compare experimental results, admittedly did not 
rest on any secure theoretical basis. 

It is one of the triumphs of the New Quantum Theory that it is able 
to answer questions of probability and intensity in collision problems 
in an unambiguous way. The first hint that classical mechanics, supple- 
mented by quantum conditions, was inadequate in this field came from 
the work of Bamsauer and others, who showed that the cross-section of 
certain atoms in collisions with slow electrons was many times less than 
the gas-kinetic cross-section. But the great mass of experimental 
evidence is due to work carried out after the discovery of the new 
theory, and to some extent stimulated by it. Thus the work of Davisson 
and Germer and of G. P. Thomson and many others on the diffraction 
of electrons by crystals gives clear evidence of the wave nature of the 
electron. There is much experimental material concerned with the dif- 
fraction of electrons by gas atoms and molecules, most of which can 
be accounted for satisfactorily. There is also some evidence for the 
Pauli exclusion principle to be derived from collision phenomena. 

The New Theory, besides accounting for these new and somewhat 
startling phenomena, is able to provide formulae for the stopping-power 
of various materials for a- and /3-particles, the gas-kinetic cross-section 
of atoms, and many other quantities for which classical estimates have 
already been made. The formulae obtained from the Quantum Theory 
are usually in better agreement with the experiments than the older 
formulae, and such discrepancies as remain are probably due to the 
approximate mathematical methods which must be used to solve 
the equations, rather than to a defect in the theory itself (except in 
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the realm of nuclear phenomena, where the theory is known to break 
down). 

In this book, after an introductory chapter discussing the methods 
of the New Quantum Theory, we shall apply these methods to problems 
involving collisions between material particles, and show the agreement 
with experiment which has been obtained. 




I 

THE WAVE EQUATION 
1 . The Wave Function 

In this chapter we shall state the laws of wave mechanics, not in their 
most general form, applicable to any system however complicated, but 
in a simple way which can be applied only to the problem of the motion 
of a single charged particle in a field of force. The analysis of this 
chapter may also be applied to experiments in which the behaviour of 
a beam of electrons is investigated, provided that the interaction 
between the various electrons of the beam may be neglected, so that 
each electron behaves as though the other electrons were not there. In 
principle, this will of course be the case only if the charge density in the 
beam is vanishingly small. 

We shall state the laws of wave mechanics with a view to their 
application to problems involving the motion of a free electron, and, 
since such experiments are usually carried out with beams of electrons, 
we shall first state the laws that describe the behaviour of steady beams. 

These laws may be stated as follows: When we observe an electron, 

we observe a particle (a flash on a screen, a kick of a Geiger counter). 

If, however, we wish to know how many electrons there are likely to 

be in any volume, or how many cross unit area per unit time at a given 

point, we must assume the presence of a wave (the de Broglie wave). 

The amplitude and phase of this wave at a given point and given time 

is specified by a (complex) function of positionf ip(x, y , z ; t) (the wave 

function). This ‘wave’ makes its presence known to us through the 

following property: if (It is an element of volume situated at the point 

(x,y,z), then the probability that at the instant t an electron is in the 

volume-element dr is , . . , 

\W X > y,z\t)\ 2 dr. 

The average number of electrons within a volume t large enough to 
contain many electrons will then be 

the integration being throughout the volume t. It is to be emphasized 
that the probabilities refer to the results of possible experiments; |</r | 2 dr 
gives the probability that an electron would be found in the volume 
dr, if an experiment were performed to look for it. 

f (x, y , z) are Cartesian coordinates of position with respect to some axes fixed in 
space ; t is the time coordinate. 

3595.8 •» 
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THE WAVE EQUATION I» § 1 

In equation (IS) we give a formula for the number of electrons 
crossing unit area per unit time. 

We must now show how to calculate the wave function ip that will 
describe correctly the behaviour of a beam of electrons in any given 
experiment; the method naturally depends on the kind of experiment 
that we have in mind. We may distinguish between two types: those 
in whi ch we deal with a steady stream of electrons — e.g. the cathode 
rays in a highly evacuated discharge tube — and those in which we deal 
with a stream whose intensity varies with the time. The behaviour of 
a discharge tube when the current is first turned on presents a problem 
of the second type (cf. § 8). 

2. Wave Mechanics of Steady Beams of Electrons 

We shall first discuss the behaviour of steady streams of electrons. We 
shall limit ourselves in this chapter to the formulation of a non- 
relativistic theory, which will be valid only if the velocity of the 
electrons is small compared with that of light. The path of a beam of 
electrons is determined by the experimental conditions. If we wish to 
calculate the path of a beam of electrons, we must calculate ip; \\p\ 2 will 
then be equal to the number of electrons per unit volume at any point. 
Thus, given the experimental conditions, it must be possible to calculate 
\ip[ at every point. 

Suppose, for instance, that a beam of electrons of known energy is 
passed through a slit JS into a highly evacuated enclosure, where the 
electrons describe a curved path due to an electric field. Then it must 
be possible, from the experimental conditions, to calculate the function 
[^| 2 , and, if our rules for calculating \ip\ 2 are correct, we must find 
that \ip\ 2 vanishes outside the region where the electrons are observed, 
and is equal to the observed electron density inside it. 

We must first know the wave-length of the waves under these con- 
ditions. On this point we have direct experimental evidence ;f the 
observations on the diffraction of electrons by crystals show that, if 
electrons are accelerated by a known potential, the wave-length A of 
the associated waves is given by the formula 

A = h/<sJ(2mW), (1) 

where W is the kinetic energy of each electron. The same formula was 
predicted by de Broglie in 1925 from theoretical considerations . J 

W here is a directly measurable quantity, —WJe being the potential 

f See, for instance, GL P. Thomson, The Wave Mechanics of Free Electrons, Chap. IV. 

t See, for instance, Frenkel, Wave Mechanics , p. 19. ‘ 
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drop between the source of the electrons — where they may be con- 
sidered approximately at rest — and the point where the wave-length 
is measured. In the experiment considered above, if W 0 is the kinetic 
energy of the electrons when they pass the slit S , then W at any other 
point is given by w = Wo - V (x, V ,z), 


where V(x,y, z) is the potential energy of an electron at the point 
(x,y,z), so that V = — eO(x,y,z), where <I> is the electrostatic potential 
difference between S and the point (x, y, z). Thus the wave-length in an 
experiment of this type is given at every point of space. This argument 
is not valid if the fields are so strong that W changes appreciably in 
a distance comparable with a wave-length (~ 10~ 8 cm.). Such fields 
are only found within the atom. 

The wave-length, in a given experiment, is thus known at every 
point. In order to calculate the wave function, we must know also 
the so-called 'boundary conditions’. These depend entirely upon the 
experiment under consideration; in the experiment referred to above, 
the 'boundary conditions’ consist in a knowledge of the state of the 
wave over the surface of the slit — i.e. the wave amplitude, wave-length, 
and phase. These are clearly determined by the experimental condi- 
tions, except for the phase, which can be given any arbitrary value, 
since it does not affect |*/*|; moreover, it is clear from analogies with 
other kinds of wave motion that, given these conditions, the wave is 
determined at all points of space. 

In order to calculate if*, we must know also the wave equation that 
it satisfies. Any monochromatic train of waves in a homogeneous iso- 
tropic medium must satisfy the equation 


V 2 </r + 



0 , 


where A is the wave-length. If the medium is not homogeneous, so that 
A is a function of position, the amplitude of a wave train will satisfy 
the same equation approximately, provided that the variation in A is 
small in a distance comparable with A. Putting in the experimental 
value of A, namely, 


A = h/{2m(W 0 
we have for the wave equation 

8 7T 2 m 


■V)}K 


V 2 ^- 


h 2 


(W 0 -V)t = 0, 


( 2 ) 


which is the wave equation of Schrodinger. 
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THE WAVE EQUATION I, § 2 

The condition given above, that A shall not vary much in a distance 
comparable with A itself, becomes, expressed in terms of F, 

|gradF|A< JF. (3) 

This will clearly be satisfied for all macroscopic fields. Subject to (3), we 
can show that the behaviour of a beam of electrons as predicted from 
Schrodinger’s equation is the same as that predicted by Newtonian 
mechanics, as follows: 

If a beam of waves moves in a medium of varying refractive index 
jl t, the path of the beam is curved; the radius of curvature R at any 
point is given by the well-known formula 


JL^ 

R 



Now p, is the ratio of the wave-length at the point considered to the 
wave-length in free space; so that in our case 

/* = [W 0 !(W 0 -V)]K 

and therefore ~ = — ^ l2(W 0 — V). (4) 

Eut, according to Newtonian mechanics, the beam will be bent in such 
a way that m multiplied by the acceleration v 2 jR normal to path of 
the electrons will be equal to the component —dVjdn of the external 
force in this direction. Substituting 

mv 2 = 2(W 0 — V) 

we obtain (4). Thus the two systems of mechanics give the same results 
in this case. 

We see therefore that wave mechanics will only give different results 
from classical mechanics when it is used to describe the behaviour of 
electrons in the strong fields that exist inside an atom. Before we can 
apply Schrodinger’s equation (2) to such problems, there are two points 
that we must consider. Firstly, the quantity V(x,y,z), the potential 
energy of an electron at the point (x, y, z), is no longer a quantity which 
can be determined experimentally. According to the uncertainty prin- 
ciple, if the electron is observed to be at the point (x,y,z), its velocity 
is unknown; and hence the change V(x, y, z) in the kinetic energy as the 
electron travels from field-free space to (x, y,z) is not an observable 
quantity. Thus the only meaning that we can give to V is that it is 
a function which, when inserted in Schrodinger’s equation, gives results 
m agreement with experiment. Of course, when we wish to calculate 
the behaviour of an electron in the field of a nucleus of charge E, our 
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first thought will be to use the Coulomb form of the potential 

V(x,y,z) = — Eefr, 

because this is the form of the potential energy of one macroscopic 
charged body in the field of another; but this procedure is only justified 
by the fact that it gives results in agreement with experiment; we have 
no a priori knowledge that this is the correct form, because V(r) is not 
an experimentally measurable quantity. 

The second point concerns the equation (2), and whether, whatever 
the form of F, it is the correct equation to use for atomic fields. We 
have seen that the equation (2), together with the probability inter- 
pretation of if/ (provided that they are applied to the behaviour of 
electrons in slowly varying fields), are deductions from the experiments 
on the diffraction of electrons by crystals. It is a new assumption that 
this equation may be applied to atomic fields. This assumption is only 
justified, naturally, if it gives results in agreement with experiment. 
The simplest test to which we can put the theory is to see whether it 
predicts the conservation of charge — i.e. whether it predicts that the 
average number of electrons going into any closed volume is equal to 
the number coming out of it. We shall see that this is so (§7). 

Schrodinger’s wave equation is therefore adopted because it is the 
simplest wave equation which gives: 

(1) the de Broglie wave-length for slowly varying fields; 

(2) the conservation of charge for all fields. 

3. Examples of Wave Functions describing Steady Beams of 
Electrons. Infinite Plane Wave 

A beam of electrons of infinite breadth travelling from left to right 
along the z-axis is represented by the wave function')* 

ifj = A exp 2'7ri(z/X~vt), (5) 

where A is the wave-length, given by 

A = h/^Wm) 

(W = kinetic energy), and v is the frequency, given by (cf. § 8) 

V = W/h. 

The number of electrons per unit volume is AA*, and the number per 
unit time crossing unit area perpendicular to the z-axis is AA*v, where 
v is given by \mv 2 = TF. 


f It is often, convenient to drop the time factor and to write only A exp( 27 r^/A). 
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4. Beam of Electrons in Field -free Space 

We suppose that the beam is formed by passing the electrons through 
a circular hole, of radius a, in a screen. Let us choose axes with the 
origin at the centre of the hole, and the axes of x and y in tho plane 
of the screen. The direction of motion of the electrons will then bo 
along the axis. We have to form our wave function by superimposing 
plane waves of wave-length A, all travelling in directions very nearly 



parallel to the 2 -axis, in such a way that, in the a^-plane, xjj will vanish 
outside the circular hole. Now the equation of a plane wave travelling 
in the direction given by the polar angles f a, f3 is 

.dexp£~(z cos x sin oc cos j3 y sin oc sin /?) j| . 

It follows that our wave function ift must be of the form 

$ = j J /3)exp (z cos a -f- x sin a cos /? + y sin a sin j8) j dcxdfi , 

( 6 ) 

where A(oc,fi) must be chosen in such a way that if; vanishes in the 
cry-plane, outside the circular aperture. If we transform to spherical 
polar coordinates (r,0, <f>) (6) becomes 


ip — j j A(oc, £)exp ^p*r{cos 6 cos a + sin 6 sin ol cos(<£~ -£)}j dud ft. 

It is clear from the symmetry of the problem that A is a function of 
a only; carrying out the 0 integration we obtain 

if; = 27r J A(a) doc exp cos 0 cos aj J 0 sin 6 sin ocj „ ( 7 ) 


1* if h n are the direction cosines, 

l = sin a cos m ~ sin a sin /?, 


n sss cos a. 
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To find A (a) we use the fact that ijj is given equal to some function f(r), 
say, on the xy-jp lane, i.e. on the plane 9 = r; we have then 

I27tt . 

(x sm 

o 

From this . integral equation A (a) must be determined. 

The simplest convenient expression for f(r) is 

f(r) = .Bexp(— r 2 /a 2 ). (9) 

In practice f(r) would be more complicated than this, being constant 
within the hole (r C a), and falling to zero in some irregular way at 
the boundary. We adopt the simplified form (9) because it makes 
possible the exact solution of (8). If we put 

A (a) = Ce-( 8in a ^*si n a cos a 
with a = A/ 7T&J Cttot 2 = 


f(r) = 2tt 


J -4(a) 


e/ 0 



then equation (8) is satisfiedf if we replace the upper limit of integra- 
tion by oo, a step which may easily be justified since cr 1. 

We have now to integrate (7). Since the whole value of the integral 
comes from small a, we replace (7) by 

ip = 2tt tG J e-o^exp pZgLjggi (1 — J a 2 )j./ 0 ^ 2 ~“sirL^a 
0 

which is equal to 

1 TrircosO )" 1 T 77V 2 . ( 1 ^Vcos^)- 1 ! t - Ax 

— j ex P[““ A / j exp(2rtz/A) ' 

(10) 

which is the required wave function. The number of particles per unit 
volume is |*/*j 2 , which, for large r, tends to 

(<7A/r) 2 exp( — 2sin 2 0/a 2 ), 

which is equal to 

\\fj\ 2 ~ (7TjBa 2 /Ar) 2 exp( — 27r 2 a 2 sin 2 0/A 2 ). (11) 

The diffraction of the beam is well shown. 


5. One -dimensional Problems 

Let us suppose that a beam of electrons, such as the beam discussed 
in the last section, moving along the 2 -axis, enters a field which varies 

f Cf. Watson, Theory of Bessel Functions, p. 393. We use the formula 

J J 0 {at)e-‘‘'^t dt = £<7 2 e-l“ w . 
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only in the 3 -direction, so that the potential energy of an electron in 
this field is of the form F(z). It is required to calculate the behaviour 
of the beam. 

In such problems the variation of </> with x,y is not relevant; for 
purposes of calculation it is therefore convenient to take the incident 
beam of infinite extent, so that it may be represented by an infinite 
plane wave. The complete wave function ip will then be a function of 
z only, and will therefore satisfy the wave equation 

ft+^P(W-V)^=0, (12) 

dz 2 h 3 

where W is the kin etic energy of each electron at the point where V is 
considered zero. 

As an example, f we shall investigate the behaviour of a beam of 
electrons impinging on a potential jump, that is to say, a field such that 

V = 0 (z < 0), 

V = U (z > 0). 

We shall suppose that U < W. We represent the incident wave, falling 
on the potential jump, by 

A exp (ikz) (z < 0), 

where k = 277 rmvfh = 2Tr(2mW)*/h. 

This represents a beam of electrons moving with velocity v, and such 
that AA*v cross unit area per unit time. For the reflected beam we take 
i?exp( — ikz) (z < 0), 
and for the transmitted beam 

C exp (iJc'z) (z > 0), 

where k' = 2irmv' jh = 2n\2m( W — U^/h. 

Thus for our complete wave function we have 

xf, = A exp (ikz) J r Bex p( — ikz) (z < 0), 
if, = C exp (ik'z) (z > 0), 

We now put in the boundary conditions satisfied by the wave func- 
tion at z — 0. These are that ip and dip/dz must be continuous. We 
have therefore A+B — C 

k(A — B) = Ck\ 

t A discussion, of the passage of electrons across potential barriers is given in various 
text-books. Cf. Frenkel, Einfuhrung in die WeUenmechanik , pp. 52-60, and Wave 
Mechanics , § 15 ; Condon and Morse, Quantum Mechanics , pp. 222 et seq. ; also in Condon, 
Hev. Mod. Phys., 3 (1931), 43. A summary of the application of these ideas to electron 
emission from metals is given by Nordheim, Phys. Zeits., 30 (1929), 177. 
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Solving, we obtain B = A{]c _ ¥)j(Jc+¥) 

G = 2Akl(k+k'). 

The number of particles crossing unit area per unit time in the reheefe# 
beam is AA*v[k— k')*l<Jo+k'Y, 

and in the transmitted beam 

AA*v'(2k)*l(k+k')*. 

Remembering that Jc/h' = v[v f , we see that the fraction of the total 
number of particles reflected is 

( v — v'^Kv+v')* 
and the fraction transmitted 

4:w'/(v-\-v') 2 . 

We see that the two proportions add up to unity, so that the wave 
function predicts that electrons are conserved. This is a particular case 
of a general law proved below in § 7. 

6. Solution of the Wave Equation for an Electron in a Slowly 
Varying Field }* 

If the potential energy V(z) does not vary appreciably in a distance 
comparable with the wave-length h/^J{2m(W — F)}, one may obtain an 
approximate solution of the wave equation as follows. We write 

87 r 2 m y 


h 2 


“(W — V) = f(z), 


and assume f(z) positive in the range of z considered. Schro dinger’s 
equation becomes 

rf2J f 

(is) 




We write ijj = Ae^; (14) 

substituting into (13) we obtain 

* A"+2iA r p'+ip"A—p'*A+fA = 0, (15) 

where the dashes denote differentiation with respect to z . We put 

£' 2 =m, 

z 

which gives /? == J [/(z)]* dz. 

Since / is nearly a constant in a range of z long compared with the wave- 

t This method is due to Jeffreys, Proc. Lond . Math. Soc Ser. 2, 23, Part 6. 

3595.8 c 
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length, this gives for ft in such a range, 

ft czt / *3+ const. 

It follows from (14) that A to a first approximation is constant in 
such a range, and hence that 

A"<A'f*<Af. 

Hence in (15) we may neglect A " in comparison with A' ft ' [we cannot 
neglect A'fi' in comparison with Aft” because is itself small]. We 
thus obtain from (15) 

2A'p'+P"A = 0, 
and hence A = const. [/(«)]"*. 

Thus our approximate solution is 

<P = [/(z)] _i exp|±i J [/(a)] 1 dzj . (16) 

The number N of electrons crossing unit area per unit time is equal 
to ji/'j 2 multiplied by the velocity of the electrons. Now 

W = [/(*)]-* 

and the velocity of the electrons is [2(PF— F)/m]*, which is proportional 
to [f(z)]K Thus N is the same for all z, as it should be. 

Similarly, it may be shown that, if f(z) is negative, then, if we write 

m = -/(*) = w), 

the approximate solutions of the wave equation (13) are 

[>(z)]-iexp j=F J dzj. 

In many problems /(z) has a zero z 0 such that 
f(z) >0 (z > z 0 ) 

/(z) <0 (z < z 0 ), 

and we require to know the particular solution which decreases as z 
becomes less than z 0 . It has been shown by Jeffreys - ) - that, if f'(z 0 ) ^ 0, 
then in the range z > z 0 this solution is 

^ =/-isin[i7r+ J [/(z)]i dzj. (17) 

Zo J 

7. Formulae for the Current; the Conservation of Charge 

We have postulated as an axiom that the quantity tfn/,* shall be equal 
to the number of electrons per unit volume in the beam of electrons 

t Loc. cit. 
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described, by the wave function ft, or more exactly, that if/ ft* dr is equal 
to the probability that an electron will be found in the volume-element 
dr. We can obtain a similar formula for the current, or number of 
electrons crossing a given area per unit time. More exactly, we require 
a vector j, at all points of space, such that (j*dS) dt is the probability 
that an electron will cross an element dS of area in the time dt. The 
required formula for j is 

j — — grad i/r — ftgradft*}. (18) 

4,7Tim ' 

We shall show that this formula gives j correctly in all cases in which 
j could be measured. 

In a region in which V is constant or zero, and in which there is 
a single stream of electrons moving in the direction n, the wave 
function will be of the form 

ft = aexp{27rimvn-r//i } 

and j equal to v\a\ 2 n, which is clearly given by (18). 

To measure j in general, one would place a collector in the path of 
the electrons, and measure the charge falling on it per unit time. Such 
a procedure measures the average value of j over a region large com- 
pared with the wave-length, and.this is the only thing that can he deter- 
mined by direct experiment. If we suppose that V and therefore A are 
constant in this region, then the wave function must be of the form 

ft = 2 a s exp{27nravn 5 *r /h], 

3 

where the n s are unit vectors, and the a 3 constants. This wave function 
represents streams of electrons superimposed on one another. The fact 
that according to the wave mechanics such streams should interfere 
will not affect the number of electrons falling on the collector, because 
the collector is large compared to the wave-length. If the area of the 
collector is A , and if it is normal to the direction n, the number of 
electrons falling on it per unit time is 

A 2 K\^-n a . ( 19 ) 

8 

According to the formula (18) this number should be 

f j-n dS 

over the surface of A. This is easily seen to lead to the formula (19), 
since the cross terms of the type 

a & a? exp{27rimv (n s —n t ) • r /h} 
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become zero when averaged over an area large compared with the wave- 

Jt the b eams come from different sources, a s must be taken to have 
the form exp (♦&), where 4> s is an arbitrary phase having no relation 
to the corresponding phase <f>t- To obtain the current one must average 
(18) for all <f> s , 4>,\ the cross terms will then vanish. 

We all refer to the vector j as the current vector, though it is only 
the averaged value of j that can be observed directly. 

It may easily be shown from the wave equation that charge is con- 
served— i.e. that the average number of electrons moving into a volume 
is, in a steady beam, equal to the number moving out. j Ihis will be 
so if divj vanishes. Now from (18) we have 


divj = 


- - U*V 2 <A— tlNH*}. 
knim xr 


But since both p and ip* satisfy Schrodinger’s equation, it follows that 

and that xjN 2 ijj* is equal to the same expression. Thus we see that 
divj is zero. ' 


8 ♦ Problems in which |</r( 2 varies with the Time 

Let us consider a highly evacuated discharge tube, in which a beam of 
electrons is projected against a screen in which there is an aperture 
covered by a shutter. Suppose that the aperture is suddenly opened; 
then, a short tim e t afterwards, there would be a stream of electrons 
coming out of the aperture, and extending a distance vt from the hole. 
v is what we call the Velocity’ of the electrons, and is connected with 
the energy W due to the field that has accelerated them by the formula 

W = imv 2 . 

Prom the point of view of the classical mechanics, this is trivial; how- 
ever, according to our fundamental assumption, we ought to be able 
to predict this result by postulating the presence of a wav© and then 
making the assumption that \if/\ 2 is equal to the number of electrons 
per unit volume. Now, from the wave point of view, we have a steady 
wave train falling on the screen, until the shutter is opened, when a 
beam passes out into space; the velocity with which the front of the 
beam advances is the group velocity of the waves. 


t Compare Sommerfeld, Wave Mechanics , p. 89. 
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Now the group velocity in any wave-motion is equal to dvjdN , where 
v is the frequency, and N the wave number, equal to the reciprocal of 
the wave-length A. In order that the wave description may be in agree- 
ment with experiment (that is, in this case, with the classical theory), 
this velocity must be equal to the classical velocity of the electrons, 
namely, v . Thus we must have 

dv 

dN~~ V ' 

Expressing v in terms of N 9 we have 

m = ™> m - 

We may integrate this equation; we obtain 

v = ^hN 2 /m+ const. 

= TF/A+ const. 

The formula hv = E, 

where E is the relativistic expression for the energy of a particle (in- 
cluding the rest-mass), namely, 

E = mc 2 (l— v 2 /c 2 )^, 

was deduced by de Broglief from considerations depending on the prin- 
ciple of relativity. If vfc is small compared with unity, this reduces to 

hv = 

which gives a value to the constant. However, the value of this con- 
stant does not affect any experimental result, and it is convenient to 
put it equal to zero in non-relativistic problems. 

The wave equation for a general, non-monochromatic wave-dis- 
turbance is 

V 2 ^— Vtf*. (20) 


Ji difs 
2rri dt 


h 2 


87j 2 m 

This equation may most easily be obtained as follows: the equation 
satisfied by the wave function describing a stream of electrons of energy 
W is 


V 2 </r- 


8rr 2 m 


h 2 


(W-V)ip = 0. 


This wave function will be of the form 

= f(x, V, 2)exp ( — 2ni W t/h ) , 


( 21 ) 


( 22 ) 


*f- d© Broglie, Ann. de Physique, 10 (1925), 22. 
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as we have just shown. Now the equation which we require must not 
contain W; from (22) we see that 



h dijs 
2Tri dt 


and hence, from (21), it follows that equation (20) is satisfied by wave 
functions describing electrons all with the same energy — i.e. by wave 
functions of the type (22). But the most general wave function must 
be made up by superimposing such wave functions; therefore the most 
general wave function will satisfy (20). 

Prom the wave equation (20) it may easily be shown that charge is 
conserved. If we denote by p the quantity then J p c£t integrated 
over any volume will be equal to the probability that an electron is in 
the volume. J j*dS will be equal to the probability per unit time that 
an electron moves out of the volume. We must therefore have 

IJ/xfo + J^S-o 

This -will be the case if ~r+ div j — 0. 

at 

(24) may easily be proved from the wave equation (20), using the 
definition (18) of j. For proof, cf. Sommerfeld, Wave Mechanics, p. 89. 

9. Wave Packets 

Let us suppose that a beam of electrons is fired at a screen in which 
there is an aperture, which is initially closed by some kind of shutter, 
and is then opened for a short time, and then closed again. If this 
experiment were carried out, a cloud of electrons would pass through 
the aperture and travel out into space. One could say that a region, 
in which the electron density is different from zero, would be travelling 
through space. The shorter the time during which the shutter is open, 
the smaller will this region be. 

To describe this phenomenon in the language of wave mechanics, we 
must picture a train of de Broglie waves falling on the screen, and, 
when the shutter is opened, a ‘wave packet’ or ‘wave group’ passing 
through. The square of the amplitude of the wave function gives us, 
as usual, the probable electron density. The wave group as a whole 
wfll travel forward with the group velocity of the de Broglie waves, 
and this, as we have seen, is equal to the classical velooity of the 
electrons that they represent. The wave mechanics, therefore, makes 
the same predictions as the classical mechanics. 


(23) 

(24) 
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If ip(x, y , z, t) is the wave function at any point in the wave packet, 
then the number n , definedf by the integral (over all space) 

n = J/J y> z,t ' ) ^ dxdydz, 

is equal to the probable number of electrons that have passed through 
the shutter. If the original electron beam were sufficiently weak, or if 
the shutter were only open for a very short time, then this number 
might be of order of magnitude unity. It must be remembered, of 
course, that if n were actually equal to unity, it would not mean that 
just one electron would pass through every time. It would mean, that 
if the experiment were repeated a very large number p times, the total 
number of electrons passing through would be pn , even though in indi- 
vidual experiments the number would be zero, one, two, and so on. 

In discussing the behaviour of wave packets, it is usual to normalize 
the wave function in such a way that n is equal to unity. 

The study of wave packets is of little use in enabling one to predict 
the results of real experiments; in practically all experiments with free 
electrons a continuous stream is used. Wave packets are, however, 
instructive in enabling one to understand the ideas of the wave 
mechanics, because they have a certain rather superficial resemblance 
to the particles of the classical theory. For instance, if one can show 
that a wave packet will follow the path of the classical particle, one 
may deduce that wave mechanics and classical mechanics will give the 
same result in a given problem. 

9.1. One-dimensional Motion of a Wave Packet in a Homogeneous 
Medium. 

In any kind of wave-motion there is a relation between the frequency 
v and the wave number N. For de Broglie waves, in the non-relativistic 
theory, this relation is „ = 

We shall assume in this paragraph a quite general relationship, 

v == v(N). 

The most general possible wave disturbance is given by 

+ 00 

ifj = j a{N) dN exp \27ri(Nz—vt)'\ > 

— OO 

where a(N) is an arbitrary complex function. This wave disturbance 
t N is a constant with respect to the time ; cf. § 8. 
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is obtained by superimposing an infinite number of plane waves, with 
arbitrary amplitudes and phases. We can choose a(N) so that </< has 
any desired form at time t = 0, by means of Fourier’s integral theorem. 
We shall take for our wave packet at time t = 0 

ip = C exp (2-niN 0 z — z 2 /ct 2 ). (25) 

The error function form for the amplitude is chosen because all the 
subsequent integrations can then be carried out in terms of known 
functions. The wave packet is thus initially in the neighbourhood of 
the origin, has wave-number N 0 , and breadth of order of magnitude 2a. 
It is easily seen (and will be proved below) that 

a(N) = Cn-a exp[ — (N — 2V 0 ) 2 77 2 cr 2 ]. (20) 

To find the form of the wave packet at any subsequent time, we 
have therefore to evaluate the integral 
00 

^ = J Cuicr exp[27ri(Nz—vt)—(N—N 0 )*TT*a*] dN. (27) 


To do tins we expand v in a Taylor’s series 


where v Q , v' 0 , etc., denote the values of v and its differential coefficients 
with respect to N, for the value N = N 0 . Now if cr> A, as we may 
assume to be the case, it is clear that most of the integral (27) comes 
from iV~ W 0 ; we shall therefore secure a good approximation if wo 
neglect terms in (N—N 0 )* in the expansion of v. We may note that 
for de Broglie waves in the non-relativistic theory this approximation 
is exact, since v is a quadratic function of N. 

Writing N—N 0 = £, 

the equation (27) becomes 


where 


+ 0O 

p = Cn*a J exp[ — a£ 2 -j-26£-f-c] 
— 00 

a = 'rr 2 cr 2 -\-7rivQ t } 

b = — irUy^t — z) 9 


C = 27ri (N 0 Z — i/q t ) . 
The integrand may be written 
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Putting £ — 6/a = 77, we obtain for ip 


00 

ip = exp + — j J' e~ a, i 2 <#77 

— 00 

-iexp(c+^]. 


Crraa~ 


Putting in the values of a, 6, c, we obtain 




K *— z) a ' 

C7* 2 + tVJJ tjrr_ 


The wave packet reduces to ( 25 ) at time t = 0, as it should. At time 
£ the centre of the wave packet is at the point 


z = v' 0 1 . 

Thus the velocity of the wave packet is equal to the group velocity 
dvjdN. A further important property of the wave packet is the spread- 
ing. Considering the exponential term in ip only, we have for the 
amplitude |0|, 

exp [ «*+(Wj' 


Por large t, therefore, the breadth of the wave packet is of order of 
magnitude 2 


The wave packet therefore spreads as it goes along, and the velocity 
with which its length increases is 

d*v 2 _ 

* dN z 7 rcr ’ 


If the waves are de Broglie waves,f we have in the non-relativistic 
theory = v and = A. 

dN m dN 2 m ’ 


We have therefore for ip 


t - , iht "1 — A- 
*P = C 1 d 5 exp 

77mor 2 J 


r — (vt— z) 2 

Lor a + iht! 7rm 


2 rri 


ImvH 

mvzY\ 

\ZhT~ 

"~V/J 


f Wav© packets of de Broglie waves have been considered by various authors. Darwin 
( Proc . Boy. Soc. A, 117 (1927), 258) has given the wave function for a three-dimensional 
wave packet in free space [equation (5.6)], a wave packet describing an electron under 
a constant electric force [equation (6.2)], and under constant magnetic field [equation 
(7.10)]. Wave packets are discussed by Condon and Morse, Quantum Mechanics, p. 219; 
Frenkel, Wellenmechanik, p. 60. 

3595.8 ry 
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One of the most important properties of wave packets is that, if a 
wave packet passes through any electric or magnetic held which does 
not vary appreciably in a distance comparable with the size of the wave 
packet, then it will follow the classical path. A proof is given in various 
text-books, f 

f See, for example: Dirac, Quantum Mechanics , p. 120; Frenkel, W ellenmechanik , 
p. 64; Debye, Phys. Zeitschrift , 28 (1927), 170; Ehrenfest, Z. fur Phys., 45 (1927), 455 ; 
Ruark, Phys. Rev., 32 (1928), 1133. 



THE THEORY OF THE SCATTERING OF A BEAM 
OF PARTICLES BY A CENTRE OF FORCE 

1 . Calculation of Scattered Intensity 

The problem of the collision between an electron and an atom is a 
"many -body’ problem, and as such will be considered in Chapter VIII; 
in this chapter we shall consider the scattering of a stream of charged 
particles by a small spherically symmetrical region in which their poten- 
tial energy is different from zero; we shall call this region the "atom’, 
and the potential energy of a particle at distance r from the nucleus 
will be denoted by V(r). In Chapter VIII it is shown that the elastic 
scattering by atoms can, to a certain approximation, be treated in this 
way, and methods are given for the calculation of V(r). 

In experiments on the scattering of a beam of particles, one measures 
the number of scattered particles falling per unit time on an area dS 
placed at a distance r from the scattering atoms. For purposes of 
calculation we suppose that there is only one scattering atom. The 
number of particles falling on dS will then be proportional to the area 
dS and inversely to the square of the distance r. That is to say, the 
number is proportional to the solid angle d<o subtended by dS at the 
centre of the atom. We shall refer to the particles which hit dS as 
"scattered through an angle 0 into the solid angle d<o\ 

The number of particles scattered into the solid angle d<o is also pro- 
portional to the current per unit area in the incident beam. Suppose 
that N particles cross unit area per unit time in the incident beam. 
Let the number of particles scattered per unit time through an angle 
0 into the solid angle dco be 

NI(0) doj. 

Then 1(0) is the quantity that we wish to calculate. 1(0) dco has the 
dimensions of an area, and will be referred to as the "effective cross- 
section for scattering into the solid angle dco\ 

We shall refer, in what follows, to the charged particles as electrons, 
though the analysis is applicable equally to any type of particle. # 

Let (x,y,z) denote the Cartesian coordinates of the electron at any 
moment, and (r,0,cf>) its spherical polar coordinates, the z-axis being 
the axis from which 0 is measured, t We shall suppose the atom to be 
situated at the origin, and the potential energy of an electron distant 
f i.e. r cos# = z, rain Be *4* = 
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r from the origin to be F(r). In this section we shall assume that V(r) 
tends to zero faster than lfr; the case of Coulomb scattering will be 
considered in Chapter III. We shall suppose that a stream of electrons 
moves with velocity v from left to right along the 2 -axis. We represent 
this stream of electrons by the plane wave exp (ikz), where k is equal 
to 2? rmvjh. This wave represents a density of electrons of one per unit 
volume, and therefore a flow of v electrons across unit area per unit time. 
The wave will be scattered by the atom, the amplitude of the scattered 
wave at the point ( r , 6, <fc) being, let us say, 

r~ x f(6)e ikr . 


Our problem is to find the function f(6). From it we can deduce the 
number scattered into a given solid angle per unit time. The number 
of electrons in the scattered wave crossing an element of area dS at the 
point (r, 6, </>) is vr~ 2 dS\f(d)\ 2 per unit time; and therefore, if the incident 
beam is such that one electron falls on unit area per unit time, the 
number 1(9) day scattered into a given solid angle day per unit time is 
equal to | f(6)[ 2 day. We have therefore 

m = \m\*. 


The number of particles scattered between angles 0 and 9-\-d9 is 

\f(9)\* 2 tt sin 6 dO. 


Our problem, then, is to find a solution iff of the wave equation which, 
at a large distance from the atom, represents an incident wave and 
a scattered wave. That is to say, we must have, for large r. 


ifj ^ e ikz +r-' x e i1cr f(9). 


W 


The wave equation satisfied by i/j (Schrodinger’s equation) may bo 

Writt6n V^+[^-U(r)],p = 0, (2) 


where 


k = 2rrmvfh, 


U{r) = 


8iT 2 m 

~W 


V(r). 


Before considering the solution of (2) we require a certain expansion 
in spherical harmonics (eq. (8)), which will now be proved. 

^j|g plane wave e ikz is a solution of the equation 

V 2 l/r-j-& 2 ^r = 0. (3) 


The equation can also be solved in spherical pol® 

easily seen that . „ 

‘P = P n (cos6)f n (r) 


coordinates; it is 
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is a solution, if f n is a solution of the equation 
1 d 


r 2 dr 




(4) 


and JF^(cos 6) is the nth Legendre coefficient.! The equation (4) can he 
solved in series; there are two solutions, one beginning with r n and the 
other with r- 71 - 1 ; they are expressible in terms of Bessel functions (cl 
eq. (9)). Let us denote by f n (r) the solution of (4) that is bounded at 
r = 0 . Then, except for an arbitrary multiplying constant, f n (r) is 
determined. 

Clearly, if the A n are arbitrary constants, 


^A n P n (ooae)f n (r) (5) 

n—0 

is a solution of (3), and we know further that this is the most general 
solution of (3) which has axial symmetry (i.e. does not involve <f>), and 
which is finite at the origin. It follows that e ikz can be expanded in 
this form. 

Let, then, 

e ikz = e ikr cos e ^ A n P n (cos 6)f n (r). 

71=0 

To obtain A n we multiply both sides by i^(cos0)sin0 and integrate 
from 0 to 7 r. Putting cos 6 === t, we obtain 

+i 

2~fi A nfn(r) = J e**«P n (t) dt. ( 6 ) 

-1 

f n has been defined except for an arbitrary multiplying constant, and 
A n cannot be determined until this is given. We can define f n exactly 
by means of its asymptotic expansion for large r; integrating the right- 
hand side of ( 6 ) by parts, we obtain 


ikr 




4-1 

•1 


1 

ikr 


I 


e ikrlp^ t ) at. 


Tlie second term is of order 1 /r 2 ; for large r, therefore, we have 

1 , P n (— 1 ) = ( — l) n , the right-hand side of this equation 
2i n (kr)- 1 am(kr — %nrr ) . 

If now we determine f n completely by stipulating that it shall be that 


Since P n (l) 
is equal to 


t Whittaker and Watson, Modern Analysis, p. 302. 
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solution of (4) which has the asymptotic form 

fn( r ) ~ (&r ) " x sin ( hr — ^mr ) , (7) 

then we see that A n is equal to (2^+l)t n , and therefore 


= f (2n+l)i«P n (coB 0)f n (r ), (8) 

n= 0 

which is the required expansion. For reference we give here the expres- 
sions for f n in terms of Bessel functions, viz. 

f 0 (r) — sin krjkr 

M r ) = ( 7T/2kr)iJ n+i (kr ). (9) 

Let us now consider the wave equation (2) for an electron in the field 
of an atom. As before, the general solution of (2) having axial sym- 
metry is oo 

t = 2A n P n (cos6)L n (r), (10) 

n = 0 

where the A n are arbitrary constants, and L n is any solution of 

hl{ r 'wH k ‘- VM - nJ ^) L = °- <"> 

As before, (11) has two independent solutions, f one finite at the origin 
and the other infinite. We wish to choose the constants A n so that (10) 
shall represent an incident wave and a scattered wave — i.e. so that 
(10) shall have the asymptotic form (1). It is necessary that our wave 
function should be everywhere finite; L n must therefor© be chosen to 
be that solution of (11) that is finite at the origin. L n (r) is then defined 
except for an arbitrary multiplying constant. 

If we set L n (r) = r- x G(r ), 

equation (11) reduces to 


d*G 
dr 2 


+ 


k 2 — U(r)- 


_n(n+ 

T 2 J 


( 12 ) 


For large r the last two terms in the bracket tend to zero, and we 

should therefore expect that the asymptotic form of any solution G 

would be ^ 

G ~ A sm(h+€), (13) 

where A and € are constants. 

To test whether this is so, we set 


G = u(r)e ikr . 


t We assume that if U(r) has a pole at the origin, it is not of higher order than r~“ l . 
Cf. § 3. 
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Substituting in (12), we obtain 


d 2 u 


+ 2ilc 


• y dU 

' k Tr~[ 


u- 




u 


0 . 


dr % ' dr L r * 

For large r, we may assume, since u is nearly a constant, 

d 2 u . 7 du 


(14) 


Neglecting the former term, we can integrate (14); we obtain 
2 ih log u = J £ U(r ) + j dr . 

The right-hand side tends to a constant for large r if, and only if, U(r) 
tends to zero faster than 1/r as r tends to infinity. Thus for fields which 
fall to zero faster than the Coulomb field, Q has the asymptotic form 
(13). The case of the Coulomb field is considered in Chapter III. 

The particular solution of (11) that is finite at the origin will therefore 
have the form Cr-^(hr-^+r, n ), 


where C is an arbitrary constant, andf rj n is a constant that depends 
on h and on U (r), and which can in general only be determined by 
numerical integration (cf. § 3). To fix the arbitrary constant C, we 
define L n (r) to be that bounded solution of (11) that has the asymptotic 

form (hr) -1 sin.(&r — \mr + Vn ). (15) 


We have to choose the constants A n in (10). If we subtract the 
expression (8) for the incident plane wave, we obtain the expression 
for the scattered wave. We have to choose the A n so that this does 
actually represent a scattered wave — i.e. so that there are no terms of 
the type r^er^ in the asymptotic expansion. Thus for all n we must 
have, for large r , 

A n L n (r ) — (2n-f- 1 )i n f n (r ) ~ C n r^e^ y 
where C n is some constant. Putting in the asymptotic expressions for 
f n , we obtain for the left-hand side 

fiikp p—ikp 

— [^4 n e*? — (2n+ l)i M ] — ^ [A n «-**•— (2»+ 


where hp = hr — \mr. 

Choosing A n so that the second term shall vanish, we have 

A n = (2n+l)i n e i 'n*. 

For the wave function, therefore, that represents the incident wave and 


f The term — &nv is added so that if U(r) is zero rj n shall be zero. 
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the scattered wave, we have 

iff = X ( 2n + 1 )i n e ir i n L n (r)P n (cos 0), (10) 

u = 0 

and for the asymptotic form of the scattered wave 

r~ 1 e ikr f(9), 

with m = 2^ 2 (2«+ 1 )[^- 1 ]-P»(c°s^. (17) 

n — 0 

This gives us our expression for the amplitude of the scattered wave. 
It will be noticed that f(d) is complex; the scattered intensity 1(6) is 
given by the square of the modulus, i.e. by A 2 - |-R 2 , where 

A = (2w+l)[cos2»j„— l]P ?p 

•B = ^ 2 ( 2j H~ 1 )sin2i 7n P n . 

These series are, in general, convergent (cf. § 2). There is only one case 
in which the series (17) can be summed in terms of known functions, 
namely, the scattering by a Coulomb field, which we shall consider in 
Chapter III. We shall find there that the scattered intensity is the 
same as that given by the classical theory. This is not true of any other 
field that has been investigated. 

The total elastic cross-section Q of an atom for electrons of a given 
velocity is defined as the total number of electrons scattered elastically 
by the atom, per unit time, from a beam of unit intensity, i.e. such 
that one electron crosses unit area per unit time. In practice the number 
scattered through an angle greater than some small angle 6 0 is measured, 
but since f (6) is bounded at 6 = 0 for atomic fields, Q is very insensitive 
to 6 0 , and thus 6 0 may be taken to be zero.f 
The formula for Q is 

7 r 

Q = 2v J |/(0)| 2 sin0d0. 

0 

A °° ■, 

This gives Q = ^'^(2n+l)sin !i 7] n . (18) 

n~0 

The method of this section was first used by Rayleigh. J It was first 
applied to the problem of the scattering of electrons by atoms by Rax4n 
and Holtsmark.§ 


t Cf. Ch. x, § 1 . 

§ Zeits.f. Physik, 45 (1927), 307. 


t Theory of Sound , ii. 323. 
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2. Connexion between the Phases 7] n and the Angular Momen- 
tum of the Scattered Particle 

The phases rj n that occur in the expression (17) for the scattered ampli- 
tude are, as we have seen, defined in the following way. Let G n {r) be 
the bounded solution of 

G"+ [& 2 - U(r) j G = 0, (19) 

where the dashes denote differentiation with respect to r. Then, for 
large r , G will have the asymptotic form 

G sin(&r — 

rj n is thus defined. 

If U(r) falls exponentially to zero for large r, it is possible to make 
an estimate of the value of rj n for fairly large n, and thus to estimate 
the number of terms required to sum the series (17) for f(8). The con- 
vergence of the series may also be tested in this way. 

Let us denote by F(r) the function 

F(r) = k 2 — U(r) — . (20) 

If U ( r ) has no pole of higher order than F(r) is negative for small 
r and positive for large r, and has therefore at least one zero. For 
simplicity we shall suppose that F(r) has only one zero, which we call r n . 

The solution G of equation (19) behaves for small r like Ar n+1 9 where 
A is a constant which we shall assume positive. Thus for small r, both 
G and G' are positive, and we see from (19) that G" is positive also. 
Now, for increasing r, G cannot decrease until G' changes sign, and 
this can only happen for a value of r greater than the first zero of G". 
But since G is increasing and therefore positive until the first zero of 
G", it follows from (19) that this zero is at the point r n . Thus G increases 
(exponentially) until the point r = r n . The proof is similar if A is 
negative. 

For r > r n , G is an oscillating function, as shown in Fig. 2. 

Let us now find the closest distance of approach, according to the 
classical theory, of an electron of energy E fired at an atom, in such 
a way that its angular momentum about the nucleus is I . I is the 
product of the initial momentum of the electron and the 'impact para- 
meter’ f p . If v be the velocity of the electron at the point of closest 

f The ‘impact parameter* is the distance between the initial line of motion of the 
particle and the centre of the scattering field. 

3595.8 -r 
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approach, we have, firstly, since energy is conserved, 

\ mv 2 +V(r ) = E, 

and secondly, by the principle of conservation of angular momentum, 
since the radial velocity is zero at the point of closest approach, 

mvr = I. 

Eliminating v, we obtain for r the equation 

E—V(r)—I 2 /2mr 2 =0. (21) 

|F(D 



Fig. 2 

If we put I = h[n(n+ 1)]*/2tt, (22) 

then equation (21) is equivalent to 

E(r) = 0, 

F(r) being defined by (20). Thus the zero r n of F(r) is the distance 
to 'which a particle of angular momentum given by (22) would approach, 
according to the classical theory. 

We have already seen that \G n {r)\ is very small for r much less than 
r n . We shall now show that if n is so big that a particle with angular 
momentum I given by (22) does not penetrate the atom (according to 
the classical theory), then the corresponding phase rj n is very small. 
We have to show, therefore, that if V(r n ) is very small for n greater 
than a certain value, rj n is also very small for these values of n. We 
note that if V(rJ is very small, r n is approximately the zero of 

k 2 —n(n+ l)/r 2 . 

Let now g n (r) be that solution of the equation 

n{n+l)\ 

dr* + [* J9 — 0 


( 23 ) 
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which is hounded at the origin, the arbitrary multiplying constant 
being chosen in such a way that 

g n ~ sin(&r — | nrr) 

for large r. g n is equal tof 


(Trkr/2)iJ n+i (kr). 

It follows from the arguments given above that g n decreases exponen- 
tially as r decreases, for r less than r n . The form of the function is 
similar to that of the function G illustrated in Fig. 2. 

We now solve the wave equation (19) by a perturbation method. 


We put 


ft. 




and assume that the product <X>£7 can be neglected. Substituting into 
the equation (19), we obtain for <D, 

+ [* a - V ~£ 1) ] * = U(r)ff n (r). (24) 

Let <I> = g n (r)£(r). 

Then, substituting in (24), we obtain 

rg n +2£'ffn = U(r)g n (r). 

Multiplying this equation by g(r), and integrating, we obtain 

?9 a = f U(r)[g(r)f dr. 

Since £' must be bounded at r = 0, and g(r) behaves like r n+1 for small 
r, the lower limit of integration must be zero. Thus we see that 


dr 


r 

1 >(r)]- 2 J U (r)[g{r)f dr. 


For large r we have therefore 


dr 


cosec 


\kr— \mr) J V (r)[g(r)] 2 dr. 


(25) 


since the integral on the right converges. 
Let us denote by A n the integral 


J U(r)[g n (r)]*dr. 

0 

We have postulated that, for the value of n considered, U(r) is small 
for r > r n9 and we know that g n is small for r c r n . Thus A n is small. 


f Cf. equation (9). 
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Integrating (25), we obtain 

l — [cot(ftr— ^nrr)+oc]A n Jh, 

where a is a constant. Hence we obtain 


G n ~ sin(&r — \mt) — [cos(&r — ^7r)+asin(/<r — ^rnr^A^k. 
Neglecting terms involving the square of rj n , we see that 

~ const. sin(&r — Jra7r+?7 n ), (26) 

where rj n = — AJk. 


Writing out this formula for rj n in full, we obtain 

8rr 2 m 


Vn 


■hr 3 * * * * 8 -— J V{r)[j n+i (kr)fr dr. 


(27) 


The formula is valid if the right-hand side is small, and shows that rj n 
is small under the conditions stated. 

The formula (27), being valid for large n 9 may be used to test the 
convergency of series (17) for the scattered amplitude. The series con- 

verges if 2 ^P*(cos0)(2»+1) 


converges. 

If rj n 1 for all n, the formula (27) may be used for all n. We then 
obtain for the scattered amplitude 


m = l 2 (2n+l) Vn P n (ooa0). (28) 

n — 0 

The series may be summed and yields the well-known Born formula 
(of. Chap. VII, § 2). 


3. Examples on the Theory of Scattering by a Central Field 

Examples of the application of this theory to the scattering of electrons 
by atoms are given in Chapter X of this book; we give here certain 
very simple examples which may help to illustrate the theory. 

3.1. Scattering by a ‘Potential Hole ’. 

We take for the potential of the electron in the field of the ‘atom’ 
V(r) = —D (r < a) 

> =0 (r > a). 

We shall suppose that the wave-length A is very much greater than 
a, so that all the phases i) n are negligible except the first, rj 0 . [Note 
that the distance of closest approach of a particle with one quantum 
of angular momentum is A/2 tt, if the particle does not enter the potential 
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hole.] The wave scattered by the atom is then 


giJcr 

r 


2 ik 


_[ e a*fr— l]. 


(29) 


To find 7] 0 we have to find the asymptotic form of the solution of 


d*G 
dr 2 + 


8 7r 2 m 

~W 


(E-V)G 


0 


which vanishes at the origin [since r~ x G must he bounded]. The solu- 
tion is A siniv (F 2 = 87 r s m(E+D)/h 2 , r < a) 

sin(/cr+97 0 ) (& 2 = 87 T 2 mE!h 2 9 r > a). 



The constants A and t ] 0 must be chosen in such a way that G and 
dG/dr are continuous at r = a; i.e. in such a way that 

AsinJc'a, = sin(te-J-?7 0 ) 

Ah' cos Ida = &cos(&<z4-^ 0 )- 


These two equations give us for rj 0 

7] 0 = tan“ x |~ta nk'aj—ka. (30) 

In Fig. 3 the wave function G is shown by the full line; the dotted 
line represents the curve q __ g - n j cr 

The phase r) 0 is represented by the length AB , or A'B multiplied 
by k. It will be seen from the figure that r] Q is positive for an attractive 
field; for a repulsive field it is easily seen that rj 0 is negative. 

As the velocity of the electrons tends to zero, rj 0 in general tends to 
zero also, as may be seen from equation (30). The scattered intensity, 
given by the square of (29), tends therefore to a finite limit. If 


1 . ta nha 
lim — ,7 — = a , 

Jc-> 0 K 


k ' 
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then, this limit is zero. If, on the other hand, 

limtan Ic'a = co, 

k-> 0 

then 7 ) 0 does not tend to zero, and the scattered intensity becomes 
infinite. It is possible therefore that the cross-section of an atom for 
very slow electrons may be either much larger or much smaller than the 
region in whi ch V(r) is comparable with the energy of the electron. 

3.2. Scattering by a Small Impenetrable Sphere . 

We assume as before that the radius a of the sphere is much less than 
A/2 tt, so that only the first harmonic need be considered. Since the 
wave function must vanish at the surface of the sphere, we have 

G = sin&(r — a). 

Thus 7] 0 = —ah. 

The effective cross-section is (eq. 18) 

4ztt]c~ 2 sin 2 97 0 , 

which, since tj 0 < ^ I, may be replaced by Itt# 2 . Thus the cross-section 
calculated by means of wave mechanics is four times that calculated 
from the classical theory. 

3.3. Scattering by an Inverse Cube Law Field. 

Let the potential energy at distance r from the nucleus be yr~ 2 . Then 
the wave equation to determine L is 

W + L = 0 (/3 = 8" 2 ™yA a ). (si) 

The solutions of this equation are 

(32) 

where v is either root of 

v(y+l) = n(n+l)+fi, (33) 

i.e. v = J[~~l±(l + 4^+4^ 2 +4 i 8)*]. 

Now our wave function L(r) must be finite at the origin. That is to 
say, since r-~*J v+i behaves like r v at the origin, we must have 

v ^ 0 (all n). 

If ^ is positive (repulsive field), then this condition is satisfied for on© 
rbot and not the other. Thus the bounded solution is u ni que, as it is 
for fields with a lower singularity. If is negative (attractive field), 
there are then two possibilities; if — £ < p < 0, then for n = 0 both 
solutions are unbounded at the origin, but there is one solution for 
which the singularity is of a lower order than for any other solution, 
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and if we choose to take this as our solution, then a formula for the 
scattered intensity may be obtained. If, on the other hand, /3 < — J, 
both solutions behave like r-&exp(±£alogr) near the origin. There is 
therefore no solution of the scattering problem. It is not merely that a 
singularity of this type at the origin is objectionable. There is no solu- 
tion because there is no criterion as to which solution of equation (31) 
ought to be taken, and thus the phase 7] 0 cannot be defined. 

Returning to the case of the repulsive field, we see from the asympto- 
tic form of (32) that ^ = i 7r(y _ n)> 

where v is the positive root of equation (33). For large n this reduces to 

i77/3/(2tt+l). 

The reader will easily verify that formula (27) gives the same result. 
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SCATTERING OF A BEAM OF PARTICLES BY 
A COULOMB FIELD 


1. Introduction 

If a beam of charged particles, each carrying a charge Z'e, and such 
that one particle crosses unit area per unit time, falls on a single nucleus 
of infinite mass and charge Ze, then, according to Newtonian mechanics, 
the number of particles 1(6) dco scattered per unit time through an 
angle 6 into the solid angle dco is given by 

1(6) = (ZZ'e*l2mv*fc osee 4 §-0, (1) 

where m, v are the mass and velocity of the incident particles. This 
formula was first deduced by Rutherford; the proof is given in various 
text-books, and will not be reproduced here.f It is in agreement with 
experiment for the scattering of a-particles by heavy nuclei. 

In this chapter we shall show that exactly the same formula may be 
deduced from the wave mechanics. We have therefore to consider the 
scattering of a stream of charged particles (electrons or a-particles) by 
a bare nucleus, the force between a particle and the nucleus varying 
as the inverse square of the distance. For F(r), therefore, we have 
V(r) = —Ze 2 /r (electrons), 
and V(r) = 2Ze 2 /r (a-particles), 

where Z is the atomic number of the scattering nucleus. 

We shall write in general 

V(r) = ZZ'JJr, (2) 

where Z'e is the charge on the scattered particle, and Z f is to b© taken 
positive or negative, according as the scattered particle is positively or 
negatively charged. The wave equation therefore is 


= »• <*» 

We have to show that a solution can be obtained with the asymptotic 

f ° rm t~I+Sf(8), (4) 

where I represents an incident wave, 8 the scattered wave, and 

1/(0) | = (ZZ r € 2 /2mv 2 ) cosec 2 %0. (5) 

We saw in Chapter II that the method given there for the calculation 


t Cf. Kutherford, Chadwick, and Ellis, Radiations from Radioactive Substances, p. 191 ; 
or Andrade, The Structure of the Atom , p. 21. 
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of the scattered amplitude is only applicable if V(r) tends to zero faster 
than r- 1 as r tends to infinity. This limitation arises from the fact that 
the bounded solution L n (r) of the equation 


1 d_ 
r 2 dr 



has asymptotic formf 


(kr^&mtyr — ^nrr+r] n — oc. log 2kr) 


n{n+ 1) 1^ 

r 2 J 


0 


(a = 2'nZZ / e 2 lhv) y 


( 6 ) 

(?) 


which differs by the logarithmic term from the form assumed in 
Chap. II, eq. (15). Nevertheless, it has been shown by Gordonf that, 
corresponding to Chap. II, eq. (16), the wave function that describes 
the scattering is 

0(r, 9) = f (2n+ l)i n e*n*L n (r)P n ( cos 0). (8) 

71 = 0 

This function is shown by Cordon to be equal to§ 

e Hb-ap (l -f ioc)e ikr 008 e 1 F 1 ( — i<x; cos 0)), (9) 

and to have the asymptotic form 

1+8 f(0), 

I — exp[t& 2 + ioc log 7c (r — z)] 3 (10) 

S = r" 1 exp[^r — ia log Tcr\, (11) 

and | jT(<9) [ given by (5). For the phase of f(6), cf. eq. (16) of this 
chapter. 

The forms (10), (11) for the incident and scattered waves are peculiar 
to the Coulomb field. They may be explained as follows. 

If we consider all the classical hyperbolic orbits with one asymptote 
pointing from right to left parallel to the 2 -axis, we should expect the 
wave front of the incident wave to be normal to all these hyperbolae. 
At large distances from the nuclei, the surface perpendicular to these 
hyperbolae does not tend to the form z = constant, but, as has been 
shown by Gordon, || to the form 

2 ~L:?^Ll_log&(r— z) = const. 
mv 2 


The incident wave is, as it were, distorted even at infinity by the 
nucleus that it is going to encounter. Thus we should, expect the 


f This is proved in § 4, where rj n is found. 

$ Gordon, Zeits.f. Physik , 48 (1928), 180. 

§ The function X P X is defined in § 3 of this chapter. 
|| Gordon, loc. cit. 

3593. 8 -ni 
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incident wave to be 

ZZ'J* 


exp | ilc 


mv £ 


-logJc(r — 2)jJ, 


which is the same as (10). The form of the scattered wave (11) may 
be explained in the same way. 

In the following sections we shall show that (9) is a solution of th© 
wave equation, and that it has the asymptotic form given by (10), (11), 
and (5). We shall not make use of the series (8) as in Gordon’s method, 
but shall solve the wave equation directly. The method is one first 
given by Temple. f 


2* Solution of the Wave Equation for Scattering by a Coulomb 
Field 

The wave equation that we have to solve is 

V 2 >/,+ |& 2 — ijtf, = 0 (ft = 8Tr 2 mZZ'e 2 /h 2 ) . (12) 

We make the following substitution: we put 

ip = e ikz F, (13) 

and obtain V 2 F+ 2ik ^ = 0 . 

dz r 

This partial differential equation possesses a solution of the typo 

F = F(r — z); 

if we make this substitution we obtain 

2^1—^jF" + ^F'+2ih(^ — ljF'—^F = 0, 

F\ F" being the first and second differential coefficients of F. If we 
multiply this equation by r we see that r, z only occur in the form r—z, 
and therefore a solution exists of the required type. Putting 

£ = r~z, 

we obtain -ik^-j-ftF = 0. (14) 

If we try for a solution 

F = ^(l+a^+a^ 2 ^-...), 

the indicial equation gives p 2 = 0, and the solution finite at the origin 
is therefore of the form x 

F = 2a n Z n - 

n=0 


t Proc . Roy. Soc. A, 121 (1928), 673. 
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Substituting this into (14), and equating to zero the coefficient of 
we obtain the recurrence formula 


[n(n+l)+(n+l)]a n+1 = a n \ikn+lfi\, 
and therefore a n+1 = (ih) n+1 j J -7 1 \a * 

It follows that F is a hypergeometric function of the kind described 
in § 3; we have F = ^ ( _ ia . 1 ; ;*£), 

where a = = 2?7 ZZLe^jhv. 

The asymptotic expansion of F will be found in § 3; we see, from 
equation (24), that F = W 1 ^W 2 , where for large r 
W ± ~ (— ikty^GJVil+ioL), 


where 


W 0 


<h- 


(ikO-^e^Gjri—ioc), 




6r 2 — l + (l+<a)*/i*£+.„. 

Taking the expansions as far as terms in Xr\ we have therefore 

gkTTOC 


w * ~ r<vp£) ( 1- a0“ p<< “ lo * i£) 

-ie* Tr0L e ik £ 


Wo 


exp( — to: log&£). 


(15) 


r(—<a) hi 

The functions W x , W 2 , when multiplied by exp (iJcz), represent the inci- 
dent and scattered waves respectively. Since we require an incident 
wave of unit amplitude, we take for the total wave function representing 
the scatteringf 

ip(r 3 d) — e~^ u Y{l-\-icx)e ikz x F x ( — ia;l;ihl), 
where a — ZTrZZ'e^lhv, l = r — z = r(l — cos#). 

This wave function then has the asymptotic form 

if,~I+Sf(6) 9 

I = [l— a 2 /^(r--2j)]exp[fc+^alog^(r~--^)], 

S = r" 1 exp[f&r — ia log hr], 

ZZ’e 2 


where 


/(*) = 


■ cosec 2 ^exp[— ^alog(l— cos 0)+^*+ 2i^ 0 ], (16) 


2mv 2 

t Sommerfeld, Ann. d. Physilc, 1 1 (1931), 25 7, has given the following formula for this 
function, 

\jj(r, 6) — J a^“e”*I 0 (2\to£a?) 

0 

where Jf 0 is the Eessel function defined in Whittaker and Watson, 4th edition, p.372. 
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where exp 2ir) 0 = T (1 + ia )/ F ( 1 ioc ) . 

It is to he noted that Z ' in these formulae is to be taken as +2 for 
a-particles, — 1 for electrons. 

The incident wave fronts and the scattered wave fronts have the 
forms (10) and (11). 

The scattered intensity 1(6) is given by 

cosecHO, 

which is the Rutherford formula. 


NOTE 

At the origin (15) gives |^r| 2 = 27ra/(6 27ia — 1). (17) 

For the ease of a repulsive field, as between an a-particle and a nucleus, a is 
positive. If ot is large and positive, e.g. for slow ^-particles, |t/r| a is very small at 
the origin. This means that very few particles come near the nucleus. 

If a is large and negative, e.g. for slow electrons, |i/r| 2 is fairly large at the 
origin, of order of magnitude |a|. 

If a is small, the solution (15) becomes at all points not very different from 
the plane wave exp (ihz ) . 

That ol should be small is also the condition of applicability of the Bom 
approximation (Chap. VII), which consists in treating V(r) as a perturbation. 
This may be seen by writing the wave equation in units of length l/k ; w© obtain 

V 2 ^-f (l-2ot/r)</r « 0. 


3. The Generalized Hypergeometric Series 

We shall investigate in this section certain properties of the function 
used in § 2, defined by 


i-^i (a;b;z) — 1+ A a 


a(a+ 1) 
6 ( 6 + 1 ). 1.2 


z 2 +.... 


(18) 


Since we shall not have occasion to use any other function of hyper- 
geometric type, we shall omit the suffixes. The function M km (z) defined 
by Whittakerf (confluent hypergeometric function) is connected with 
this function by the equation 


M kim = z^+ie-i^d+m—k; 2m+l;z). 

It may be noted here that F(a : 6 ; ,~) is a solution of the differential 
equation ^ 

- z )3r — «2/ = 0, (19) 


d 2 y , „ 

a st+< 6 - 


dz 


as may easily be verified. 

We require the asymptotic expansion of the function F(a;b;z) for 
\z\ large, a and 6 remaining constant. This expansion is well known. 

f Whittaker and Watson, Modern Analysis, 4th edition, p. 337. 
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We reproduce it here because of its importance in problems connected 
with Coulomb forces. The proof is similar to that given by Whittaker.f 
We shall limit ourselves to the case when b is a positive integer, and 
z complex. 

It is necessary for our purpose to express F as a contour integral. 
To do this we make use of the theorem that if m be any positive 
integer, then 

y 

where y is any closed path encircling the origin once in an anti- 
clockwise direction. The proof is elementary. 

Now F may be expressed in the following form: 


- = — f 

ml 277 i J 


eH~ m -i dt , 


F(a;b;z) = (6—1)! 2 c n z n /(b+n— 1)!, 

u=0 

where c n is the coefficient of x n in the expansion of (1 — x)~ a . Therefore, 
by means of (20), we have, putting m — b-\-n — 1, 


F{a\b-,z) 


(6-1)! 

2rri 




eH~ b ~ n dt. 


If we now choose our path y so that on all points of it 

m < i, (2i) 

then we may reverse the order of summation and integration, the series 
being convergent for all values of t. We obtain 

F(a;b;z) = J dt. (22) 


eH~ b dt . 


It will be noticed that, by virtue of (2i), the path of integration y must 
encircle the point t = z. We can therefore, without altering the value 
of the integral, deform y into any closed path which encircles the points 
t = 0 and t — z. 

It is further clear that the integrand is a single-valued function of 
t } if a cut be made between the points t = 0 and t = z. 

In order to find the asymptotic expansion of (22) we deform y into 
the path y' shown in Tig. 4. Owing to the factor in the integrand, 
those parts of y' for which the real part of t is large and negative con- 
tribute very little to the integral. If we make the parts of y marked 
AB, CD, in Tig. 4 tend to an infinite distance from the imaginary axis. 


t Ibid., p. 339. 
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then (22) may be replaced by the sum of the two integrals, one round 
the lower loop and the other round the upper. We set therefore 

F(a;b;z) = W 1 (a;b;z)+W 2 (a;b;z), (23) 

where W^(a\b\z) J (* — f) dt 

n 

and y x comes from — co, encircles the origin in an anti-clockwise direc- 
tion, and returns to — oo. W 2 is given by the same integrand, and 
a path that encircles the point t = z. Making in W 2 the substitution 

t — z = u 



the path transforms into y 1 encircling the origin; we obtain 


W 2 (a;b;z) 


(b-l)l 

2rri 


J 


u -a e u+z 


du 






The asymptotic expansions of W l3 W 2 may now be written down. 
We have 

W 2 = (+2)“-V J + h e l t~ a dt. 


7i 


Expanding the brackets in the integrand, and making use of the 
theorem that - }* 

r(*) = tod J eH ~ x dt> 


yi 


t Whittaker and Watson, Modern Analysis , 4th edition, pp. 244-5. 
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we obtain. . 

Vi ~ (-z)-G(a, a — 6+1; -z) 

2), j 

where G denotes the semi-convergent series 

<?(«.«*> = i +^f i + “ < °‘ + ^ ( f +i) +-- 

From (23) we obtain the asymptotic expansion of F. 


4. Solution of the Equation 


i A( r * — 

r 2 dr \ dr . 


"8 7T 2 m / ? 




£ = 0. 


This equation differs from Schr 6 dinger’s equation for the hydrogen 
atom only in the replacing of — e 2 /r by -\-ZZ r € 2 jr. We are interested 
in the case of positive energy. The solution is well known, and is given 
here for reference. 

If we make the substitution 


r n e ikrJ^ ^2 87 T 2 mF/h 2 ), 


then (25) reduces to 
d*F , _ , 


d 2 F , rci . 7 , , oV1 dF (&TT 2 mZZ'€ 2 . 7/0 . ON \ ^ ^ 

r dr* +\.^+{2n+2)]~-y i Jc(2n+2)J F = 0. 

A further change of the independent variable from r to 

z — — 2ikr 

reduces the equation to 


d 2 F . 0 . dF 

z V+<- 2n+2 - z) dT 


(ia+n+l)F = 0. 


This equation is of the form (19) and has for a solution 

F (icy.— f--7&— (— lj %n-\- 2 \ z). (26) 

The other solution of (25) is not bounded at the origin. 

The asymptotic expansion may be found from (24). If we take for 
the solution of (25) 

L n (r) = e~ izra Jr^±i± !. a j [ (2Jcr) n e ikr F(ioc+n+ 1 ; 2n+2; —2 ikr), 

then the first term in the asymptotic expansion is 

L ~ (^r)~ 1 si n(kr — \ri7T-\-r\ n — alog2&r), 

T In = argr(n+l+ia). 
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The Second Solution of (25). It may be shownt that if W 13 W 2 are 
the two functions defined in § 3, then 

r n e' £kr W /x (iot+n-j-1; 2n-j-2; — 2ihr ) , 

where p stands for 1 or 2, are independent solutions of (25). Since the 
asymptotic form of W is known, the solution with any required 
asymptotic form may be found. 

The behaviour near the origin of the unbounded solution has been 
investigated by SexlJ for the case n = 0. He finds that the function 
e ikr T( 1 + iot) W 2 ( 1 -f - ioL ; 2 ; — 2 ikr) , 
which has the asymptotic form 

e -ikrQ cr )ioc~X 3 

may be expanded in ascending powers of r 3 as follows : 

where 

c n = r(n—iot)/r(n)r(n+l)r(— iot) 3 

d _ 1 , 1 i , i , 

n — ioc — ia+1 — ia+n— I” 1 " T(— 

+ s- 2 (j+1 + -+s)+ 2C - 

c = 0-577.... 

t Whittaker and Watson, p. 343. 

i Zeits.f. PhysiJc, 56 (1929), p. 62. Cf. especially pp. 80 and 83. 



IV 

THE SPIN OE THE ELECTRON 


1 . The Magnetic Moment of an Atom 

Eor some collision problems it is necessary to take acconnt of the spin 
of the electron. We must therefore give a treatment of the spin suitable 
for use in such problems. 

The hypothesis that an electron has an axis of symmetry, and thus 
a fourth degree of freedom, was introduced in 1 925 before the discovery 
of the new quantum mechanics, in order to account for the four quantum 
numbers that were found to be necessary for the classification of atomic 
energy -levels. In the new quantum theory, methods for treating the 
spin were developed by Paulif and Darwin. J Finally, Dirac,§ by means 
of a proper relativistic treatment of the wave equation, was able to 
show that the spin was a necessary consequence of the principle of 
relativity. In this chapter a treatment of the spin will first be given, 
which is equivalent to that of Pauli, and which is sufficient for all cases 
in which the spin influences the symmetry of the wave functions, but 
the interaction of the spin forces with the atomic fields can be neglected. 
This is the case in all collision problems where the velocity of the 
electrons considered is small compared with that of light. We shall also 
show the connexion between this treatment and the treatment based 
on Dirac's equation, and shall discuss a collision problem in which the 
spin forces cannot be neglected. 

In Dirac’s relativistic treatment of the spin the properties of the 
electron can be deduce^ from quite general assumptions. In the more 
elementary treatment, however, one takes the properties of the spin 
deduced from experiment, and describes them in the notation of wave 
mechanics. We begin with the fact, proved by the experiments of 
Gerlach and Stern, that an atom with one electron in an S state in the 
outer ring has a magnetic moment equal to €h/4:7rmc (one Bohr magne- 
ton). Eor convenience, we shall refer to such an atom as a hydrogen 
atom. 

We must first remark that if we are given a hydrogen atom of which 
the direction of the magnetic moment is not known, it is impossible 

t Pauli, Zeits. f. Physik, 43 (1927), 601. 

t Darwin, Proc. Poy. Soc. A, 116 (1927), 227; see also Dirac, Quantum Mechanics , 
p. 132. 

§ Dirac, Proc. Poy. Soc. A, 117 (1928), 610; also Quantum Mechanics , Chap. XIII. 

3595.8 q. 
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by any conceivable experiment to discover this direction. This can be 
shown by the following argument. Suppose that an attempt were made 
to measure the field H outside an atom, in order to discover the direction 
of the magnetic moment. This might be done by shooting an electron 
past the atom and observing its deflexion. We can find the order of 
magnitude of t his deflexion as follows: If the electron passes the atom 
at a distance r } the order of magnitude of H at points where the electron 
passes -will be H ^ j/y r s (jf = eh^Ttmc). 


The force on the electron is eHvJc . This force acts on the electron for 
a time of order of magnitude rjv , and produces, therefore, a momentum 
of order of magnitude eHrjc. The deflexion produced is thus ellr/mcv. 
This deflexion, to be observable, must be greater than the natural 
spreading of the beam of waves that represents the electron. If Ar is 
the breadth of this beam, then the spreading will be h/mvAr. Thus we 

must have eHrjmcv > h/mvAr. 


Putting in the value of H, we obtain 

Ar/r >> r/r c (r e — e 2 /mc 2 ~ 2*8 X 10 -13 cm.). 


Now r must be greater than the radius of the atom if the effect is to 
be observable. Thus we see that Ar is at least 20,000 times greater 
than r. The observation is therefore impossible. 

We can determine the moment of a single atom only by means of 
a Stern- Gerlach experiment, and this experiment does not leave the 
atom undisturbed. The Stern-Gerlach experiment proves that a hydro- 
gen atom in a magnetic field H must acquire additional energy equal 
either to Z MH; the experiment, further, can separate the atoms having 
the two different energies. Since we have seen that the direction of the 
magnetic moment cannot be measured, we must define the statement that 
the magnetic moment of an atom points in the direction 1, where 1 is a unit 
vector , as meaning that the atom has been passed through an inhomogeneous 
magnetic field H in the direction 1, and that the atom was in the deflected 
beam having energy — HM. 

We must now ask in what respect an atom that has been prepared 
in this way is different from any other atom. We wish to know whether 
any predictions can be made about its future behaviour that could not 
be made about an atom that had not been so prepared. We have seen 
that the direction of its magnetic moment cannot be measured. We 
can, however, put it through a second inhomogeneous magnetic field 
S' in a new direction 1', and observe whether the atom takes up energy 
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in this new field. From our knowledge of the way in which the 
atom has been prepared, it is possible to predict the probability that the 
atom will take up either of these energies . f In the special case where 
1 and 1' refer to the same direction, it is of course certain that the 
energy will be — H'M. We shall now see how to calculate the probability 
in the more general case. To do this we must express our results in the 
notation of quantum mechanics. 

We describe our knowledge of an atom whose magnetic moment has 

been orientated in the direction 1 by a Stern-Gerlach experiment, by 

a wave function , v 

Xi( s )- 

The argument s of the wave function must refer to what is observable 
about the atom, namely, the energy that the atom would take up if 
passed into a second unhomogeneous magnetic field. We take therefore 
an arbitrary direction in space — say the z-axis — and denote by R'Ms 
the energy that the atom would have if passed into a magnetic field 
H' in this direction. Then the probability that this energy will have 
a given value is |x(s)| 2 ; we know that x Ernst be zero unless s is ±1. 
X therefore has only two non-zero values, x(+l) and x( — 1); the squares 
of the moduli of these give the probabilities that the energy shall have 
the values . It is clear that lxi( s )! 2 will depend only on the angle 

between 1 and the z-axis. 

If 1 lies along the z-axis, so that the energy is — MH , we have for x 


x(+i) = o ) 
x( i) = i r 


(i) 


Let us denote this function by xp( s )- Similarly let Xa the corre- 
sponding function when 1 lies in the opposite direction, namely. 


**(+!)= 1 \ 


( 2 ) 


We note that Xw Xp defined in this way are both normalized and are 
orthogonal to each other. 

The two wave functions Xot an d Xp describe the two stationary states 
of the system — i.e. the two states in which the energy is known. The 
general state of the system will be described by a wave function 

Ax a + B XP’ 


t Unless the field changes so abruptly that the atom passes from H to H' in a time 
small compared to the period of Larmor precession, no splitting will occur in the second 
experiment. The exact condition has been investigated by Rosen and Zener, Phys . JRev., 
40 (1932), 502. - 
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where A and B are arbitrary complex constants satisfying the nor- 
malizing condition, A A* +BB* = 1. 

It can be shownf by arguments depending on invariance with respect 
to change of axes that if the atom is prepared with its magnetic moment 
lying in a direction specified by spherical polar angles 9 } cj>, and if also 
s refers to energies in a magnetic field along the 2 -axis (0 = 0), then 
we have J3/A = —cot %6 e**, (3) 

and thus, neglecting an arbitrary phase, 

A = — sin^0, B = cos ^Oe^. 

The probability, therefore, that the atom will take up energy — MH 
in the new field is cos 2 |0, and that it will take up energy -\-MH is 
sin 2 J0. 

The probability that the electron is at a given distance r from the 
nucleus will be approximately the same as it would be if the atom 
were not in a magnetic field, and will therefore be given by the square 
of the Schrodinger wave function 

ljj{r) = (7TC&o)~“6“ r ^°. 

The complete wave function of the atom will therefore be the product 


This wave function will, however, be only approximately correct, 
because the charge distribution in an atom may well depend slightly 
on the orientation of the spin in a magnetic field. 

We can, however (more accurately), describe the atom by a wave 
function «r,.> (t - 1,-1). <t) 

The interpretation of this wave function is as follows: the function 


| ip(r , s) | 2 dxdydz ($ = 1 ) 

is the probability that the atom would have energy -f MH in a magnetic 
field along the 2 -axis, and that the electron would be found in a volume 
element dxdydz. 

The form of the function r, s) can only be found by applying the 
relativistic theory of the electron due to Dirac. It will be noticed that 
it is immaterial whether we write the wave function in the form (4), 
or whether we write two separate functions of r, if* a (r) and t/* 6 (r). For 
velocities of the electron much less than c, both ijs a and tfr^ are approxi- 
mately solutions of Schrodinger’s equation. 


t Dirac, Quantum Mechanics , p. 132. 
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2. Magnetic Moment of the Electron 
We have discussed so far only the magnetic moment of the atom. We 
shall not review here the evidence, derived from the anomalous Zeeman 
effect, from the gyromagnetic effect, etc., that the electron has a fourth 
degree of freedom, a magnetic moment ehj^Trmc, and a mechanical 
moment %h/2ir. We shall content ourselves with remarking that accord- 
ing to the Schrodinger theory the ground state of the hydrogen atom 
is not degenerate, and therefore, in order to account for the splitting 
in a magnetic field revealed by the Stem-Gerlach experiment, it is 
necessary to assume that the electron has a fourth degree of freedom. 

The present evidence that electrons have a magnetic moment is 
derived from their behaviour when bound in stationary states in atoms. 
Eor the study of collision problems it is necessary to inquire what 
meaning can be attached to the magnetic moment of a free electron. 
In the first place, just as in the case of the atom, it is impossible to 
determine the moment by means of a magnetometer experiment. This 
can be shown by the following argument, due to Bohr.f Let us suppose 
that the position of the electron is known with an accuracy A r and that 
we wish to determine the magnetic moment at a point distant r from 
it. It will not be possible to deduce from our measurement anything 
about the magnetic moment of the electron unless 

A r < r. (5) 

The field H that we wish to observe will be of order of magnitude 

H ~ M/r z . 

If, however, the electron is in motion with velocity v, there will be 
a magnetic field due to its motion, of amount ev/cr 2 ; since we do not 
know v exactly we cannot allow for this field exactly. Erom our 
measurements, therefore, of the magnetic field, it will not be possible 
to find out anything about the magnetic moment of the electron, unless 

Mjr z eAv/cr 2 , 

where Av is the uncertainty in our knowledge of v. Since by the uncer- 
tainty principle ArAv I> hjm } this leads to 

A r > r, 

which contradicts the inequality (5). We conclude therefore that it is 
not possible to measure the magnetic moment of an electron in this 
manner. 

We shall now show that it is impossible, by means of a Stem-Gerlach 
f Cf. Mott, Proc. Boy. Soc . A, 124 (1929), 440. 
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experiment, to deter min e the magnetic moment of a free electron, or 
to prepare a beam of electrons with the magnetic moments all pointing 
in the same direction. The argument is also due to Bohr. 

In Fig. 5, a beam of electrons is supposed to travel parallel to the 
2 -axis (i.e. perpendicular to the plane of the paper). The pole pieces of 
the magnet are shown, as are also the lines of force. The purpose of the 
experiment is to observe a splitting in the ^/-direction. The force on 



Fig. 5 


an electron tending to split the beam will be 

±- m - < 6 > 

Now all electrons will experience a force due to their motion through 
the field. Those moving in the plane Oyz will experience a force in the 
direction Ox. This force is perpendicular to the direction of the splitting, 
and its only effect will be to displace the beams to the right or to the 
left. However, electrons which do not move in the plane Oyz will 
experience a force in the direction Oy, because the lines of force in an 
i n homogeneous magnetic field cannot be straight, and there must be 
a component H x of H along Ox. This force will have magnitude 

evHJc. (7) 

We can compare (7) -with the force (6) tending to produce the splitting. 

O TT 

E x at a point distant Ax from the plane Oyz will be equal to Ax, 

dx 



' 47 


IV, §2 MAGNETIC MOMENT OF THE ELECTRON 

dJEI 

and since div H vanishes, this is equal to 2 Ax. The quantities (6) and 

by 

(7) therefore stand in the ratio 

eh 81 % . ev 8Hy ^ 

Anmc by ' c by 

Dividing through by common factors this becomes 

1 : 4:ttAxJX, (7.1) 

where A is the wave-length Jiftriv of the waves that represent the 
electrons. Suppose now that ±Ax is the distance from the plane Oyz 
of the two extremities of the beam. Since Ax must be greater than A, 
it is clear that the two extremities of the beam will be deflected in 
opposite directions through angles greater than the angle of splitting, 
which we hope to observe. 

To see now that it is impossible to observe any splitting, let us con- 
sider the trace that the beam would make on a photographic plate. 
Suppose that it were possible to use finer beams than is allowed by the 
uncertainty principle, so that the thickness Ay of the beam in the 
^-direction would be infinitely small. Before passing through the mag- 
netic field, the cross-section of the beam would be as in Fig. 6 a. After- 
wards, it would be as in Fig. 6 b, which shows the trace produced on 
a photographic plate. The tilting of the traces is produced by the 
Lorentz forces discussed above. If ABC, A' B' are two lines parallel to 
Oy and distant A apart, then by (7.1) we see that the tilting is so great 
that AB > BC . If A fty is drawn perpendicular to the traces, it follows 
that Aft > fty. But Aft C A, and hence fty , the distance between the 
traces, is less than A. Thus the maximum separation that can be pro- 
duced is A. But actually we cannot obtain a trace of breadth comparable 
with A. Therefore it is impossible to observe any splitting. 

From these arguments we must conclude that it is meaningless to 
assign to the free electron a magnetic moment. It is a property of the 
electron that when it is bound in an S state in an atom, the atom has 
a magnetic moment. When we consider the relativistic treatment of 
the electron due to Dirac, we shall see that this magnetic moment is 
not in general equal to ^hj^armc, unless the velocities of the electron 
within the atom are small compared with that of light (§3.3). A single 
electron bound in its lowest state in the field of a nucleus of charge Ze 
gives, according to Dirac’s theory, a magnetic momentf 


j* This formula is due to Breit, Nature , 122 (1928), 649. Cf. § 3.3 of this chapter. 
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THE SPIN OF THE ELECTRON 
l[l-j-2V(l — y 2 )]eft/4irmc (y = 2tt Ze z [7ic). 

The statement that a free electron has four degrees of freedom is on 
a different foo ting , for it is hardly conceivable that an electron in an 
atom should have four degrees of freedom, and a free electron three. 


hyt 
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Fig. 6 a 



It is interesting to inquire, therefore, whether there is any conceivable 
experiment by which this fourth degree of freedom could be detected. 
We wish to know whether it is possible to prepare a beam of electrons 
-that is in some sense 'polarized’, and whether it would be possible to 
detect this polarization. 

There is at present no certain experimental evidence on this point; 
•theoretical considerations show, however, that it is possible, in principle, 
both to prepare a polarized beam and to detect the polarization. Let 
us consider the following experiment.! A beam of atoms is prepared, 

t This method of preparing a polarized beam of electrons was first suggested by Fues 
and HeUmann, JPhys. Zeits., 31 (1930), 465. 
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by means of a Stern- Gerlach experiment, with their axes all pointing 
in the same direction, say along the 2 -axis. Electrons are ejected from 
these atoms, by illuminating them with ultra-violet light. The beam of 
electrons obtained may be said to be polarized, for the following reasons : 
Assuming for the moment that the electron behaves like a small magnet, 
let us ask whether forces sufficient to eject the electron would be suffi- 
cient to alter appreciably the direction of the magnetic moment. The 
following purely classical considerations of the order of magnitude of 
the forces involved show that they are not, and so we may consider 
that the magnetic moments in the beam of ejected electrons all point 
in the same direction. f 

If an electric field of intensity E acts on an electron for time t , the 
kinetic energy acquired is ■£( Ee) 2 t 2 /m . The energy that must he given 
to an electron to remove it from an atom is of order of magnitude 
me 4 /^ 2 . Thus to remove an electron from an atom the product of E and 
t must be of order of magnitude Et - — * emjh. The average velocity of 
an electron in an atom is e 2 /7&. The average couple acting on the electron 
magnet, due to its motion through the electric field E, will be of order 

me h c 


which is equal to E<= z jmc 2 . To change the orientation of the electron 
by an angle comparable with rr, this couple must produce a change of 
angular momentum comparable with 7i. The time T necessary for this 
to occur is given by 



h, 


which gives 
We deduce that 
Thus 

It would be, however, meaningless to speak of a polarized beam, 
unless the fact that the beam is polarized could be detected in some 
way. This could be done if the beam were passed through a gas of 
ionized atoms, so that some of the electrons were captured. If the 
neutral atoms formed were shown by means of a Stem-Gerlach experi- 
ment to be polarized, then we should have a method of detecting the 

f There is, of course, a small probability that the direction of the spin-axis is reversed, 
and the following discussions show this to be of order of magnitude (1/137) 2 . There is 
no known method by means of which a completely polarized beam can be produced. 


ET ~ Amc 2 /e 3 . 
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polarization. The argument used above about the order of magnitude 
of the forces involved indicates that this should be the case; a proper 
proof can, however, be given on the basis of Dirac’s theory of the 
electron. 

Another less direct but possibly more practical method of preparing 
and of detecting a polarized beam is discussed in § 4.1. 

We see, then, that the spin of a free electron may be described by 
the same wave function xi( s ) that was used before to describe the 
magnetic moment of an atom. The function 

\Xi(s)\ 2 (s=±l) 

gives the probability that, if the electron is prepared with its magnetic 
moment in the direction 1, then, if the electron be captured by an atom, 
and if that atom be passed into an inhomogeneous magnetic field, the 
energy of that atom will be either i MR . It is necessary to give to the 
square of the amplitude of the wave function this rather complicated 
interpretation, because it is not possible to measure the energy of an 
electron in a magnetic field, unless the electron is captured in an atom. 
It is further to be noted that, by the statement that an electron is 
prepared with its magnetic moment in a given direction, it is meant 
that the electron has been knocked off an atom that has been so 
prepared. 

As in the case of the bound electron, an electron is completely 
described by a wave function 

* A(r,s)- 

If the forces acting on the electron are so small that the direction of 
the spin remains constant throughout the experiment considered, then 
as before this function may be split up into the product 

<A( r )x( s )> 

when «/f(r) is a solution of Schrodinger’s equation. The form of */r(r, s) 
when this is not the case can be found from Dirac’s theory. 

3. The Relativistic Wave Equation 

As is well known, Dirac has been able to show that it is impossible to 
find a wave equation for an electron that is invariant with respect to 
a Lorentz transformation, and which is linear in the time differential, 
unless the electron be assumed to have a fourth degree of freedom. If 
one assumes this, it can be deduced that a hydrogen atom has a mag- 
netic moment of the observed magnitude, without any further special 
assumptions. An understanding of the elements of Dirac’s theory is 
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essential to the further development of our subject, and we shall there- 
fore give an outline of it here. 

According to this theory, the electron is described by four wave 
fUMtiOM «W,1) (A = 1,2, 3, 4). 

The probability that an electron will be in a volume-element dr at 
time t is 


2 l&l 2 dr. 

A=i 


( 9 ) 


The four functions ij<\ satisfy the simultaneous differential equations']* 

{Po+ mc )'Pi+{Pi—VP2)'l J i+Ps'l J 3 = 0 
CPo+mc^a+CPi+ipa)^— . Pz'h = 0 
(Po— mc)</> 3 + iPzWz+Patx = 0 
(A-««)^+ (Pi+iPzWi —Pa ’h = 0, 

where 

P o = 


( 10 ) 


__A_ 1£ « Z 

2-77^ c dt c ’ 


Pi 


h 


3 . eA 1 


. *+— , etc. 

2771/ 8x c 


V and A are scalar and vector potentials. We have to show that these 
equations describe an electron having the properties outlined in the 
preceding section. 

We first note that if we wish to find a periodic solution, p 0 must be 
replaced by (W+eV)lc, W being the energy of the electron. Secondly, 
if we assume that the velocity of the electron is small compared with 
that of light, so that 

W — mc 2 <^ W+mc 2 , 


then it is easy to see that ip 3 , i/q both satisfy Schr 6 dinger’s equation. 
Further, if ip is any solution of Sc hr 6 dinger’s equation, an approximate 
solution of (10) is 


ip 3 = Atp 
>Pi = 

xfj 1 = —{B{p 1 —i^ 2 )+Ap^xfjj2mc 
if, 2 = — {Aip-i+ipz) — Bp a }if>l2mc . 


( 11 ) 


A and B are arbitrary constants, and p v p 2 , Ps are to be interpreted 
as operators. It is clear that ip 2 are much smaller than ip z , j/q and 
can be neglected in the expression (9) for the charge density. Thus, if 
(9) is normalized to unity, and if we wish our four functions to be 


f Darwin, Proc. Boy. Soc. A, 118 (1928), 654. 
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normalized also, we must have to this approximation 

AA*+BB * = 1. 

We wish to know, now, whether the solution of the equations (10) 
describes an electron with the spin properties that electrons are observed 
to have. It is known that the ground state of the hydrogen atom is 
degenerate, and that the # energy splits into two in a magnetic field. 
We have to see whether this behaviour is predicted by the theory. 

We see at once that the ground state is degenerate, the constants 
A and B being arbitrary. To find out what happens in a magnetic 
field, we must solve the equations (10) for an electron in the field of 
a nucleus and in a magnetic field H. We shall find that the degeneracy 
is then removed. If the magnetic field is along the z-axis, then one 
solution is given by (11) with 

A = 0, B= 1. 


This solution has energy W G — MH. We denote this solution by i/j\. The 
other solution ip 1 ^ has energy W Q -\~MH and is given by (11) with 


A = 1, B = 0. 

This is shown in § 4. 

If the magnetic field does not lie along the z-axis, then the two solu- 
tions may either be found directly as above, or from a consideration 
of the way in which the functions transform under a change of axes.f 
If the direction of the magnetic field is given by the polar angles 6 , cf>, 
then the solution with energy W 0 — MH is given by (11) with 

A = — sin-|-0, B = e^cos 


The solution is therefore 


A+l+B+f. 


This therefore is the wave function that describes an atom prepared 
with its magnetic moment pointing in the direction 6, <f>. If the atom 
were then placed in a magnetic field along the z-axis, then clearly \A \ 2 
would give the probability that the atom should take up energy +MH, 
and \B\ % the probability that it should take up energy — MH . 

We have now shown that for slow electrons the Dirac treatment 
becomes identical with the non-relativistic Pauli-Darwin treatment. It 
is convenient to summarize here the two notations. In the Pauli-Darwin 
treatment an electron prepared with its axis in the direction 1 (polar 
angles 6 , <j>) is described by a wave function 


V> z)Xi(s)- 


t Cf. Darwin, loe. cit. 
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ijj is the ordinary solution of Schr 6 dinger’s equation; HMs is the energy 
that the electron would have due to a magnetic field H along the z- axis. 
X vanishes unless s = rt 1 and then 

X = ^ cos 10 (S = — 1), 

X=— sini0 (s=+l). 

In Dirac’s notation the electron is described by a wave function 
* (? 9 y,z) (A =1,2, 3,4). 


ifj 1 and if; % are negligible for slow electrons; ip z and ifj± are multiples of 
and ^ 3 = -sin 

iff , 4 — e^cos \Q iff. 


[«/q| 2 dxdydz gives the probability that the electron is in the volume- 
element dxdydz , and that the electron magnet would have energy — MH 
in a magnetic field. 

The fact that for slow electrons each of the functions ip 3 and is 
approximately a solution of Schrodinger’s equation provides a proof of 
the assumption made in § 2 , that an electron can be ejected from one 
atom and captured by another atom without losing its spin direction. 
The spin direction will not in general change much unless the forces 
acting on the electron are such as to give it a velocity comparable with 
that of light. 

3.1. Treatment of the Equations when the Velocity of the Electrons is 
comparable with that of Light 

The exact solution of the equations (10) representing an electron 
moving in free space with momentum (p-^Pz^Pz) and energy W has 
been given by Darwin, f and is 

r]j — 4p8+i?Gpi— ' ip t ) s , _ Afa+ips,)— &Pa s 

mc-^-W/c mc-t-W/c 

*9 = AS ^ - BS. ( 12 ) 

Here S denotes exp {27ri(p 1 x-Vp 2 y-{-p 3 z — Wt)Jh}, and A and B are 
arbitrary constants. The number of electrons per unit volume described 
by this solution is 

(. AA*+BB*)2Wf{W+mc 2 ). . * 


We must now ask what relationship the constants A and B in (12) have 
to the direction of the spin axis. We have seen that for the case vfc <^r 1 
this direction is given by the polar angles 6 , </>, where 

—B/A = cot I0e*+. (13) 


t Loo. oit. 
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For a fast electron, however, we have yet to define what is meant by 
the direction of the spin axis — i.e. how it could be measured. 

Two methods are possible; we may either suppose that the 'observer’ 
is moving with the electron, and inquire in what direction the spin of 
the electron is pointing relative to his axes; or we may suppose that 
the electron is brought nearly to rest by an electric field, and inquire 
what the direction of its spin axis is then. The first question has been 
considered by Darwin, f who finds that equation (13) defines the direc- 
tion of the spin axis relative to the moving observer. The second, 
however, is the method by which the spin might be observed in practice; 
we find that equation (13) defines the direction of the spin when the 
electron has been reduced to rest. This may be seen as follows. 

We confine ourselves to the case of an electron moving parallel to 
the 2 ;-axis, there being also an electrostatic field in this direction. The 
equations (10) reduce to two equations in i(t 2 , i/j 4 and two equations in 
*fr l3 ip 3 . Eliminating ifs 2 between the first two of these, we obtain 


2t rifW+eV 
h \ c 


\ , 8 
me 1 </r, 

rh .( 

(W+eV 

-mcYM 

) Ti dz 

27Ti\ 

< c 

j 8z] 


= 0 


and ifr 3 satisfies exactly the same equation. Thus, since «/> 3 and both 
satisfy the same boundary conditions, it follows that 


*A 3 /<A 4 = const. 

Hence, as the velocity of the electron decreases, the ratio B/A does not 
change. Thus (13) gives the direction of the spin axis when the electrons 
are brought to rest by the field. 


3.2. Nature of an TJnpolarized Beam. 

A slow unpolarized beam is one in which the electron spins point in 
all directions at random. It is not possible to represent an unpolarized 
beam by a single wave; each electron must be given its separate wave 
function, with different values of the constants A and B. 

A 'fast’ unpolarized beam is the beam produced from a slow beam 
by accelerating it by means of an electric field. It follows from the 
results of the last section that such a beam would appear unpolarized 
to a moving observer relative to whom the electrons were at rest. 

We shall now show that a beam in which half the electrons have 
been prepared with their axes pointing in a given direction, and the 
other half with their axes pointing in the opposite direction, behaves 
like an unpolarized beam. To make the discussion definite, we shall 


t Proc . Boy. Soc. A, 120 (1928), 628, § 5. 
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suppose that a beam of electrons travelling in the direction 
passes into any electromagnetic field. The beam will be represented by 
a wave function y, z)exp( — 27 ri Wt/h ) . In the part of space where the 

beam is before passing into the field, 0 A must have the form of a plane 
wave, moving in the direction (Z, m, n) and polarized in some definite 
direction. Let (X, Y, Z) be some point in space where the beam arrives 
after it has passed the field, so that 

p = | r,z)l 2 . 

gives the probability that an electron will be found at this point. We 
have to show that if P be averaged over all initial directions of the 
spin axis, the same result is obtained as by taking the average value 
of P for two opposite directions. 

In the last section it was shown that a plane wave in which the spin 
axis points along the 2 -axis is represented by 

xjj z — 0 , j / t 4 = 8, 


and that a plane wave in which the spin axis points in the opposite 
direction is represented by 

03 =8, 0 4 = 0. 

Let ipl, ifjf be the wave functions which, have these forms in the part 
of space occupied by the incident wave. Then the wave function which 
describes an electron with spin initially in the direction (9, <j>) is 

— sin \9 0 A +cos %9 e^ipY- 

Thus P = sin 2 ^9 2 l0 A l 2 +cos 2 |-0 2 I0 T A I 2 — 2 sin0cos(0+a A )P A , 


where we write 0? (0 A )* = Dxe i(XK . 

If we take the opposite direction to 9, <f>, namely, 

77 9, 77+0, 


we obtain 


P = cos *i9 2 \^l\ 2 +sm^9 2 Ml 1 1 2 + 2 Sin0cos(0+O< A )P A . 

A A A 

The mean of these is i 2 [ I0 A ] 2 + I0I 1 ! 2 ]- 

A 


Clearly the same result is obtained if P is averaged over all 9, <f>. 


3.3. The Magnetic Moment of an Atom according to Dirac's Equation. 
Our purpose in this section is to show that an electron in the lowest 
quantum state, in the field of a nucleus of charge Ze, and a magnetic 
field H along the 2 -axis, has energy, according to Dirac’s equation, 

W 0 ±HM, 
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where W 0 is the energy in the absence of a field, and 

M = + y 2 )i] (y = 2 t rZ^hc). 

It will further be shown that, when the atom is in the state with energy 
—HM (spin pointing along the z- axis), the wave function ip\ describing 
the electron is such that ip 3 = 0. 

The wave equation for the electron is (cf. equation 10) 


where W is the energy, a i3 are the usual matrices, V = Ze/r, and A t 
is given by ^ = _x Hy> = lHx> Ag = 0 . 

One can thus write the wave equation 

(l^+€F~C/+c2a^+a 4 mc 2 )^ = 0, 
where U is the perturbing energy due to the magnetic field, namely, 

U = ~€(a 1 A 1 +oc 2 A 2 ). 

Tor the case H = 0, the lowest state is degenerate. There are two 
solutions, which we denote by ip 1 and ip 11 . If we write 

f(r) = ArPe~ r l a , 
where j3 — (1— y 2 )*-— 1, 

and A is so chosen that 


\f(r) |V 2 dr 


then these solutions, normalized to unity, aref 

ipl = iNB sin 6 e*4f 
ipl = — iNB cos 6 f 
^=0 
# = — 2vy 

«/rp = — iNB cos Of 
ipl 1 = — fc-ZVi? sin 0 e^/ 




and 


(i) 


(H) 


-AF=0 


(^+ 1 )^ = 1 . 


where B = y[l + (l— y 2 ) 1 ] -1 , 

It is easily seen that 

J tfi x ijj lx dxdydz = 0. 

t Darwin, Proo. Boy. Soc. A, 118 (1928), 054. 
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For the energy values in a magnetic field we solve by the usual per- 
turbation method. If therefore AW is the change of energy produced 
by the field, we obtain 

AW— — U 11 * = 0 , 

— U 1 ’ 11 AW — Z7 11 ' 11 ) 

where Z7 1 * 11 = J dxdydz , etc. 

It is easily seen that the non- diagonal elements U 1 * 11 vanish; thus ip 1 
and ip 11 are the correct zero-order wave functions, and U 11 > TL is the 
change of energy when the atom is in the state described by the wave 
function ip 11 . 

We shall evaluate U 11 * 11 . We have 

0' II “ 1 <P 11 — <Ai >pi + <A 2 ! A 3 +$$'!'&+ ’Pi <Pi 

— 2N 2 B sin 6 sin pf 2 . 

Hence J effyip II cx 1 ip JX = eHN 2 B sin 2 0 sin 2 ^> rf 2 . 

Similarly, we find that 

= eHN 2 B sin 2 # cos 2 <£ rf 2 . 

Thus, adding and integrating over all space, we have 

27 r 7 r co 

U 11 ’ 11 = <eHN 2 B J d<j> f sin 8 dd f r 2 dr sin. 2 9 rf 2 . 

0 0 0 

Evaluating this integral, we obtain 
*** = 

which is the change of energy due to H when the atom is in the state 
II. Similarly we find that U 1 * 1 is equal to minus the same quantity. 
The factor |[2(1 — y 2 )*+l] tends to 1 as y -> 0. For uranium it is 0-83. 

4. Scattering of a Beam of Fast Electrons by a Nucleus 

If a beam of fast electrons is scattered by an atom the elastic scattering 
must be mainly nuclear [cf. Chap. IX, §4.1 for an estimate of the 
screening effect of the electrons]. If the velocity of the electrons is 
comparable with that of light, we must use Dirac’s relativistic wave 
equation to calculate the scattering. This has been done by Mott;f 
we shall only give the results here. The calculation is the relativistic 
generalization of that of Chapter III. 

f Proc. Roy. Soc. A, 135 (1932), 429* 

I 


3595.8 
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We require to calculate the 'effective cross-section 5 1(6) doj for 
scattering into the solid angle dco, when electrons moving with velocity 
v are scattered by a nucleus of charge Ze. According to the classical 
theory, and also according to non-relativistic wave mechanics, one 

obtains /(#) _ (Ze 2 /2mv 2 ) 2 cosec 4: -l6. 


Using Dirac’s equation one obtains, for small 9, and all Z , 

1(0) — (Ze 2 !2mv 2 ) 2 ( 1 — v 2 Jc 2 )cosec i i6. 

For large angles, and small Z, one obtains 

1(6) = (Ze 2 /2mw 2 ) 2 ^l — ^j(l — ^sin 2 J6>jcosec 4 |£». 

For large angles and large Z, the scattering is not given by any 
simple formula. It has been calculated for gold, at a scattering angle 
of 90°, for various velocities. For details see loc. cit., eqs. (8.2) and 
(8.3). 

Experiments on the nuclear scattering of fast particles have been 
carried out by Klempererf and Xeher.J Neher finds that for aluminium 
the variation with angle and voltage agrees well with theory if the 
experimental results are multiplied by a constant factor of about 1*32. 
For scattering between the angles 95° and 172°, vjc ~ 0*6, Neher finds 
that the factor 172 

J I(6)sin6 dd/Z 2 

95 


is not constant for different elements, being about 1*38 greater for gold 
than for aluminium.§ This is in qualitative agreement with theory; 
for scattering at 90° only, the theoretical value of this ratio is about 
2 * 1 . 


4.1. Polarization of a Beam of Scattered Electrons. 

It was early suggested that a beam of electrons scattered from a 
target might be polarized, and that the polarization could be detected 
by scattering from a second target. The theory of the phenomenon has 
been investigated; |] if electrons are scattered from two targets B, C, 
more electrons should be scattered along CD than aloiig CE. The effect 
predicted by theory is only large under the following conditions : 

The targets must be thin, so that conditions of single scattering 
obtain. 


f Ann. d. Physih , 3 (1929), 849. 
t Phys. Rev., 38 (1931), 1321. 

§ We are indebted to Dr. Neher for informing ns by letter of these results. 
|| Mott, loc. cit. 
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The angles 6 1 and 0 2 must be comparable with 90°. 

The atomic number of the scattering nuclei must be large. 

The velocity of the scattered electrons must be comparable with c. 
With gold, 6 t = 0 2 = 90°, the maximum asymmetry is 16 per cent., 
and occurs for an energy of 127 kV. 



Attempts to observe an effect of this type have been made by various 
workers. Of these, the only one in which the conditions were such that 
the theory predicts an effect is that of Dymond.f Dymond, using 
electrons of 79 kV. energy, obtained an asymmetry of 1*3 per cent, in 
the right direction; the amount demanded by the theory is 8 per cent. 
No explanation of the discrepancy has at present been given. 

f Proc. Roy. Soc. A, 136 (1932), 638. Rupp, Zeits. f. Physik, 79 (1932), 642, has also 
recently investigated the phenomenon under these conditions; an effect of the order 
predicted by the theory is observed, but the maximum asymmetry is not observed at 
the energy predicted. 
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COLLISIONS BETWEEN TWO PARTICLES: 

NON-RELATIVISTIC THEORY 

1. Introduction 

In the first three chapters of this book we have discussed the motion of 
beams of electrons in various fields. If one assumes that the individual 
electrons of the beam do not interact with one another, the behaviour 
of the beam can be described by a wave function y , z , t) in three- 

dimensional space, \ifj\ 2 dxdydz giving the probability that an electron 
will be found, at time t, in the volume-element dxdydz. When we wish 
to discuss atomic systems in which it is necessary to take into account 
the interaction between two or more particles, this is no longer possible; 
a wave function which is a function of the coordinates of all the particles 
must be used. Examples of problems for the solution of which a wave 
function of this type must be used are: the treatment of atoms con- 
taining more than one electron; the hydrogen atom, when the finite 
mass of the nucleus is taken into account; the scattering of a-particles 
by light nuclei for which the recoil of the nucleus cannot be neglected; 
an exact theory, including inelastic collisions, of scattering of electrons 
by atoms. 

In this chapter we discuss first the problem of the interaction between 
two unlike particles (§2). In § 3 we give a brief discussion of the 
stationary states possible for atoms or molecules containing two similar 
particles, and in §§ 4 and 5 we discuss the collision between similar 
particles, with and without spin. It may be emphasized here that if 
the particles are unlike, it is not necessary to take account of the spin, 
unless their velocities are comparable with that of light, in which case 
a relativistic theory must be used (Chap. XV). If, however, the particles 
are similar, one must take account of the spin even in a non-relativistic 
theory. 

2. Interaction of Two Unlike Particles. Non-relativistic Theory 
without Spin 

Let us suppose that the particles are an electron and a proton; our 
theory can then be applied to the problem of the hydrogen atom, and 
to the problem of the scattering of electrons by a hydrogen nucleus. 
As in the case of the one-body problem, the result of any experiment 
can be deduced from a wave function iff. iff will be a function of the 
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coordinates of both particles; if 

* *p === fap> Vp> %p) 

T e = y G , z e ) 

are the coordinates of the proton and of the electron respectively, the 
wave function will be of the form 

The interpretation of this wave function is as follows: if dr e and dr p 
are two elements of volume situated at the points r e and r p , then 

\i/,(r p ,r e ;t)\2 dT p drr e 

is the probability that the proton is in the volume-element dr p and that 
the electron is in the volume -element dr e , both at the instant of time t. 
The wave function ip satisfies Schro dinger’s equation 
ih dip h 2 ™ , , A 2 

277 8t : 


Srr^- 


Here 


V 2 = 

y p 


a 2 

8xl 


8 rr 2 m i 

R2 


■ V| i/» — V(r p , T e )ifj. 


( 1 ) 


zy% 


+ ^2 + 


e 2 

K’ 


m p , m e are the masses of the proton and electron respectively; V(r p , r e ) 
denotes the potential energy of the pair of particles when the proton 
is at the point r p , and the electron at the point r e . 

As an example, we shall obtain the solution which describes the 
motion of a hydrogen atom in field-free space. The potential energy 
function in this case is 

‘^ r fcp>^e) == € / \ r p ^*el* 

As in the classical mechanics, the problem is separable; it is possible 
to discuss separately the motion of the centre of gravity, and of the 
line joining the particles. We make the substitution 

(jYbjp — 7?2- e )R. = 

r = *p— r e5 (2) 

so that R is the position of the centre of gravity of the two particles, 
and r denotes the length and direction of the line joining them. The 


operator 

transforms intof 
where M 


_A!_v 2 - 

87T 2 TO„ p 






8tT 2 M 

m p +m e . 


p 

V| 


8TT 2 m. 


V 2 


R~ 


,_Al_v 2 ‘ 

8 7T 2 m* r ’ 

m* = 


*f See, for instance, Sommerfeld, Wave Mechanics, p. 27, wliere this transformation 
is treated in detail. See also Frenkel, W ellenmeckanik , p. 131. 
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The wave equation. (1) becomes, therefore. 


ih dip 
~%rTt 


h* 

’ 87T*M 


w- 




' r^’ 


( 3 ) 


This equation is separable; that is to say, we can obtain a solution of 


the form 


/o( r > %o( R > *)• 


(4) 


Substituting (4) in (3), we obtain the pair of equations 


~ 2tt dt '' 

ih dg 0 

~!frr dt 


.^^fi+^+AU 


h* 


.V 2 g 0 —Ag 0 , 


8-rr*M 

where A is a constant. The substitution 

/i , 0 =fexp(+2miAt/h) 
g 0 = gexp(—2TTiAt/h) 


leads to 


ih 8f A 2 . e 2 f 
2 tt dt 8t7 2 w* j ^ r J 


( 5 ) 


i±8g_ W V2 

2t t 8t 8 tt 2 M y ’ 


( 6 ) 


and we may thus take ^ to be equal to fg, where / and g satisfy 
(5) and (6). 

Equation (6) is the wave equation for a free particle of mass M ; the 
solution </(R, t) describes the behaviour of the centre of gravity of the 
atom. The particular solution required depends on the experiment 
which it is wished to discuss. If, for instance, ip is the wave function 
describing a beam of atoms, g must be the wave function for a beam 
of particles, which was found in Chap. I, § 4. If the position and 
velocity of the atom are known approximately, with errors subject to 
the uncertainty principle, then g must have the form of the wave packet 
described in Chap. I, § 9. 

Equation (5) is the wave equation for a particle of mass m* and 
charge € moving in the field of a fixed nucleus. If we wish to describe 
a hydrogen atom in its normal state, / must be the first characteristic 
solution of this equation. 


3. Theory of the Interaction between Two Similar Particles 

(This section is intended to be a summary of the usual theory of the stationary 
states of systems containing two similar particles.) 

We shall suppose first that the particles have no spin. A particle with 
no spin has only three degrees of freedom,*)* its state being completely 
f We do not wish to imply that the a-particle and carbon nucleus have ‘really’ 
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determined when its position in space is given. [This is of course not 
true of an electron, because its magnetic moment can point in any 
direction.] The helium nucleus (i.e. the a-particle) and the carbon 
nucleus are examples of this kind of particle; the evidence that this 
is the case is discussed below. 

Before considering collision phenomena, we must remind ourselves 
of certain properties of the stationary states which are possible for mole- 
cules (He 2 , C 2 H 2 , etc.) containing two such particles. If we wish to 
calculate the energy values which are possible for such a molecule, we 
proceed as follows: Let us take the case of the helium molecule He 2 . 
We first assign a coordinate to each particle, R 1? R 2 for the two nuclei, 
and r l3 r 2 , r 3 , r 4 for the electrons. We then write down the Schrodinger 
equation for the system; this is of the form 


(H-E)*f, = 0, (7) 

where ift is a function of the coordinates of the six particles, and H is 
the usual operator. As is well known, bounded solutions ip can only 
be found for a certain series of values of E, the 'eigenvalues’, which 
we denote by 


We expect these to be the possible values of the energy of the molecule. 
Actually, only half the predicted number are found to occur in nature — 
i.e. in the band spectrum of the molecule.]* We must now examine the 
reason for this fact. 

Apart from accidental degeneracies, which can in general be removed 
by electric and magnetic fields, there corresponds, to each discrete 
eigenvalue E n of the energy, a unique wave function 

*An(Ri, R 2 ; r i> r 2> r 3> 

which is a solution of the differential equation (7). These solutions all 
have the property that they are either symmetrical in the coordinates 


only three degrees of freedom — i.e. that they are not complex structures which can be 
split up into their component parts. We mean simply that in the experiments con- 
sidered the probability of the internal structure of the nucleus being in any stationary 
state other than its normal state is negligible, and also that the normal state is non- 
degenerate ; and thus, when the nucleus is at rest in free space, three coordinates are 
sufficient to specify its state. 

In considering the collision between atoms moving with gas-kinetic velocities, or 
indeed with any energy less than the first resonance potential, the helium atom may 
be treated as a ‘particle without spin* (cf. Chap. VIII, § 3.1). 

t Cf. Kronig, Band Spectra , p. 94. The statement is only true if it is understood to. 
refer to a given electronic state, because some of the theoretically possible electronic: 
states do not occur, owing to the exclusion principle. 
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R 1? R 2 , or they are antisymmetrical; that is to say, either 

^(R 1? R 2 ; r x ...) = i/f n (R 2 , R x ; r^..) (symmetrical), 

or $ n ( R ls R 2 ; r^..) = — ^ n (R* R x ; r^..) (antisymmetrical). 

This property is not an assumption about the wave functions; it is 
a deduction from the differential equation that the wave functions 
satisfy. The prooff depends on the assumption that the mass and 
charge of the two particles are exactly the same, so that the operator 
H is symmetrical in the coordinates of the two particles. 

It can further be deduced from the wave equation, that if the mole- 
cule is in a state described by a symmetrical wave function, then no 
possible disturbance can bring the molecule into a state described by 
an antisymmetrical wave function. The converse is also true. This is 
true not only of the stationary states; if a system containing the two 
nuclei is in any state described by a symmetrical wave function, the 
wave function will remain symmetrical under any perturbation what- 
ever; and vice versa. The proof % depends essentially on the assumption 
that, given any field, and two points P and P', the potential energy 
with the particles at rest at P and P r respectively does not depend on 
which particle is at P and which at P'. If the particles were very slightly 
different, in mass or in charge, then this would not be the case, and in 
general a perturbation (such as a collision) would give a finite, if small, 
probability for a transition from a symmetrical to an antisymmetrical 
state. 

We have already seen that only half of the mathematically possible 
values of the energy of the molecule occur in nature. It is found, for 
the molecules 0 2 H 2 and He 2 , that the energy values which occur are 
those for which the corresponding wave function is symmetrical in the 
coordinates of the nuclei. No reason is known at present why this 
should be so,§ and we must regard it simply as an experimental fact; it is, 
however, consistent with, but not demanded by, the laws of quantum 
mechanics that either only symmetrical or only antisymmetrical states 
should occur, because, as we have seen, these laws demand that a 
molecule that is once in a symmetrical state will never make a transition 
to an antisymmetrical state. The fact that only half the states are 

t The proof is given at the end of this section. 

t Of. Dirac, Quantum Mechanics , p. 200, or Mott, Wave Mechanics , p. 117. 

§ Unless we regard the a-particle and the carbon nucleus as complex systems formed 
from a given number of electrons and protons ; we can then deduce the symmetry pro- 
perties of the nuclei from the corresponding properties of the electron and proton. 
However, such predictions are not always in agreement with experiment. (Cf. ICronig, 
loc. eit.: the outstanding exception is nitrogen.) 
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observed, and that the missing states do not appear under any dis- 
turbance, shows that the properties of any two helium or carbon nuclei 
must be absolutely identical. It also proves that the particles have no 
fourth degree of freedom (spin) — at any rate in their normal state, if 
they are complex particles. 

We now pass on to the consideration of particles with spin, such as 
the electron, proton, and most nuclei. As we have seen in Chapter IY, 
such particles have a fourth coordinate s, the energy of the particle if 
passed into a magnetic field H along the 2 -axis being proportional to sH, 
Por electrons and protons s can only have the values ±1; for nuclei 
other than protons certain other values are allowed, f A particle with 
spin is thus specified by the coordinates (r, s). We shall denote this 
group of four coordinates by 6. 

If we wish to calculate the energy -levels of a system containing two 
particles with spin, such as the helium atom, which contains two elec- 
trons, we are faced with the difficulty that the Hamiltonian for such 
a system is not known exactly, J the corrections introduced by the spin 
being of the same order of magnitude as the Relativity corrections’. 
The assumption that this Hamiltonian exists leads, however, to im- 
portant qualitative results in agreement with experiment about the 
number and order of magnitude of the energy-levels, and the possibility 
of transitions from one to another. 

Let, then, II be the Hamiltonian of a system containing two similar 
particles with spin, let us say a helium atom. To find the energy-levels 
we must solve the wave equation 

(H — E)i}j = 0. 

There will as before be a series of energy -levels E n for which bounded 
solutions can be obtained, and corresponding wave functions 0 2 ). 

The operator H must be symmetrical in the coordinates of the two 
particles; therefore, as before, the wave functions corresponding to 
every non-degenerate stationary state will be either symmetrical or 
antisymmetrical; that is to say, we shall have either 

Is ^ 2 ) = ®x)- 

t In the usual theory of hyperfine structure, a nucleus is assigned an angular 
momentum ih/Zn ( i = 0, 1,...), and a magnetic moment ig(i)<zhl4:7rmc , where g{i) is 
a number of the order 1/1000. The extra energy due to the interaction with the 
magnetic field H due to the electronic shell is mjaJSg(i)chl 4vrmc, where is the com- 
ponent of i along H. Cf. for example Pauling and Goudsmit, Structure of Line Spectra 
(1930), p. 202. 

t Cf. Chap. XV. 
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As before, transitions between states of opposite symmetry cannot occur 
under any perturbation. 

For all particles that have been investigated, it is found that either 
only the energy-levels with antisymmetrical wave functions occur 
(electrons, protons) or only the energy-levels with symmetrical wave 
functions (a-particles, carbon or nitrogen nuclei). As we have seen 
already, this fact is consistent with wave mechanics, but not demanded 
by it. 

The possibility of ascertaining whether a given energy-level observed 
experimentally has a symmetrical or antisymmetrical wave function, 
although we have no exact theory of the interaction of particles with 
spin, depends on the fact that the spin forces are small. We should 
expect the wave function describing any non- degenerate state of, say, 
the helium atom to be of the form, approximately, 

where to a very good approximation, is a solution of Schrodinger’s 
equation for point electrons. To calculate the energy-levels of the atom 
one proceeds as follows. First one solves Schrodinger’s equation for 
point electrons; the solutions are of course symmetrical or antisym- 
metrical in r l5 r 2 . Both sets of energy-levels are found to occur; but 
the levels with antisymmetrical wave functions (orthohelium) are found 
on close resolution to be triplets. This is explained as being due to the 
spin; x ^ ias four stationary states, three symmetrical, and one anti- 
symmetrical; these are, to the zero-order approximation: 

Xoc( S l)Xoc( S 2)> XpMxpM* 
X<x( S l)Xls( S 2)^zXoc( s 2)Xp( S l)' 

For the definitions of Xa> Xp of. Chap. IV, § 2. Thus, corresponding to 
every solution of Schrodinger’s equation, there are four theoretically 
possible energy-levels; the fact that the observed parhelium-levels are 
singlets and the orthohelium-levels triplets shows that only wave func- 
tions occur which are antisymmetrical*)* in Q x , 0 2 . 

In the case of the liomonuclear diatomic molecules the procedure is 


f Particles for which only antisymmetrical wave functions can exist are said to satisfy 
the Eermi-Dirac statistics; particles for which only symmetrical wave functions can 
exist, the Einstein-Bose statistics. Particles which obey the Eermi-Dirac statistics obey 
also the ‘exclusion principle’, as can easily be shown. Eor if two such particles are in 
states described by wave functions ip a , xjs b , then the wave function describing the pair of 


particles is 




But if the two states are the same, this wave function vanishes; therefore the two 
particles cannot be in the same state. 
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essentially the same; we solve the Schrodinger equation, neglecting the 
spin of the nuclei. The splitting produced by the nuclear spin is too 
small to be observed directly; the spin multiplicity of a given state is 
revealed only through its statistical weight, which affects the relative 
intensity of certain of the rotational bands. (Cf. Kronig, Band Spectra 
and Molecular Structure (1930), pp. 94 et seq. ; cf. also the article by 
Kallmann and Schuler, Ergebnisse d. exaht. Naturwiss ., 11 (1932), 156.) 

3.1. Proof that the Wave Functions describing Systems containing Two 
Similar Particles in a Non-degenerate Stationary State are either Sym- 
metrical or Antisymmetrical in the Coordinates of the Particles , 

tet 1, 2 denote the coordinates of the particles; then 0( 1, 2), the wave 
function, satisfies 

H( 1, 2)0(1, 2)- J?0( 1, 2) = 0, (at) 

where H is some operator which is symmetrical in the coordinates of 
the particles. Since we assume that the state is non-degenerate, 0 is 
the only bounded solution of (a). 

Interchanging the coordinates 1 and 2 in (a), we obtain 


[H(2, 1) E]ip(2, 1) = 0. 08) 

But since H is symmetrical in the Coordinates of the particles, H(2, 1) 
is equal to H( 1, 2). Hence from (/?) we obtain 

m l,2)-^(2 J l) = 0. (y) 


It follows from (y) that 0(2, 1) is a solution of equation (a). But since 
0(1, 2) is the only solution of (a) which is everywhere bounded, we 
must have ^(2, 1) = ^(1, 2), 

where A is a constant. But it is clear that 


// ['/'(!> 2 )] 2 dr z = JJ 0(2, l)] 2 dr x dr 2 , 

and that neither integral is zero. 

It follows that A 2 = 1. 

Hence, since all the quantities in these equations are real, we have 

A = ±1. 

This is what we set out to prove. We must emphasize that the proof 
only applies to non-degenerate states. States with unquantized (posi- 
tive) energy are always degenerate. For such states the theorem is 
not true. 

Peference. For the general theory of non-combining states, see 
Dirac, Principles of Quantum Mechanics, Chap. XI. 
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4. Collision of Two Identical Particles without Spin 

We suppose first that the particles have no spin (a:-particles). Imagine 
an experiment similar to that illustrated in Fig. 8. a-particles are fired 
with velocity v at a screen AB, and a-particles are also fired with equal 
and opposite velocity, at a screen CD. Apertures in the screens are 
opened and shut again, not necessarily at the same moment. Wave 
packets would pass through. Let these have wave functions 

u{r,t), v(r,t) 

both normalized to unity, f The problem before us is how to calculate 
the wave function at a time t after the collision. The simplest procedure 
would be to assign to the particles coordinates r l9 r 2 , where r 1 is the 


A C 



B D 
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coordinate of the particle which passed through AB, etc. Thus the 
wave function before the collision would be 

u(r x , t)v(r 2 , t), (8) 

and the wave function ^(r i5 r 2 , t) after the collision would be determined 
by means of a wave equation of the type (1) and this initial condition. 
To interpret the wave function, one would assume |^(r 1? r 2 , t) | 2 dr x dr 2 
to be the probability of the first a-particle being in the vol ume -element J 
(r x , dr x ) at time t and the second a-particle in the volume-element 
(r 2 , dr 2 ). The probability of finding one or other of the particles at 
(r x , dr x ) and the other at (r 2 , dr 2 ) is thus (omitting t) 

[l^( r i> r 2 ) | 2 + |«A(r 2 , r x ) | 2 ] dr x dr 2 . (9) 

This method of treating the problem cannot, however, be correct. 
The reason for this is that if we take the initial wave function (8), and 
suppose there to be electrons present also, then we obtain a finite 
probability of a molecule being formed, and moreover a finite pro- 

t i-o. sncli that f |u(r, t)| 2 dr = 1. 

% We use the notation (r, dr) to denote a volume-element at the point r, and of 
volume dr. 
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bability for the formation of any of the mathematically possible 
stationary states. H ow this is contrary to experiment; we know that 
for He 2 only the stationary states with wave functions symmetrical in 
the coordinates of the nuclei are found in nature. We know also that 
if a wave function is initially symmetrical, it must remain symmetrical 
for all time. Thus we shall obtain agreement with experiment if we 
make our initial wave function symmetrical in the coordinates of the 
two a-p articles. 

The only way in which we can combine the wave packets u and v 
together to form a symmetrical function is by taking for our initial 
wave function 

r 2 ) = &[>(rj>(r 2 ) +«(r 2 )v(r 1 )], (10) 

where 1c is some constant. We must consider now the interpretation of 
this wave function; the value that must be assigned to 1c will then 
become apparent. 

Since initially the wave packets do not overlap, it follows that for 
any value of r x for which u(r ± ) is finite, v(r x ) vanishes. Thus at time 

* = °» = 0 . 

Hence we have, when xp is given by (10) above, 

r 2 )l 2 = fc 2 |«(ri)e(r 2 )|H^Mr 2 )ti(r 1 )| 2 . (11) 

How u is a function which vanishes except in the neighbourhood of the 
slit AB , and v vanishes except in the neighbourhood of CD. Thus \ip\ z 
vanishes unless r ± is near AB, and r 2 near CD, or vice versa. Thus we 
cannot interpret |i/r| 2 dT X dr 2 as being the probability that the particle 
observed at AB is in the volume-element (r x , dr x ), etc., because this 
latter probability is zero if r x is near CD. We must interpret \xp\% &t x dr 2 
as the probability that one a-particle (either of the two) is in the 
volume-element dr x , and the other in the volume dr 2 . It is clear that 
(11) gives this probability correctly if we put h equal to unity.f 

We adopt this interpretation, therefore, of any wave function ip(v x , r a) 
describing two identical particles. We may note that if this interpreta- 
tion is to make sense, \ip \ 2 must be symmetrical, i.e. we must have 

l^( r u r 2 )| 2 — |<A(r 2 ,r 1 )| 2 . 

There are two ways in which, at time t = 0, we can form a wave function 
with this property; the two possible wave functions are 


t Note that this gives 


JJ |<A| 2 ^r a ^r 1 = 2. 


Wave functions for two identical particles ought therefore to be normalized to 2. 
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Thus we see that with the interpretation given above we must use either 
a symmetrical or an antisymmetrical wave function; if it were not that, 
for He 2 , no antisymmetrical states occur in nature, we should not know 
which to use, and it would be impossible to make predictions by means 
of wave mechanics, in collision problems of this type. 

Of course it is not a priori necessary to interpret \js in this way; we 
could use the unsymmetrical wave function, u{ r x Mr 2 ), at time t = 0, 
and make the interpretation that \\p\ 2 dr x dr 2 is the probability that a 
particular one of the two particles is at r x . The objection to this course 
is, as we have emphasized, that it leads to finite probabilities for the 
formation of molecules in antisymmetrical stationary states, which are 
not observed. 


The use of the symmetrical wave function will give different scattering 
probabilities from those obtained using unsymmetrical wave functions. 
If we use the latter, the initial wave function is u( r x )t;(r 2 ); after time 
t let the wave function be */r(r x , r 2 , t). We have to make the interpreta- 
tion that |j//(r 1 ,r 2 ,£)1 2 dr x dr 2 is the probability that the particle that 
was originally at AB is at (r l5 dr x ) and the other at (r 2 , dr 2 ), while 
|^(r 2 , r l5 1)\ 2 dr x dr 2 is the probability that the particle which was 
originally at AB is in the volume (r 2 , dr 2 ), etc. Thus the probability that 
one particle is at (r x , dr x ) and the other at (r 2 , cZt 2 ) is (cf. equation (9)) 

r 2 )| 2 + M(r* rJP) dr x dr 2 . (12) 

On the other hand, if we use the symmetrical wave function, the initial 


wave function is 


^(ri)v(r 


and the wave function after time t is 


*A( r i> r 2 , t)+ip(r 2 , r 1? t), (13) 

and the probability that a particle is at (r x , dr t ) and the other at 
(r 2J dr 2 ) is l^n, r 2 , t)++(r 2 , r x , t) |» dr x dr 2 , (14) 

[l^(r 1 ,r 2 )| 2 + |«A(r 2) r 1 )| 2 +^(r 1 , r 2 )^*(r 2 , r x )+ 

+VK r 2 > r i>/'*( r x ,r 2 )] dr x dr 2 . (15) 

We have seen that the use of the symmetrical wave function (13) 
forbids us to assign a probability to the event of a particular a-particle 
being found in the volume dr ± — let us say, the ^-particle which was 
originally in the neighbourhood of AB. If an a-p article is observed at 
a given point, it is in general impossible, by any conceivable experiment, 
to find out whether it is the a-particle which was originally at AB, or 
the other. Thus the wave function gives us no more information than 
can be obtained experimentally. It is only possible in principle to know 
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which a-particle is observed, if the path of the wave packet describing 
one a-particle does not overlap at any point with the path of the wave 
packet describing the other a-particle. It is in principle possible to 
devise such an experiment with slow a-particles (8? r^/hv >> 1). In Pig. 9 
the shaded areas represent the paths of the two wave packets. It is 
clear that if a particle is observed at P it must be the one which was 
originally at AB. Hence it appears that in this case the symmetrical 



BO A 



wave function gives us less information than could be obtained experi- 
mentally. However, here the unsymmetrical wave function will give 
us the same probabilities of finding a particle as the symmetrical wave 
function, because the "cross term’ ^(r x , r 2 )?/r*(r 2 , rq) in (15) vanishes for 
all r 1? r 2 . 

We must now consider in greater detail how to calculate the scattering 
when two particles collide. For purposes of calculation it is simplest 
to consider steady beams of infinite width. We therefore consider two 
beams moving with equal and opposite velocities \v parallel to the 
z-axis. We require to find the number of scattered particles that will 
be observed travelling in the direction OP making an angle 6 with BA. 
The particle may have been deflected through an angle 6 from BO , or 
an angle tt — 6 from AO, as shown in Fig. 10. 
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We introduce coordinates r 1? r 2 to describe the two particles; we then 
transform to « r 

r r l r 2 

R = |(r 1 + r 2 ). 

We findf that a wave function can be obtained of the form 

«A(r 1? r 2 ) = x F(R)</r(r). 

In our case, since the centre of gravity is at rest, X F is a constant. 
if/ satisfies the equation 

+ = 0, (16) 


where m* = \m 

and V(r) is the mutual potential energy of the particles. A solution 
i/r(r) is obtained by the methods of Chapter II, having the form, for 
large r, ^ ^ e Ucz_\_j^ r -i e ikr, 

where e ikz represents^ the 'incident wave 5 (in r space), and r~ 1 e 7:/cr the 
scattered wave. If the particles were distinguishable, one could use this 
wave function to describe the scattering; |/(0)| 2 would be proportional 
to the probability that the line joining the particles is deflected through 
an angle 6. Thus the number of particles scattered along OP would be 
proportional to |/(6>) | 2 + \f{ir-d)\K 


We must, however, use the symmetrical wave function 

By interchanging r x and r 2 , r is changed to — r. r is therefore 
unaltered and 0 is changed to tt — 6. The symmetrical wave function 


is therefore 


e ikz - b e- ikzJ r r’~ 1 e ikr \^f{6) — 0)]. 


(17) 


The incident wave may be written 

2cos&z = 2cos&(z 1 — z 2 ); 

the average value of [</r| 2 for the incident wave is therefore 2, and so 
[cf. § 3, p. 69, footnote] the wave represents one particle per unit area 
in each beam. We deduce from (17) that the probability that a scattered 
particle will be found in a volume-element dr l9 and the particle with 
which it collided in the volume-element dr 2 is 


^ !/(*)+/(»-*) I* 


t Cf. § 1 of this chapter. 

$ Eor the ease of the Coulomb field the form of the incident wave is more complicated : 
cf. Chap. Ill, § I. 
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where r is the distance between dr 1 and dr 2 , and 6 the angle that the 
line joining dr ± and dr 2 makes with the 2 -axis. 

It follows that the effective cross-section for a collision in which 
either particle is deflected into the solid angle dco is 

I m+f(ir-0)\*dco. (18) 

The probability of scattering when one of the particles is initially at 
rest is easily obtained. In a given collision, the paths of the scattered 
particle and the knocked-on particle are at right angles. If an a-par- 
ticle moving with velocity v strikes a stationary a-particle (He nucleus) 
the effective cross-section 1(d) dco for a collision in which a particle is 
scattered through an angle 6 into a solid angle dco is, from (18) (cf. 
Chap. VIII, § 5), 

1(0) dco = |/(20)+/(tt— 20)| 2 4cos0 dco. (19) 

It is to be noted that (19) gives the probability that a particle will 
be observed moving in a direction making an angle 0 with the direction 
of motion of the incident beam; the particle may be either a scattered 
a-particle from the incident beam, or a knocked-on helium nucleus. 
If a collision is observed, it is impossible to tell after the collision 
which is the incident particle and which the knocked-on particle, 
and, according to the wave mechanics, the question has no meaning. 

4.1. Coulomb Field . 

If the interaction between the particles may be represented with 
sufficient accuracy by the Coulomb field V(r ) = (ZeY/r, then f(0) is 
known, and isf 

f(0) = cosec 2 ^exppalog(l— cos 0) + 2iy 0 ], 

where m* = ot — 27 T(Ze) % fhv > 

and 7) 0 does not contain 0. From (19) we see that 

1(6) = [cosec 4 ^+sec 4 ^+2€>cosec 2 ^sec 2 ^]4cos^, (20) 

where <E> = cos(alog tan 2 #). 

The corresponding formula J according to the classical mechanics is 
obtained from (20) by putting O equal to zero. 

It will be noticed that formula (20) predicts that at 45° twice as 
many particles will be scattered as are predicted by the classical theory. 

The number scattered at a given angle according to formula (20) does 

t Cf. equation (16) of this chapter, and. Chap. Ill, § I. 
j Cf. Rutherford, Chadwick, and Ellis, p. 262 . 

L 
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not tend to the number to be expected according to the classical theory, 
as v o. The scattering between any two angles does, however, tend to 
the classical value, owing to the rapid oscillation between + 1 an d — 1 
of the function <D for varying 0, when v is small and hence ol is large. 

Formula (20) has been verified experimentally for the scattering of 
a-particles in helium.f Rather slow a-particles have to be used, because 
it is only then that the assumption of inverse square law forces between 
the nuclei is sufficient. Cf. Chap. XV, § 5. 

5. Collisions between Two Identical Particles with Spin 

In the prece din g section we have considered the collision between two 
similar particles which, firstly, have no spin, and, secondly, obey the 
Einstein-Bose statistics. In this section we consider the collision be- 
tween particles, such as electrons and protons, which have spin — i.e. 
half a quantum of angular momentum, and obey the Fermi-Dirac 
statistics. The results may easily be generalized for particles with any 
number of quanta of angular momentum, and obeying either statistics, 
as is shown in § 6. 

In the experiment considered at the beginning of the last section, if 
the particles have spin, the wave function which describes a particle 
must be a function of the spin coordinates. Let the particle which is 
passed through the slit AB have spin in the direction 1, so that the 
wave function describing the particle isj 
u(r)xi(s). 

Similarly let the wave function describing the other particle be 

Then since we must use an antisymmetrical wave function to describe 
the collision, the wave function at times before the collision is§ 
^(1) X ,(1M 2) x ^2)~u(2) Xl (2Ml) Xn (l). 

The wave function at a time after the collision, neglecting the small 
probability that the spins change their direction, is therefore 

T(r 1;Sl ;r 2) a 2 ) = Xl (l) Xn (2)<P(l, 2)- Xl (2) Xn (l)<fi(2, 1). (21) 

The probability, therefore, that one particle is in the volume-element 
(r l5 dr-J and the other in the volume-element (r 2 , dr 2 ) is, at time t, 

2 2 I^*( r i3 r 2J 5 2)| 2 * (22) 

1* Chadwick, Proc. Boy. Soc. A, 128 (1930), 114; Blackett and Champion, Proc. Roy. 
Soc. A, 130 (1931), 380. 

t Cf. Chap. IV, § 2, where definitions of are given. 

§ 1 stands for r x or s l9 2 for r 2 or s 2 . 
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Now.t if 4> be the polar angles of the direction 1 and 6', <f>' of n, 
we hare Xi( s ) = —^¥x^)+ooside^x^)- 

Hence 2 IxK 5 )! 2 == 

and 2 Xi( s )Xn( $ ) = sin £0 si* 1 W+ cos cos ffl 

& 

It follows that (22) is equal to 

|</r(l,2)| 2 +[^(2, 1)|*-|>(2, 1W*(1,2)+4,(1,2W*(2, 1)]x 
X [sin 2 |^sin 2 |-0'+cos 2 |-0 cos 2 J0'+2 cos J 6 cos J0'sin sin %6'cos(<f > — </>')], 

which reduces to 

10(1, 2)I»+ 10(2, 1)| 2 — ^[^(1, l)-f-^(^ 1)^(1, 2)](cos©+l), (23) 

where © is the angle between the spin directions, namely, 

cos© == l*n. 

Thus (23) may be written 

l*A(l> 2)+^r(2, l)| 2 +i?|0(l 5 2) — if/(2, 1)| 2 , 
where A = J(l— cos©), 13 = |(3+cos@). 

Thus to obtain the probability of a given collision, one must calculate 
the probability using wave functions symmetrical in the space co- 
ordinates of the particles, and one must also calculate the probability 
using wave functions that are antisymmetrical. If the former proba- 
bility is Ps and the latter Pa, then the actual probability is 

1(1—0080)^+1(3+008©)^ (24) 

where © is the angle between the spins of the two colliding particles. 
If this angle is unknown — i.e. if the two colliding beams are unpolarized 
— we must average (24) for all ©. Since the average value of cos© is 
zero, the probability is 

£Ps+3PA < 25 ) 

As an example, we shall suppose that a beam of electrons, of density 
such that one crosses unit area per unit time, collides with a single 
stationary free electron. It is required to calculate the probability, per 
unit time, that a collision takes place in which one of the particles, 
after the collision, moves in a direction lying in the solid angle dco 
inclined at an angle 6 to the direction of motion of the incident beam. 


f Cf. Chap. IV, § 2. 
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Then} 
and similarly. 


COLLISIONS BETWEEN TWO PARTICLES 
p s — _f^-[cosec 4 ^+sec 4 (94-2<l>cosec 2 (9sec 2 ^]4cos 8, 


V,§6 


(26) 


where 


p A = _1__ [cosec 4 0+sec 4 0— 2<I> cosec 2 # sec 2 0]4 cos 0, 
<D — cos log tan 2 #j . 


The actual probability is given by (24) or (25), according to whether 
or not the spin directions are known. 

It will be noted that if the spins are in the same direction, we must 
use the antisymmetric al solution only. A consequence is that no elec- 
trons will be scattered, or knocked on, through an angle of 45°. If, on 
the other hand, the spins are antiparallel, so that 0 is 180°, then the 
number scattered is j 


which is equal to the number to be expected according to the classical 
theory. 

In practice it is only possible to observe the scattering of a beam of 
electrons by stationary electrons when the "stationary’ electrons are 
bound in atoms. The incident beam must then have energy so great 
that the binding forces and motion of the atomic electrons may be 
neglected. If this is the case, we shall have 


2iTe*IKv < 1 . 

The term <X> in (26) may therefore be replaced by unity, except at small 
angles, where the deviations from classical formulae are in any case 
small. 

E. J. Williams} has compared the formulae (25), (26) with experi- 
ment by counting forked tracks in a Wilson chamber, using electrons 
of energies 20,000 volts. Good agreement with the theoretical formula 
was obtained. 

The scattering of protons by hydrogen has been investigated by 
Gerthsen,§ and evidence in favour of the formula (25) obtained. 


6. Collisions between Identical Nuclei 

If a beam of atoms is fired into a gas composed of the same kind of 
atom, and if the energy of the beam is such that the distance of closest 
approach for scattering at a given angle is less than the radius of the 


t Cf. eq. (20). 

t Proc/Poy. Soc. A, 128 (1930), 459. 
§ Ann. d. Physilc , 9 (1931), 769. 
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K ring, then the effect of the electrons on the collision may be neglected. 
The number of particles scattered will be given by the formula*}* 

C S P S +C A P A . 

where P s , P A are given by formulae (26), m and e being equal to the 
mass and charge of the nuclei in question. G s and G A depend on the 
statistics obeyed by the nuclei, and also on the number of quanta of 
spin. The ratio C s : C A is the same as the ratio of the intensities of the 
symmetrical to the antisymmetrical lines in the rotational band spectra 
of the diatomic molecule of the element concerned. Thus we should have 
O b : G a = sj(s n + 1) (Fermi-Dirac), 

= (s n + 1 ) js n (Einstein-Bose) , 

where s n hl2rr is the angular momentum of the nucleus (s n = -J- for 
protons, zero for He, 1 for 2ST 14 , etc.). For further information about 
nuclear spins the reader is referred to Kronig, Band Spectra (1930), p. 96, 
or Kallmann and Schuler, Ergebnisse d. exakt. Naturwiss ., 11 (1932), 
265. 

f Cf. for example Sexl, Zeits.f. Physih , 80 (1933), 559. 



INHOMOGENEOUS DIFFERENTIAL EQUATIONS 

IIS' this chapter methods are given for the solution of certain differential 
equations of the type „ jp 

where L is a linear differential operator of the second order, and F is 
a known function. 

1 . Ordinary Differential Equations . The General Solution 

The general type of differential equation considered in this section is 

% +2T % +<ly=f ’ (1) 

where p 3 q , / are known functions of x; however, by means of the sub- 
stitution r x 

y = T exp[— J p dx J 

the equation may be reduced to the form 

< L£ + Qy=F. (2) 

We shall therefore confine our attention to the equation (2). 

Note that if, in the equation 

d *V , ? dy , . ,, ,, 


one makes the substitution 
one obtains 


a#+sa£+»-/« 

y = x-'-'F, 

S+ffT-jto. 


There are several methods of obtaining a solution of (2). 

Method I. 

We suppose that two independent solutions of the equation 

^+< 2^=0 ( 3 ) 

are known. Let these solutions be ift l9 ip 2 . Then it follows from (3) that 

We can therefore multiply ip 2 by constants in such a way that 


jj _diff 2 j 
dx V* dx ™ 


(all x ). 


( 4 ) 
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If i/tj , ip 2 are chosen so that (4) is satisfied, then 

x b 

'F = <Ax(^) J *A 2 F cfc + >Aa(*) J fa F dx (5) 

a a? 

is a solution of (2), as may be verified by substituting (5) in the equa- 
tion (2). Further, since (5) contains two arbitrary constants a and b, 
(5) is the general solution of (2). 

This method is discussed further in Courant-Hilbert, Methoden d. 
mathematischen Physilc, 1924, p. 273. 

Method II . 

We suppose that one solution of equation (3) is known; denote this 
by ip. Then if in equation (2) we make the substitution 

Y = M 

we obtain ~ = F. 

dx 1 dx dx 

It follows that [i/r] 2 ^ = f Fifj dx', (6) 

dx J 

a 

and hence that 

X X' 

W = <P(x) j [<P(x')]-2 dx' f F(x")ip(x") dx", (7) 

/? a 

which is the required solution, containing the two arbitrary constants 
a and /3. 

Method I is the most suitable for the problems considered in this 
chapter. A third method is given in § 2 for certain differential equations. 


2. Solution satisfying Boundary Conditions 

In this section we shall show how to find the solution of the equation 

gj+ <rp- w 

which satisfies certain boundary conditions. We shall take for Q and 
F functions satisfying the following conditions: 

F(x) 0 as x-^oo; 

F(x) bounded and differentiable in the range 0 < x c oo, except at 
the point x = 0, where there may be a pole of order x - 1 ; 

Q(x)^A-U(x), 

where A is a constant, and U a function such that 

xU(x)-+0 as x->co 9 
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and U(x) is bounded and differentiable, except at the point x = 0, 
where U(x) may have a pole of the type n(n+ l)/x 2 (n a positive integer 
or zero). 

We shall impose on Y the two following boundary conditions: 

(i) Y must be zero at the point x = 0. The indicial equation shows 
that one solution behaves like x n+1 and the other like x~ n near a;=0; 
there will thus be one solution which vanishes at the origin. 

(ii) The second boundary condition depends on the sign of A. If A 

is positive, we set A = k 2 


and choose Y so that Y ^ const. e ikx . 

If A is negative we choose Y so that Y shall be bounded as a;-)- oo. 
We shall see that these two conditions determine Y completely, and 
that it is always possible to find Y satisfying these two conditions, 
for all A except in one special case. 

We discuss first the case when A is positive. The equation that we 
have to solve is 


d 2X F 


dx 2 


. [&2 — £7(#)]Y = F(x). 


( 8 ) 


Let xfj x be the solution, which vanishes at the origin, of 

0 . ( 9 ) 

Let be so normalized thatf 

^ sin (Icx-\-rj) (x large). 

Let i[/ 2 be the solution of (9) such that 

~ Jc” 1 exp i {lex + 7 ] ) (x large ) . 

Then */q and iff 2 satisfy, for all x , 

jj ^h—d, d ^ — i 

and hence (5) is the general solution of (8). The solution which vanishes 
at the origin is clearly 

X x 

W = &(*) J ^ Fdx -<p z (x) JfaF dx. (10) 

a 0 

Both integrals converge as x -> co; thus the solution with the required 
form for large x is obtained by putting a, = c o. The form for large x is 


Y 


CO 

~ —k- ie ikx -rtv J faF dx. 

o 


t Cf. Chap. IX, § 1. 


( 11 ) 
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Thus a solution of the required form can always be found, provided 
the integrals 

J F(x)ex.-p(^:ilcx) dx 

o 

converge. 

We shall now discuss the case when A is negative. Putting 

A = — y ^ 

we have to solve the equation 

^ + L-r 2 - m*)Tr = F{x), (12) 

subject to the conditions, Y zero at the origin and bounded at infinity. 
As before, let be the solution of 

%£+[-Y*-U(x)W= 0, (13) 


which vanishes at the origin. In general, this solution, suitably nor- 
malized, will behave for large x like exp(-j-yx). It is only for a certain 
series of values of y (the eigenvalues) that ip has the asymptotic form 
exp(— yx). 

If y is not an eigenvalue, the required solution can be found as 
follows: Let i/j 2 be that solution of (13) which has asymptotic form 

*p 2 ~ y“ 1 exp( — yx). 


Then the required solution of (12) is 


Y = 



(14) 


, which tends to zero as x tends to infinity, if F(x) 0 . 

If y is an eigenvalue, then the solution ip ± which vanishes at the origin 
has asymptotic form exp (—yx); we must take for ip 2 the solution which 
behaves like y _1 exp yx ; the solution of (12) which vanishes at the 
origin is x x , 

Y = Mifi j if> z F dx — ip 2 j xfi 1 F dx J, 

' a o' 

which for large x behaves like 

( X 00 \ 

e -yx J ip 2 F dx — c^y -1 j ip±F dxj. 

a O' 

The first term may be shown to be bounded since F 0 as x co; 

3595.8 M 
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thus we can obtain a bounded solution if and only if 

X 

J ip x F dx 0. (15) 

0 

A second method by which a solution of (12) may be obtained is that 

used in ordinary perturbation theory. We expand 

F{x) = ^a n tfi n {x), (16) 

n 

Y(*) = J,bMx), 

n 

where the ip n are the normalized characteristic functions of the equation 

^+[-rl-m= o. (17) 

subject to the conditions that iff should vanish at x = 0 and remain 
bounded at x = oo. 

The summation includes an integration over the continuous range 
of y\ ( — y| positive). There may not be any discrete values at all. 

Substituting (16) into (12), multiplying by tp n , and integrating over 
all x, we obtain bfl = a n (yl 

If y is one of the eigenvalues, say y m , then no solution vanishing at 
x = 0 and at x = oo exists unless a m = 0; that is to say, unless 

• oo 

/ F(x)tf, m {x) dx = 0, 

0 

which is the same condition as (15). 

3* Partial Differential Equations 

In this section we shall denote the position of a point in three-dimen- 
sional space by the Cartesian coordinates {x, y, z), or by the spherical 
polar coordinates (r, 0, </>), or by the vector r. 

We denote by L the operator 

L = V 2 +F-?7(r), 

where U(r) is a function such that 

rU(r) 0 as r oo. 

Let F(x , y 3 z) be a function such that rF 0 as r -> oo. It is our purpose 
in this section to find a solution iff of the equation 

Lip = F(x,y s z) 


( 18 ) 
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satisfying the boundary conditions 

iff everywhere finite; 

if, ~ r-teffoftf, <f>) (large r ) ; (19) 

where f(d } <f>) is some function which we must find. 

To solve (18) we expand iff and F in series of spherical harmonics. 

Let 7 m 

p «(cos 6) = 6) (m > 0), 

and let us use the convention that 

pm — p—m 
■*•71 M n * 

We expand „ m =+„ 

F{x, y, z) — 2 2 -4™(r)P™(cos d)e im ^. 

n= o m=—n 

Let the required solution ^ be 

y,2)=H B%(r)P%( cos <9)e*”^. (20) 

n 7YI 

Substituting these expansions into (18), multiplying by 

P™( cos 0)e-* m< £ sin 0 ddd<f > , 

and integrating with respect to 0, <£ over the surface of a sphere, we 

° btam ^( , ‘?)+( l '- (7w - !!! F S h“ J » (21) 

Making the substitution B™ = r^b™, 

we obtain ~ 6™+ ^ 2 — M 6™ = ^“(r), 

which is an equation of the type considered in §§ 1 and 2. The solution 
of (21) with the required boundary conditions is therefore, from (14), 

oo r 

= -hLJr) / H n (r)A%(r)r* dr - 1cH n (r) J i n (r)^“(r)r^ dr, (22) 


we obtain 


where L n , H n are solutions of the equation 

7‘U r '%) + ( e - mr) -’*¥ } ) L ~ °' 

L n being the solution bounded at the origin and so normalized as to 
have asymptotic formf 

L n ~ (^r)“ 1 sin(^r— imr+7j n ) } 
and H n being the solution with asymptotic form 

H n ~ (hr)- 1 e^pi(kr~~%nTr+'n n ). 

(20) and (22) give us the solution that we require. 

t Cf. Chap. II, § 1. The condition that L shall be bounded at the origin defines rj ». 
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For many purposes it is useful to express the solution as a definite 
integral , f f f i zt* **\ H/n’ &>?' (23) 


iff =JJJ K(r,r')F(x\y',z r ) dx'dy'dz 


If we write for K 


K=-ff ( 2n+l)L n (r)H n (r’)P n (cos@ ) (r'> r), 

4:7 T n =Q 


Jc 


4:77 n =0 


2 (2n+l)H n (r)L n (r')P n (cos&) (r > r'), 


where cos© = cos0cos0' + sin#sin0' cos(<£ — <f>') } 

then it may easily be shown that (23) is the required solution. Forf 

2y £ a 

j d<f> J $in0 dO P n (cos®)P%(cosO)exp(im<f>) = py P™(cos d')ex-p(im(f>'). 
0 0 

(24) 

It follows at once that (23) is the same as the solution given by 
(20) and (22). 

3.1. Asymptotic Form of the Solution. 

For large r, and fixed r', 

Kir, r') ~ JLr-V jfcr T (2?2,H-l)e“^ 7l7r+ ^ w X.«(r')i^(cos0). 

477 - JZq 

If we denote by J5 {r, 6) the function X 

8f = 2 (2n+l)i n e i7 )»L n (r)P n (co8 6), 


then 


K(r,r') ~ ©). 

477 


The solution ^ therefore has asymptotic form 

A r -i e «r J J J g(r ' 5 2 ') dx'dy'dz’, (25) 

provided that the integral converges. 

The equation Lifj = F(x,y,z ), where 

£ = V 2 — y 2 — £7(r) 

can be solved in a similar way. A bounded solution can always be 
obtained unless y is an eigenvalue of the equation (cf . § 2) 

j Lifj = 0 . 

t Whittaker and Watson, Modern Analysis , p. 328. 
t Chap. H, eq. (16). The asymptotic form of g is 

exp (ikz) -\rr’~ 1 f(6)ex^)(ikr). 
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4. Solution of the Equation 

(V 2 -f& 2 )^ = F(x, y, z), (26) 

This is a special case of the equation considered in the last section, the 
function U(r) being put equal to zero. In this case 

3(r, d) — exp(t£z), 

and therefore the asymptotic form of the solution ip is, from (25), 

— ^ 7 r r leikr J / / ex P( — ifcn-r')F(x' f y',z') dx'dy'dz', (27) 

where n is a unit vector in the direction 6 , <p, and so 

nr' = r'[cos 0 cos 0' + sin# sin#' cos(<£— <£')]. 

The solution \p is 

«A = fff K(r,r’)F(x\y',z') dx'dy'dz', 

with if = _A?5 P^L[£z^, 

4t t |r— r'j 

as may be shown from equation (24), or directly as follows: 

We make use of the theoremf that if /, g are any two bounded twice 
differentiable functions of x,y,z, and £2 any volume bounded by a 
closed surface 2, 


/// <**■ 


~gV 2 f) dxdydz. 


Here djdn denotes differentiation normal to dS away from the volume 
Q; the surface integral on the left is to be taken over the surface 2 
of £2 and the volume integral on the right throughout the volume of 
£2. We apply this theorem by taking for / the solution ip (assuming one 
to exist) of the equation (26) satisfying the boundary conditions. We 
take r' for our independent variable, so that / is ip( r'). For g we take 
K(r, r') considered as a function of r', r being kept constant. For £2 we 
take the volume enclosed by two spheres co l3 a > 2 , both with their centres 
at the fixed point r. The radius of co ± is to be p x , and is finally to tend 
to infinity; the radius p 2 of oj 2 is finally to tend to zero. It will be seen 
that the point r = r', at which K has a pole, is excluded from £2. 

We obtain 

J dS’ = JJJ (ifiV 2 K — KV 2 tp) dx'dy'dz' . (29) 


f Jeans, Electricity and Magnetism, p. 160. 
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X ow throughout H we have 

V 2 # = —WK, 

and VV= — lcS>+F(?c',y',z'). 

Therefore the right-hand side of (29) is equal to 

- JJJ K{ r, t')F{x', y', z') dx'dy'dz’. (30) 

The integral on the left-hand side of equation (29) can be split up into 
two parts: the integral over the outer boundary cu l9 and the integral 
over the inner boundary a> 2 . Using the asymptotic expressions for t/t, K, 
it is easily seen that the first integral tends to zero as the radius of 
co x tends to infinity. The expression 

f K%dS' 

J dn 

tends to zero as the radius of a> 2 tends to zero; since, however, K has 
a zero at the centre of the circle, it follows that, as a> 2 0, 

f £***'*- ^ Jsiibr"' 

CO 2 CO 2 

Comparing this with (30), we have 

*A( r ) = JJJ K{T,r')F{x',y\z f ) dx'dy'dz', 

which is what we set out to prove. 



VII 

SCATTERING BY A CENTRE OF FORCE 

TREATMENT BY INTEGRAL EQUATION, AND 
MISCELLANEOUS THEOREMS 


1 . The Born Approximation 

Our problem in this section is the same as that of Chapter II, namely, 
to calculate the scattering of a beam of particles by a field F(r); we 
shall obtain an approximate formula which is only valid for fast 
particles, but which can be evaluated with much less labour than is 
required for the exact formula of Chap. II, eq. (17). 

We have to solve the wave equation 

= 0 , ( 1 ) 

where 7c 2 = 87 ^mF/Ti 2 , U(r) = 87 T 2 mV(r)/h 2 , 

and where iff must have the asymptotic form 

ijj ~ e^+r- x e^ r /(0). (2) 

We make use of the theorem, proved in Chap. VI, § 4, that the most 
general bounded solution of the equation 

V 2 ifj+7c 2 iff = F(x,y,z), 


where F(x,y,z) = F( r) is a known function, is 



G(x,y,z)-±j 


exp(^(r— r'|) 


F( r') dF, 


where G is the general solution of 

V 2 G+7c 2 G =* 0 . 


It follows that the general solution iff of ( 1 ) will satisfy the integral 

eqiiatl ° n * = G-±- f e*P(«&lr-r>|) dr'. (3) 

^ 4 tt j |r— -r'J 


The expression on the right of (3) represents an outgoing wave; thus, in 
order that iff may have the asymptotic form ( 2 ), we must choose 

G = e ikz . 


To obtain f(6) we require the asymptotic form of (3) for large r. De- 
noting by n a unit vector in the direction of r, so that 

n = (sin 0 cos <f>, sin 6 sin <f>, cos 9), 

|r — r'| ~ r — n*r'+ terms of order 1 /r, 


we have 
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and hence from (3) 

, ifr e ikz — r- x e ikr ^~- j e~ ikn ' v U(r f )ifj(r') dr\ (4) 

Formulae (3) and (4) are exact. It is interesting to note that the scat- 
tered wave is that which would be produced if each element of volume 
scattered a wavelet of amplitude, at unit distance, — 2mnh''W(r) dr 
times the amplitude of the wave at that point, f 

We may obtain a formula for f(6) if we assume that the wave is not 
much diffracted by the scattering centre. We may then replace 0(r') 
in the integral in (4) by the unperturbed wave function exp(ifcz'). This 
approximation is only valid for fast particles (cf. § 2 and Chap. IX). 
We then obtain from (2) and (4), dropping the dashes, 

f(0) = — J exp[i&(n 0 — n)-r] V (r) dr, (5) 

where n 0 is a unit vector along the z-axis, so that z = n 0 r. The integral 
may be evaluated by taking spherical polar coordinates a, the axis 
a = 0 being taken in the direction of the vector n 0 — n. We obtain 

2rr 7r oo 

f(6) = — -i- J dp j sin a doc j" r 2 dr e iKrc0B<x U(r), 

oo o 

where K — &|n 0 — n| = 477 sin i-OJX, A = 27r/& — A/mv. 

Carrying out the integrations over a, /?, we obtain 


oo 

/»//} ^ 8? r 2 m r si nKr rr , . 2 , ... 

m = — ) ~^~ V{ - r)r dr - * («) 

0 

This is the required formula; the intensity scattered into the solid angle 
day is \f(0)\ 2 day . 

If V(r) is an atomic field, it is often convenient to transform (6) into 
an integral involving the charge density in the atom; if we denote by 
— €p(r) the charge density at any point, we have 


W r T J |r — r'| 

Using the formula J 

f exp(m-r') , , = 4^ r) 
J |r — r'| |n|* ’ 


( 7 ) 


t Cf. Mott, Proc. Roy . Soc. A, 127 (1930), 658. 
t Cf. Chap. XI, § 1.1. 
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we obtain, substituting (7) in (5), 



' - ^m Z-F(d) 

} h 2 K 2 




(8) 

where 

CO 

F(d) - 4 tt J P (r) s ™ A " r r 2 dr. 

(9) 


o 


The quantity F is known as the atomic scattering factor, and has been 
tabulated over a certain range of K for all elements, f 

The formula (8) may be compared with the corresponding formula 
for X-rays. The intensity of X-rays scattered by an atom through an 
angle 9 into a solid angle doj isf 

[^(0)] dco (I + cos 2 9). 

A simple explanation may be given of the similarity between these two 
formulae. § 

1.1., Remarks about the Scattering as given by the Born Formula. 

The scattered amplitude may be calculated either from formula 
(6) or (8). From either formula we see that the scattering is a 
function of sinJ0/A only, that is to say, of t;sinf0. This is not the 
case for the exact formula of Chapter II, and will therefore be true 
only under conditions (fast electrons) to which the Born formula can 
be applied. 

It is clear from formula (6) that, if F(r) tends to zero faster than 
r~ 3 as r tends to infinity, then f(9) remains finite as 9 tends to zero. 
This is true also of the exact formula (Chap. II, (17)) for/(0). 

For a given atom, the value of f{9) for 9 equal to zero is independent 
of v. f(0) falls more steeply with increasing 6 for large v than for 
small. 

Since F(9) tends to zero for increasing K , we see that for high velo- 
cities and large angles, f(9) tends to (Ze 2 /2mv 2 ) cosec 2 %9, so that the 
scattering is mainly nuclear, as one would expect. The non-occurrence 
of the phase factor (Chap. Ill, eq. (16)) inf(9) is a consequence of our 
use of the Bom approximation. 

f Cf. Chap. IX. 

X Cf. Compton, X-rays and Electrons , p. 80, Chicago (1927). 

§ Cf. Mott, loc. cit. 
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2. Connexion between the Born Formula and the Exact Formula 

for f (9) 

The exact formula for f(9) is (cf. Chap. II, eq. (17)) 

f(9) == 5 ^ 2 ( 2w +l)[ e xp(2ii?J— l]P re (cos0). (10) 

n = o 

The Bom formula gives (cf. (6) above) 

00 

..... 8? T 2 m f Tr/ x si nKr 2 , . > 

m p- J F(r) dr. (11) 

0 

In this section we shall investigate under what circumstances the 
formula (11) is a good approximation to (10). In Chap. II, § 2, an 
approximate expression for r\ n was found, valid for rj n small. The 
formula obtained was 


Vn ~ 


87T 2 mJc 


J v ( r )[fn( r )f r2 dr, 


( 12 ) 


where f n (r) — (-n-/2kr) i J n+i (kr). 

Since both (11) and (12) are obtained by treating V(r) as a small per- 
turbation, we should expect that, on substituting (12) in (10), we should 
obtain (11). That this is the case follows at once from the well-known 
expansionf sinjS> 


Kr 


= 2 (2w-}-l)P n (cose)[/, l (r)] 2 , 


if exp(2i7y n )—l in (10) is replaced by 2ir} n . 

The formula (12) often gives good results for rj n even when rj n is 
comparable with \tt\ one cannot then use the Born formula, but (12) 
may be substituted directly in (10) (cf. Chap. IX, § 5). 


3. Classical Limit of the Quantum Theory Scattering Formulae 
It is well known that if one makes h tend to zero in any formula of the 
quantum theory, one obtains the corresponding classical theory formula. 
It is interesting to show directly that this is so for our formula (Chap. II, 
eq. (17)) for the number of particles scattered by a field F(r). We can 
see also under what conditions the number of particles scattered is the 
same on both theories. 

We require first an expression for the number of particles scattered, 
according to the classical theory. 

If we take the scattering centre at the origin, then the equation of 
f Watson, Theory of Bessel Functions , p, 363, eq. (3). 
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any orbit with energy E and angular momentum J is, in plane polar 
coordinates, r, <f>, 

r 

<f>+ / g?[ 2m(E-V)-J2JrZ]i dr = 0. (13) 

If r 0 be the positive zero of 

and if a be the angle between the asymptotes of the orbit, then 


00 

4* = - J ^j[2m(E-V)-J*/r2]i dr. (14) 

To 

6, the angle of deflexion, is given by the equation 


0 = 7 t—oc. (15) 

Thus from (14) and (15) we know the momentum J corresponding to 
a given deflexion 8. 

Suppose now that we have a stream of particles whose velocity is 
v and that N cross unit area per unit time. Then the probable number 
of particles that cross per unit time a plane perpendicular to the direc- 
tion of flight, with angular momentum between J and is 

277 NJ dJ /m 2 v 2 . 


The number of particles deflected between angles 8 and 6+dO is. 


therefore. 


2ttNJ dJ 
m 2 v 2 dO 


dO, 


J being given as a function of 8 by (14) and (15). This number we have 
denoted by 27riVT(0)sin0 dO (cf. Chap. II, § 1). Thus we have 


1 ( 8 ) = 


J dJ 1 
m 2 v 2 d8 sin 0 * 


(16) 


We now consider the quantum-theory formula. We require the solu- 

ti0n ° f d 2T 

t±+F(r)L= 0, (17) 


where F(r) = — ^(^— F)— 

h 2 r 2 

Since we are investigating the case when h -> 0, we may suppose that F is 
large. With this assumption, the solutions of (17) are approximately f 

r 

JP-^exp^i^ J F* dr^. (18) 

t Jeffreys, Proc. Lond. Math. Soc ., Ser. 2, 23, Part 6, or Chap. X, § 6, of this book. 
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2. Connexion between the Born Formula and the Exact Formula 

for f (6) 

The exact formula for f(8) is (cf. Chap. II, eq. (17)) 

f(d) = 2 ( 2 w + 1 )[ ex P( 2 i, ?™)~ 1 ]- P n( cos ^)- ( 10 ) 

71 = 0 

The Bom formula gives (ef. ( 6 ) above) 

ao 

87 r 2 m P TT , ,sinXr Q , /1TX 

m = — js- J F(r) dr - (u) 

0 

In this section we shall investigate under what circumstances the 
formula ( 11 ) is a good approximation to ( 10 ). In Chap. II, § 2 , an 
approximate expression for rj n was found, valid for rj n small. The 
formula obtained was 

Vn — — J V (r)[f n (r)] 2 r 2 dr, (12) 

0 

where f n (r) = (7r/2kr)^J n+i (Jcr). 

Since both ( 11 ) and ( 12 ) are obtained by treating V(r ) as a small per- 
turbation, we should expect that, on substituting ( 12 ) in ( 10 ), we should 
obtain (11). That this is the case follows at once from the well-known 
expansionf . ^ 

= 2 (2n+l)P n (cos0)[f n (r)]*, 

if exp( 2 ^ 77 n ) — 1 in ( 10 ) is replaced by 2ir) n . 

The formula ( 12 ) often gives good results for rj n even when rj n is 
comparable with one cannot then use the Born formula, but ( 12 ) 
may be substituted directly in ( 10 ) (cf. Chap. IX, § 5). 

3. Classical Limit of the Quantum Theory Scattering Formulae 

It is well known that if one makes h tend to zero in any formula of the 
quantum theory, one obtains the corresponding classical theory formula. 
It is interesting to show directly that this is so for our formula (Chap. II, 
eq. (17)) for the number of particles scattered by a field V(r). We can 
see also under what conditions the number of particles scattered is the 
same on both theories. 

We require first an expression for the number of particles scattered, 
according to the classical theory. 

If we take the scattering centre at the origin, then the equation of 

j* Watson, Theory of Bessel Functions, p. 363, ©q. (3). 
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any orbit with energy E and angular momentum J is, in plane polar 
coordinates, r, <£, 

r 

<j>+ J ^j[2m(E-V)-J*lr2]i dr = 0. (13) 

If r 0 be the positive zero of 

and if a be the angle between the asymptotes of the orbit, then 


J A [2 m{E-V)-J*!r*\* dr. 


(14) 


6 , the angle of deflexion, is given by the equation 

9 = 7 r — oc. (15) 

Thus from (14) and (15) we know the momentum J corresponding to 
a given deflexion 0. 

Suppose now that we have a stream of particles whose velocity is 
v and that N cross unit area per unit time. Then the probable number 
of particles that cross per unit time a plane perpendicular to the direc- 
tion of flight, with angular momentum between J and J +dJ , is 

27 tNJ dJjm 2 v 2 . 

The number of particles deflected between angles 0 and 0+d6 is. 


therefore, 


2ttNJ dJ jq 
~ d0 9 


J being given as a function of 6 by (14) and (15). This number we have 
denoted by 2ttN I( d)&in6 dd (cf. Chap. II, § 1). Thus we have 


1(9) = 


J dJ 1 
m 2 v 2 dO sin 9 * 


(16) 


We now consider the quantum-theory formula. We require the solu- 
tion of 70 

d 2 L 


dr 2 


■+ F(r)L = 0, 


(17) 


■where F(r) = 

h 2 r 4 

Since we are investigating the case when h -> 0, we may suppose that F is 
large. With this assumption, the solutions of (17) are approximately f 

r 

JF-*arp[±*J F*dr~\. (18) 

f J efEreys, Proc. Lond. Math. Soc Ser. 2, 23, Part 6, or Chap. I, § 6, of this book. 
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We require the combination of tliese solutions tliat is finite at the 
origin. To find this, we note that F{r) has a single zero, r 0 say, between 
r = 0 and r = oo. F(r) is negative for r less than r 0 , positive for r 
greater than r 0 . The solution (18) will therefore be oscillating for r > r 0 , 
exponential for r < r Q . The solution that we require will clearly be the 
one that, for decreasing r, decreases exponentially as r becomes less than 
r 0 . This solution is, to the same approximation asf (18), 

L n (r) cz. i^-*sinrj77-+ J F* dr\. (19) 

n J 

(19) is valid approximation to L n (r) only in the range r > r 0 . For 
large r, the asymptotic form of (19) is 

[ OO -a 

J {F± — 1c } dr -{-k{r — r 0 ) , 

where k 2 = &7r 2 mF/h 2 . 

Tor the expression tj n (Chap. II, eq. (15)) therefore, we have, to the 
desired approximation, 

oo 

V n = iw+|w7T— Tcr 0 + J dr. (20) 

r 0 

This expression for 7j n may be used for the calculation of the quantum- 
theory scattering in cases where 7j n is large (cf. Chap. XIII, § 3.1). 

To obtain the scattered amplitude f(6) we now have to sum the series 
(Chap. U, eq. (17)), 

m = A ^ ( 2n -\- 1 )[exp (2irj n ) — l]P TC (cos 6). (21) 

Since the greatest part of the value of the series is contributed by large 
values of n , we replace -F^(cos 6) by its asymptotic form J for large n 

We note first that the series 

1 (2n+l)P n (cos6) (d # 0), 

n 

though divergent, is summable as the limit of a power series on its 
radius of convergence, and that the sum is zero. We may therefore 
subtract this series from (21). Tor f{6) we obtain, therefore, the divergent 


t Cf. Jeffreys, loc. cit. 

$ See, for example, J ahnke-Emde, Funktionentafeln, p. 81. 
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but summable series 

/(#) = I^(w){exp[i£(w)]— (22) 
where , 

A(n) = — — ( 2^/77 sin#)*, 

■ulC 

B(n) = 2r! n +(n+%)d+l7r, 

B'{n) = 2 Vn -(n+i)6-lir. 

To sum such a series as 

^ A(n)e-x.-p\iB(n)] (23) 

n 

we inquire whether there is any value of n for which 

d£(n) == Q 
dn 


If there is any such value, n 0 say, then in the neighbourhood of n 0 there 
will be a large number of terms of the series over which exp[iJ3(n)] is 
not oscillating. Thus effectively all of the sum of the series comes from 
this region. (23) may then be replaced by 

_f -00 

A(n 0 )exp[iB(n 0 )] j exp {ifi(n—n 0 ) 2 } dn, 


where 


A _ U^B\ 

P 2\dn*) n=n ; 


Evaluating the integral, we obtain 

^K)(W^) iex P[^K)]* ( 24 ) 

We now inquire whether the differential coefficient of B(n) or B\n) 
does in fact vanish for any positive value of n . The condition is 


dn 


oo 

J>- 


-&] dr + 77 ~f ~ 0 = 0 


for B and B f respectively. Putting 

nA/27r = J , 

this condition reduces to 


J A[2m(^— V)-J 2 lr*]i dr+iTT±i9 = 0. 


(25) 


If we take the negative sign we obtain equation (14), giving the classical 
angular momentum J of an electron scattered through an angle 0. One 
can easily see that if one takes the positive sign there is no positive J 
satisfying the equation. Thus in (22) the sum of the second series is 
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much greater than the sum of the first, and we have for f(6) 
f(d) = —^A(n)ex^[i£'(n)], 

71 

which reduces, by (24), to 

— A (n 0 ) (7T/-£ J 8)*exp[t.B , (M 0 )], 
where hnj 2tt is the root of (25). For /3 we have 

oo 

t 2m ^- V)—J 2 /r 2 ]l dr, 


which reduces by (25) to 


A£0. 

4 7T dJ 


Putting in the value for A(n 0 ) we obtain 

\m\ 2 = mV sin 6, 


which is the classical formula for 1(6). 

We see that the condition for classical scattering at a given angle 
6 is that n 0 should be large, where n 0 is the value of n for which 


~ = ¥, 

8n 2 


and that 7] n should also be large for this value. Compare the condition 
of validity of Born’s formula, which is that rj n shall be small for all n. 



VIII 

GENERAL THEORY OF ATOMIC COLLISIONS 

In Chapters II and III we discussed the scattering of a stream of 
particles by a centre of force. The great majority of collision pheno- 
mena, however, involve some reaction of the scattered particle on the 
scatterer. We shall now develop a more general theory applicable to 
such problems as the following: 

(1) The excitation of atoms and molecules by electron impact. 

(2) The excitation of vibration and rotation of molecules by the im- 
pact of other molecules. 

(3) The transfer of excitation between two atoms or molecules on 
collision. 

(4) The excitation of atomic nuclei by a-particles or protons. 

In all these cases there is a direct energy interchange between the 
relative translational motion and the internal motion of the colliding 
systems. There is no transfer of particles between the colliding systems 
on impact; this, however, occurs in a number of other types of collision 
which are of equal importance. These 'rearrangement’ collisions include 
the following: 

(1) The capture of electrons from atoms by positively charged 
particles. 

(2) Emission of protons from atomic nuclei, with resultant capture 
of the exciting a -particle. 

(3) Collisions of two molecules, resulting in a redistribution of elec- 
trons and nuclei. 

(4) Collisions of electrons with atoms, in which exchange of particles 
takes place between the incident beam and the scattering atom, 
the incident electron being captured and the atomic electron 
ejected. 

Since one cannot distinguish experimentally between the scat- 
tered and ejected electrons, and since, moreover, the wave func- 
tion used must be antisymmetrical in the coordinates of these 
two, this type of problem requires a somewhat different treatment* 
to the other three. The particular case of the collision of two 
similar particles, which may be reduced to a one-body problem, 
has already been considered in Chapter V. 

In what follows, we shall distinguish the two types of collision by the- 
terms 'direct 5 and 'rearrangement 5 inelastic collision. 
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Owing to the complexity of the phenomena, it is necessary, except 
in very special cases, to use approximate methods of treatment. For 
collisions in which the relative velocity of the colliding systems is large 
compared with the velocities of their internal motion, there is no diffi- 
culty in obtaining an accurate approximation (“Born's approximation 5 ); 
hut under other circumstances no general method has yet been 
developed, and special methods must be used for particular problems. 

1 . The Collisions of Electrons with Hydrogen Atoms. Born’s 
Approximation 

In order to make clear the method which must be employed in dealing 
with inelastic collisions, we will first consider the simplest type of colli- 
sion which occurs in practice, that of electrons with hydrogen atoms. 
The mass of the electron is small compared with that of the proton, and 
the motion of the latter in the collision can be neglected. 

We consider a beam of electrons falling on a hydrogen atom initially 
in the normal state. The intensity of the beam is such that one electron 
crosses unit area per unit time. We have to find the number of electrons 
that are scattered per unit time through an angle 0 into a solid angle 
day after having excited the atom into its nth state. This number, 
IJj)) day , has the dimensions of an area and will be called the differential 
cross-section for scattering into the solid angle day . The total cross- 
section Q n corresponding to the excitation will be obtained by integrat- 
ing over all angles, so that 

27 T 77 r 

Qn = J / I n {0)s,ia.e ddd<f>. (1) 

0 0 

The wave equation for the system of incident electron and atom is 

= °- < 2 > 

where the incident electron is distinguished by the suffix 1 , the atomic 
electron by the suffix 2. The energy E is the sum of the energy E 0 of 
the atomic electron in its ground state and of the kinetic energy 
of the incident electron. 

We may expand the function T(r 1? r 2 ) in the form 

’F(r 1 ,r 2 ) = (2 + J)'/'„(r 2 )-F;(r 1 ) ) (3) 

where the functions ip n (r) are the proper functions for the hydrogen 
atom, satisfying , 3 

(s^ V ’+ B »+7)^ “ < 4 > 
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The integral sign denotes integration over the functions of the con- 
tinuous spectrum. 

Substituting (3) in (2) and using (4), we obtain 

(2 + W 

Multiplying both sides of this equation by *A*(r 2 ) and integrating over 
the coordinate space of the atomic electron, we obtain 

{^ 7Z+E ~ En } F ^ ) = / (S“3' F(ri ’ (®) 

For large r x the right-hand side vanishes, and F n satisfies the wave 
equation , 


|v 2 - 


A 2 


-(E-EJ\F n = 0, 


U* 


( 7 ) 

The 


which is the wave equation for a free particle of energy E- 
associated wave-length is r/Jc n , where 

hi = 8Tr 2 m(E — E n )/h 2 . (8) 

We notice that this wave-length is only real if E > E n , i.e. if the 
electron has enough energy to excite the nth state of the atom. In this 
section we consider values of n for which this is the case. 

Since the conditions of the problem require the electron to be incident 
on an atom in its normal state, the function i^iq) must represent the 
sum of an incident and scattered wave; thus, F 0 must have the asymp- 

totio form _ e ik <‘ ZJ rr- 1 e ikar f 0 (9, </>). (9) 

The functions F n must represent scattered waves only, and so have 
asymptotic form 




( 10 ) 


From (10) we deduce that >" 2 |/ n (0, <f>)\ 2 is the number of electrons per 
unit volume at distance r from the atom, which have excited the state 
n. Of these, the number crossing unit area per unit time is proportional 
to k n r'~ 2 \f n \ 2 , whereas in the incident beam the number crossing unit 
area per unit time is proportional to Jc 0 . Hence we have (cf . Chap. II, § 1) 


I n (6)dco = ^\f n (8,<f,)\*da>. (11) 

JCq 

The calculation of the asymptotic form of the functions F n { r x ) can- 
not be carried out exactly. For high velocities of impact, however, 
we may readily obtain approximate formulae by a method due to 
Born.f Under these circumstances the perturbation of the incident 


t Zeits. f. Physih, 37 (1926), 863, and 38 (1926), 803. 
O 
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wave by its interaction with the atom will be small, f We take, then, 
as zero order approximation for x ¥, simply 

Y = exp(*fe 0 n 0 -r 1 )i/r 0 (r 2 ). (12) 

Here exp(ii 0 n 0 -r 1 ) is the plane wave, representing the motion of the 
incident electron in the direction of the unit vector n 0 , when there is 
no interaction with the atom. Substituting (12) on the right-hand side 
of (6), we obtain ^ 

(V 2 -hki)F n ( ri ) = f f— — -Vxp^ono-rJ^^^^Cr,) d-r 2 . (13) 

" J V r l2 r 2/ 4.V 

The solution of this equation with the correct asymptotic form (10) may 
be obtained by the method of Chap. VI, § 4, the solution being 


F n (r) = 

- ~ jj exp(tX- 0 n 0 -rj(^-£)^ 0 (r 2 )^( r 2 ) dr x dr 2 . (14) 

The asymptotic form of this solution isi 

Kir) ~ 

2ttW 


h 2 


r -i e ik„r J J exp{i(£ 0 n 0 — — -Fj tfj 0 (r 2 )if,*(r 2 ) dr x dr 2 , (15) 


where n is a uni t vector in the direction of the vector r. Hence 


InW = 

4 ^ 2 I JJ eX P^' (^0 n 0 n ) ' r i} ^ j 'Ao ( r 2 ) 'Z' * ( r 2 ) dT x dT 2 (16) 

It is possible to proceed further by this method of approximation, by 
substituting the expressions (14) for F n in the function T on the right- 
hand side of (6) and integrating the equations a second time, and so on. 
However, this method is very tedious § in practice and it is better to 
start from more accurate initial approximations for in (6) ; these will 
be discussed later in § 3. 


2. Two -body Collisions in General 

These results may be generalized to apply to the collision between any 
two atoms or molecules or ions. The motion of the system may be 
described in terms of that of the centre of mass of the complete system, 
the relative motion of the centres of mass of the two bodies, and the 
motion of the individual particles of each body relative to the centre 
of mass of each. Of these the motion of the centre of mass of the com- 
plete system is irrelevant and may be separated out. The resulting 


t Cf. Chap. VII, § 1. 


t Cf. Chap. VII, § 1. 


§ Cf. Chap. X, § 10. 
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equation may be compared with (2) above. The Hamiltonian equation 
(2) is compounded of three parts, namely, 

< A > ■ 

representing the unperturbed motion of the incident particle; 

< B > {^+[ E ° + f)V - 

representing the internal motion of the atomic electron; and 
(C) minus the interaction energy, e 2 Jr x — e 2 /r 12 . 

Let us now see what terms must replace these in the general case. 
For the relative motion we have 

{^M Vi+iMv2 } F{r) = 0 ’ (17) 

where r denotes the relative coordinates and M is the reduced mass of 
the system, i.e. if M x , M 2 are the masses of the two bodies, 

M = M x MJ(M x +M 2 ). 

For the internal motion we have 


and 


{H a (r a )-E a }u{r a ) = 0 

{-®i >( r &) — ^b} v ( r b) — 0, 


(18) 


where H a , H b are the Hamiltonians of the unperturbed atoms. Corre- 
sponding to these equations there will be sets of proper values and 
proper functions 


BV, 


El 


For convenience of notation we shall not distinguish the two sets of 
functions, but shall denote each pair of states of the two systems by 
a single suffix n. The wave function if/ n (r a> r h ) of the two systems will 
then be the product of two functions, u n ( r a ), v m (r b ), and the corre- 
sponding energy value B n will be the sum E^-\-E^. ip n will satisfy the 

equation {H a {T a )+H b (r b )- E a -E b W = 0. (19) 

Finally, we have an interaction term F(r, r a ,r b ). The complete wave 
equation is now 


' h 2 
_8t t 2 M 


V 2 -H a (r a )~H b (r b )+iMv 2 +E 0 ~-V(r,r c 


>r 6 )J 


T = 0, (20) 


and it is easily found by the method of § 1 that the differential cross- 
section (in relative coordinates) for the transition from state n to state 
m of the combined system will be given, within the range of validity 
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of Bom’s first approximation, by 

I n , m (0) = 4 !^ 2 ' r r r V (r, r a , r b )exp(i(k n n 0 — & m n)-r}</r* </» n dT a dr b dr^, 

( 21 ) 

where h n = 2rrMv/h , 

kl = ^»- ( 22 ) 

and v is the initial relative velocity of the colliding systems. To obtain 
this differential cross-section in the coordinate system in which one of 
the bodies is initially at rest, it is only necessary to apply the classical 
laws of conservation of momentum and energy. The resulting formulae 
are given in § 5 of this chapter. 

In the same way we may readily generalize all the formulae of § 1 . 


3. Approximate Methods for Slow Collisions 

The first approximation in Born’s method is only valid when the energy 
of relative motion in the collision is great compared with the energy of 
the internal motions involved. For an important class of collisions this 
condition is not satisfied, and it is necessary to develop methods of 
practical value for such cases. We will describe two methods, the 
method of distorted waves and the method of perturbed stationary 
state f unctions. f 

3,1. The Method of Distorted Waves. 

Generalizing formula (6) of § 1, we see that the functions F n (r) satisfy 
the series of equations 


[V*+^ Fre (r) = JJ F( r, ra , r 6 )Y<A* dr a dr b 

Writing Y = 2 Y m (r)<£ m (r a , r 6 ). 


(n = 0, 1,2,...). 

(23) 


Km( r ) ' j" ^ r a > dT a dT b> (24) 

we have {^+K)F n { r) = ]> F m V mn . (25) 


Bom’s approximation is obtained by taking on the right-hand side 
°f (25) jj = exp(i& 0 noT); F m = 0 (m 0). 

We make now the less drastic assumption that the non-diagonal matrix 
elements V nm are so small that we may neglect all products on the 
right-hand side except V nn F n and V 0n F 0 , which involves the incident 
t An extension of the method of distorted waves is described in Chap. XIII, § 3.3. 
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wave. We obtain thus the series of equations 

[v 2 +^-^^F 00 ]j* 0 (r) = O, (26.1) 

\v*+kl-^^V m ?\F n (r) = ^^V 0n (r)F 0 (r) (» # 0). (26.2) 

If V 00 (r ), V nn (r) are spherically symmetrical, one may obtain a formal 
solution of these equations, satisfying the boundary conditions (9), (10), 
by the methods of Chapters II and VI. In Chap. II, eq. (16), a solution 
of equation (26.1) was obtained satisfying the boundary condition (9), 
i.e. having the asymptotic form 

e ^o«q-jf(^) r -i e ^o r m (27) 

We denote this solution by I^(r). 

If we substitute this form for F 0 ( r) in the right-hand side of (26.2), we 
obtain an inhomogeneous equation for F n ( r) of the form 

[v*+Jcl- 8 ^V nn (r) y n = Sn (r, 6, <f>). (28) 

The problem of obtaining solutions of this equation with the asymptotic 
form (10) has been solved in Chap. VI, § 3. If we denote by 3r n (r,0) 
the solution of the homogeneous equation 

. [v 2 +fc 2 _^F n „(r)] U=0 (29) 

which has the asymptotic form 

g n (r, 9) ~ e iknZ -{-r- 1 e iknr X function of 9, 
the asymptotic form of the required solution of (26.2) is 

F n (r) r-^r^L J V 0n (r')F 0 (r', 0’)% n (r’, ■*-$» dr’, (30) 

where cos© = cos0cos0'+sin0sin0'cos(<£— (31) 

6 being the angle of scattering. Referring to (10) and (11), we see that 
the differential cross-section corresponding to excitation of the nth 
state is now given in relative coordinates by 

LW *=r 0 ^W~\ JJ7 F(r ’ *«> r b )4<0 <P*F 0 (r’, 6’)% n (r’, rr-%) dr a dr b dr\\ 

(32) 

This formula reduces to Born’s expression (21) if we take the functions 
F 0 , to be plane waves. We see then that this method takes into 
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account the distortion of the incident and outgoing waves by the 
scattering field. The function F 0 (r,6) represents the motion of the 
electron in the field V 0Q (r) of the initial state, }$ n {r r , 77 ® ) ^at in field 

V nn (r) of the excited state. 

Formula (32) is applied in Chap. XI, § 5, to the scattering of electrons 
by atoms, in Chap. XIII, § 3.2, to the transfer of excitation, and in 
Chap. XIII, § 3.5, to the excitation of nuclear vibration and rotation 
in molecular collision. It has also been applied by Gamowf to the 
collisions of a-particles with atomic nuclei. 

3.2. The Case of Exact Resonance. 

The validity of the previous method of approximation depends on the 
smallness of the non-diagonal matrix-elements of the interaction energy. 
In considering the excitation of the nth. stationary state by the impact 
it is thus only necessary to include the interaction of two waves, the 
incident and elastically scattered, and that scattered after excitation of 
the Tzth state. Further, the effect of the reaction of the inelastic on the 
elastic scatter in g need not be taken into account. We may therefore 
regard the method as one of successive approximations to the solution 
of the simultaneous equations 

[ys+^-^W/^FooFo = (8TT 2 M/h z )V 0n F n , 
[V*+k>-(8n*Mlh*)V nn ]F n = (8n*M/h*)V 0n F 0 

on the assumption that the matrix-element V Qn is small. Now in certain 
other cases it is sufficient to consider the interaction of two states only, 
but the matrix-element %n(r) associated with these states may not be 
small. Such cases occur when the states 0, n are nearly in resonance, 
i.e. the energy difference AJS7 between the states is small compared with 
that between any other pair of states. We then obtain as before the 
simultaneous equations (33), but the method of successive approxima- 
tions is not in general applicable. It is then more difficult to obtain 
a satisfactory method of treatment. 

In the special case of exact resonance between the two states (as, for 
example, in considering electron transfer from a helium atom to a helium 
positive ion) we may obtain an exact solution, but for other cases more 
complicated methods due to London and to Stueckelberg must be used. 
These methods will be discussed in Chapter XIII. We will now con- 
sider the special case of exact resonance. 

Writing Tc% = = k 2 in (33), and assuming that the field V nn is the 

t Atomic Nuclei and Radioactivity, Oxford University Press, Chap. IV. See also 
Massey, Proc . Roy . JSqc . A, 137 (1932), 447. 
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same as V 00 , we obtain the equations 



|V 2 +& 2 - 

87 T^JM Tr / N 1 7-7 / V 

^2 F ooMJ W — 

87 t 2 M T7 , . ^ 

h2 v o n(r)F n (r), 

(34.1) 

|V 2 +& 2 - 

- h 2 V oo(r)\ F n { r) = 

8tT*J\£ tt / \ 777 / v 

h 2 

(34.2) 


These equations must be solved subject to the boundary conditions 
that for large r j; (r) _ e ^+r~^U0, <f>), 

F n (r) ~ r-'e^fjd, <f>). (35) 

By addition and subtraction of (34.1), (34.2) we obtain the independent 


equations 


V 2 +& 2 --^V 00 +F 0n } 


[v 2 +& 2 - 


8 n 2 M 
h* 


{Voo-Von} 


{F 0 +F n } = 0 
{F 0 ~F n } = 0 . 


(36.1) 

(36.2) 


If the functions V 00 , V 0n are spherically symmetrical, we may solve 
these equations by the method of Chapter II. We obtain (Chap. II, 
eq. (17)) solutions of asymptotic form 

F 0 +F n ~|r e -+e- 2l L ^ (2s+l)(e 2 ^*-l)P s (cos0)l, (37.1) 

L s J 

F 0 -F n (2-s+l)(e 2fS * — l)i^(cos0)l . (37.2) 

L s J 


For definitions of the phases r) 8 , h s , cf. Chap. II, § 1. Solving (37) for F n , 
we obtain I 

F n ~ ^ (2s+ l)(e 2i y>—e* i8 ‘)P 8 (cosO). (38) 


The differential cross-section corresponding to transfer of excitation 
will then be 

J n (0) dev = 2 (e 2i 7* — e aiS *)(2a+ l)i^(cos 8) ' dev, (39) 

and the total cross-section 

Qn = ' J 2 ( 2a + l )*™*( V3 -8 s ). (40) 


Comparison with the corresponding formulae of Chapter II (eqs. 
(17) and (18)) shows the similarity of this method to the method of 
partial cross-sections applied there to the scattering by a static field 
of force. 

We are now in a position to examine the condition of validity of the 
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method of distorted waves described above in § 3.1. Applying this 
method to the problem discussed in this section, we obtain, since 
loo = V nn> the formula 

rt 

Q n = J |J V 0n (r')F 0 (r', 6')% 0 (r',-n—@) dr’ ‘sin Odd. (41) 


— Probability of transfer 

Probability as calculated by 

method of distorted waves 



increasing interaction energy 
Fig. 11 

Using the expansions 

F 0 (r, 0) = l ^ (2s+l)i s e i y-F a 0 (r)P s (cos 9) 

S 

g 0 (r,7r— ©) = | 2 ( 2s + 1 ) i_Seiy '- F o(0-P 3 ( c os©), 


(42) 


we obtain 

Qr , = p 2 / F °-^“ (r)}2r2 ( 43 ) 

To prove the validity of the method of distorted waves we must 
demonstrate the approximate equality of the expressions 

sin(^ s — S s ), 16 ^ 2 3f J V 0n {F%(r)} 2 r 2 dr. (44) 

Provided both quantities are small, this may be shown by the method 
of Chap. II, § 2. Thus the condition of validity of the method of dis- 
torted waves is that the second expression in (44) should be small com- 
pared with unity. The range of validity of the distorted wave method 
of approximation for the calculation of the probability of transfer of 
excitation is illustrated in general terms in Fig. 11, which also shows the 
manner in which the approximate method becomes inaccurate. 
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In this figure the probability P of energy transfer is represented as a 
function of a parameter f which is taken to indicate the effective 
magnitude of V 0n . The relative velocity of the impacts is considered 
fixed. As g increases, the probability of transfer will increase from 
zero towards a value unity. After this value is attained the probability 
will oscillate as shown. The distorted wave method of approximation 
is valid only in the region of the initial increase of probability from 
zero. It predicts a monotonic increase of probability with and we 
must expect it always to indicate too great a probability of the transfer 
process. Similar behaviour will be manifest in the behaviour of the 
probability as a function of relative velocity of impact, for a fixed value 
of the parameter Thus at low velocities the distorted wave method 
will give too large a probability, f 

These general considerations indicate that when results of not too 
great an accuracy are required we may use the integrals (44) to repre- 
sent the phases r) s — 8 S in formula (40). In this way the approximate 
method will never give a probability greater than unity, and in cases 
where the main contribution to the cross-section arises from terms Q n 
such that ^ far (which is usually so in practice) a very good 

approximation will be obtained. 

So far we have considered only the case of exact resonance. When 
the resonance is no longer exact it is impossible to obtain an exact 
solution of the simultaneous equations (33). It is therefore important 
to determine the conditions under which the approximate method of 
§ 3.1 is applicable. By a generalization of the results obtained above 
for the case of exact resonance, we see that the approximate solution 
obtained by the method of § 3.1 is valid if 

<45) 

for all s. 

When this condition is not satisfied, it is necessary to use some dif- 
ferent method of approximation (cf. Chap. XIII, § 3.32). 

3.3. Method of Pertztrbed Stationary State Wave Functions. 

In calculating the probability of excitation of a given state by the 
previous methods, we have neglected altogether the interaction of all 
the states except the initial state and the state under consideration. 
This neglect may often be serious, and no method of taking this into 
account in a completely satisfactory manner has yet been developed. 

t Cf. Chap. XI, §§ 3.2, 3.3, 5.2; Chap. XIII, § 3.3. 

F 


3595.8 
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However, an approximate method of doing so will now be described. 
In this we start from stationary state wave functions which are already 
perturbed by the interaction of the colliding particle, treated as though 
it were at rest. We restrict ourselves in this section to the case where 
both systems are spherically symmetrical. 

As before, we have to solve the equation 

[^ v ' _ ^“ (rJ "^ (r6) ~ F(r,r “ ,r6)+jE? ]' F = °’ (46) 

with the usual boundary conditions. We first consider the equation 

[fl , 0 (r a )+J^(rj)+F(r,r 0 ,r # )— j&(r)] x = 0 (47) 

in which r, the relative coordinates of the two systems, appear as para- 
meters. We assume that a solution may be obtained for any value of * 
r, leading to a set of proper functions y n (r, r a , r b ) and proper values 
e n (r). These functions are classified by their behaviour for large r. We 
distinguish by the suffix n that energy value which tends, as r oo, to 
E n , the nth proper value of the equation ' 

[tfJr a )+5 6 (r 6 )-i?]'F = 0. (48) 

The energy e n (r) may then be written 

€ n( r ) = ®n— Vn(r), (49) 

where vj n 0 as r -> oo. The functions Xn form an orthogonal normal 
set with respect to the coordinates r a , r 6 for all values of the parameter 
r. It is therefore possible to expand T in the form 

T = 1 X»(r, r a , r b )F n {r), (50) 

n 

and, as before, we require solutions for the functions F n ( r) which have 
the asymptotic form (10), representing outgoing waves. 

On substitution in (46), remembering that 

[— #a(r a )-tf 6 (r 6 )— F(r, r a , r b )] Xn = [r) n (r)-E n ] Xn , (51) 

we obtain 

2 j^2 

& 7 r 2 J\I^ n ^ Xn~h^ grad r F n -g rad,. x n ~ f" Xn -^n] 

n 

= 2 ( 52 ) 

n 

We now multiply both sides of this equation by x * and integrate over 
the coordinate space of r a and r 6 . Using the relation 

ff X%g™d rXn dT a dT b = 0, 
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we obtain 


-2-F.Mg^ JJ X :v; Xm dr.clr b - 

— 2 2 8 SS grad - F ” (r) ' f f Xmdr.ir b . (53) 

m^n •* ** 

These equations replace equations (23), which were obtained by ex- 
panding in a series of unperturbed stationary state wave functions. To 
obtain approximate solutions we use methods exactly similar to those 
used in § 3.1. 

Neglecting non-diagonal matrix-elements, except those referring to 
the initial state, we obtain 


V*F Q +\*^{E-E Q +r l0 (r)}+ JJ xtV* Xo dr a dT b ]F 0 = 0, 

V 2 ^+ {E-E n + Vn (r)}+ JJ xt^rX n dr a dr^F n 

= — F ofJ xWrXo dr a dr b — 2gradF 0 - JJ Xngracbxo dr a dr b . (54) 


These inhomogeneous equations may be solved in the same way as the 
equations (26.1), (26.2). 

In order to compare these equations with those obtained by the 
method of expansion in unperturbed stationary state wave functions, 
we will use as the functions Xn those obtained from (51) by a first-order 
perturbation calculation, treating V as small. To this approximation 
we obtain by the usual methodf 

Xn = *An+ 2 

m^n 




m#n 


V V 

r nm r mn 

E„ — jEL. 


where V nm — JJ F(r,r a ,r 6 )#£(r a ,r 6 )^r a ,r 6 ) dr a dr b . 


We thus obtain from (54) 


V 2 -F n + 


+ \^™{E-E n -V nn {r)}+ 2 + ^ {E m -En))v n Jfr, 


= -K 


W 0n 


V V 2 K 

y mn v r r 0 m 


E 0 -E, 


V 


2 grad J - FmmgradrF ^ - 
L E 0 —E n ^ 


(M«-E m ){E m -E y 


o). 


( 55 ) 


j- CL Sommerfeld, Wave Mechanics , p., 144. 
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If we neglect on the right-hand side of (55) matrix elements involving 
states other than 0 and n , we obtain the equation 


8t t 2 M 


+ ^{E-E n ~V nn (r)}F 7l 


- — F q VW Qn f — £J 0 ) — 2 grad F 0 - grad V 0 J {E n E 0 ). 

Solving this equation by the same method as that used in § 3.1 and 
using the differential equation for F 0 , we obtain, for the differential 
cross-section corresponding to the excitation, the formula 


I n {8) dco 


4tt 2 M 2 \ 


8**M TV 
K 2 h 2 


-Vnn\ 

-KJ 


V* n (r')Fo<r',8'm n (r',ir- 


We see that, apart from the term (Iq 0 — V nn )/(h 2 —7c%), this formula 
reduces to that obtained from the method of distorted waves. Exact 


equivalence of the two formulae would not be expected owing to the 
different initial assumptions. Provided F(r, r a) r b ) is small the formula 
reduces to Bom’s approximation for high velocities of impact, but this 
is not so when the interaction is large. Under the latter conditions 
the method described in this section is only valid when the relative 
velocity of the impact is small compared with that of the internal 
motions concerned. 


However, if it is possible to obtain the perturbed stationary state 
wave functions with a reasonable degree of accuracy, the calculation 
of the scattered amplitudes by the method of this section should lead 
to results of greater accuracy than the previous methods, the inter- 
action of the higher states being automatically included to some extent 
in the initial approximations. Owing, however, to the comparative 
difficulty of obtaining accurate perturbed functions, the method has 
as yet had only limited application. f We discuss the method here, 
because we believe that it offers the chief hope of a future improve- 
ment in the technique of these problems. A somewhat similar method 
has, however, been applied by London in discussing the simultaneous 
equations (33) of § 3.2, but in this only two states are considered 
throughout. This is permissible if two states are in approximate 
resonance, and London applied the method to obtain approximate 
solutions of the simultaneous equations (33) in a form valid when the 
interaction term V 0n is large. London’s method will be considered 
further in Chap, XIII, § 3.32. 


t See, however. Chap. XIII, § 3.4. 
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3.4. Summary of Methods. 

Before proceeding to the consideration of rearrangement collisions 
we will summarize the methods available for the calculation of the 
probabilities of inelastic collisions under various conditions. A con- 
venient way of doing this is by means of the following table. 

TABLE I 


Conditions defining Collision. 


Relative Velocity. 

Magnitude of Matrix Elements 
of the Interaction Energy. 

Method 

available. 

Examples. 


Diagonal 

elements 

(V nn ). 

Non-diagonal 

elements 



Great compared 

with that of inter- 
nal motions. 

any* mag- 
nitude 

any magnitude 

Born’s ap- 

proximation 

Scattering of 
fast electrons 
or a-particles. 

Less than or com- 
parable with that of 
internal motions. 

small 

small 

Bom’s ap- 

proximation. 



large 

small 

Method of dis- 
torted waves. 

Excitation of 
molecular vi- 
bration by im- 
pact of atoms. 

>> »» 

any mag- 
nitude 

All small except 
V 0n where 0th and 
nth state are in 
approximate reso- 
nance. 

Solution of 

simultaneous 
equations (33) 
(e.g. by Lon- 
don’smethod). 

Transfer of 

electronic exci- 
tation. 

» 99 

any mag- 
nitude. 

All comparable 

and not small. 

Method of 

perturbed sta- 
tionary state 
wave func- 

tions. 

Excitation and 
ionization by 
slow positive 
ions. 


4. Rearrangement Collisions 

4.1. Electron Exchange . 

As an exa m ple of the type of phenomenon to be considered under 
this heading, we return to the problem of § 1, namely, the collision 
between an electron and a hydrogen atom. We obtained in § 1 the 
probability that the incident electron should be scattered into a given 
solid angle after exciting the nth. state. It is also possible that the 
incident electron may be captured into the nth state, and the atomic 
electron ejected. We refer to this phenomenon as electron exchange, 
and must now calculate its probability. 



110 THEORY OF ATOMIC COLLISIONS VIII, § 4 

In order to calculate the probability of direct scattering, in § I we 
expanded the wave function r 2 ) describing the collision in the 

form , r \ 

^=(| + J)^(r 1 )«A m (r 2 ), (56) 

where F 0 represents an incident wave and a scattered wave, and F n a 
scattered wave, so long as the excitation energy of the state n is smaller 
than the energy of the incident electron. When this is no longer the 
case, F n falls of! exponentially; the values of n in (56) which correspond 
to the continuous spectrum thus give us the possibility that the incident 
electron is captured and the atomic electron ejected. To obtain the 
probability of this event, we expand (56) in the alternative form 

V=(2+/)0 [ *(^»(r 1 ). (57) 

Assuming*}* that G n has asymptotic form 

G n ~ r -'ei k »rg n {d,<l>), (58) 

the probability that the incident electron is captured into the nth state, 
and the atomic electron ejected into the solid angle dco 3 is 

(59) 

JCq 

We must state here that we may only treat the electrons as dis- 
tinguishable in this way if the spins are antiparallel. For the scattering 
formulae with unpolarized beams, cf. § 4.3. 

We must now show how to calculate g n . The wave equation is 



It was shown in § 1 that F n satisfies 

<V+*S A - TP? / *v ( 61 ) 

In the same way, substituting (58) into (60), multiplying by ^*(r x ), and 
integrating over all x ls y x , z x , we obtain 

V*+K)G n ( r.) = 87T ~j dr x . (62) 

This equation is exact; to solve it, we assume various forms for T* on 
the right-hand side, and obtain a solution of the form (58) by the 
methods of § 1. It will be noticed that the approximate solution thus 
obtained is not an expansion of the approximate solution of § 1. In 

t No proof of this has at present been given, bnt a proof should b© possible. 
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choosing an approximate X F we note that X F must satisfy 

J {'F F u (ri)i/i m (r 2 )}(//* (r 2 ) dr % = 0 

, ( 63 ) 

J {'F-<? n (r 2 )^(r 1 )}^(r 1 ) dr x = 0. 

If we require results valid only within the accuracy of Born’s approxi- 
mation, we take on the right-hand side of (62) as in § 1 

X F = exp(i* 0 n 0 -r 1 )</; 0 (r 2 ) (64) 

and obtain 

[V*+kl]G n = J 1^- — ^-j0*(r 1 )^ o (r 2 )exp(i/cn o -r 1 )(fT 1 . (65) 

Solving this equation by the method of Chap. VI, § 4, we obtain for 
the asymptotic form of G n 

~ r-iexp (ik n r)g n (6, <f>), 

where 

9n( e ><f>) = ~ J J \~~ ^]^n( r i)V'o( r 2 )expi(* 0 n 0 -r 1 — k n ti-r 2 ) dr x dT 2 

( 66 ) 

and n is a unit vector in the direction 6, <f>. It is to be noted that the 
form (64) does not satisfy the equations (63), but for high-velocity 
impacts when Born’s approximation is valid the error made is small. 
Further discussion of the equation (62) is given in Chap. X, § 8, and 
Chap. XI, § 5. 

4.2. Rearrangement Collisions in General. 

Before discussing the effect of the identity of the electrons on the 
formula for the scattered intensity we shall generalize the method to 
apply to rearrangement collisions in general. We require the proba- 
bility that two systems A and B, in the nth. and mth states respectively, 
become rearranged on impact, producing systems C and D in the 5th 
and tfth states respectively. In order to follow the method used for the 
simple case above, we must write the wave equation for the complete 
system in the form which is most relevant to the discussion of the final 
systems C and D. Instead of the coordinates which refer to the initial 
state, we choose now as coordinates the relative coordinates p of the 
centres of mass of the final systems, and the internal coordinates r c , r d 
of the systems C and D referred to their respective centres of mass. 
The equation (20) may now be written 

' 7 ' 2 +H c (r c )+H d {r d )+V{r c ,T d , p )-njw = 0, (67) 

where M' is the reduced mass, M c MJ(M C +M d ), of the final systems, 
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H c , H d the Hamilt onian operators of the internal motion of the bodies 
G and D, and V{r c ,r d , p) the interaction energy between C and D. 

We dis tinguish a given pair of stationary states of the systems G and 
D by the suffix s and write the corresponding wave functions and 
energies as <f> s { r e ,r a ), E s respectively. <f> s (r c ,r d ) is then the product of 
two wave functions u p (r e ), v Q {r d ) of the separate systems, and E s the 
sum of the corresponding energy values, E$+E%. This notation corre- 
sponds exactly with that used in § 2. 

Comparing the equation (67) with (60), we see that the formulae of 
§4.1 may be generalized by writing 

M' for m, ! Po( r a- r b) for <A 0 ( r i)> 

— V(r c , r d , p) for e 2 — -U , </> 6 .(r C) r d ) for ifs s {r 2 ) . 

V 2 r 12 1 

To the accuracy of Bom’s first approximation, we obtain then, for the 
differential cross-section (in the relative coordinates p) corresponding 
to the rearrangement in which the 5th state of the systems G and D is 
excited, the formulae 

1.(0, 4>) doj = ^\g 3 {9,cl>)l z doj 

V( r c’ T d> p)exp{i(&n 0 -r— &gn-p)}x 

x to ( r a> r b)ts( r c> r d) dr at dr b dp 5 doj, (68) 

where h = 2 7rMv/h, Jc' s = ZttM'vJIi, v, v s being the initial and final 
relative velocities respectively. 

As an example we may take the capture of electrons from atoms 
by a-p articles. In this case r is the vector distance between the centre 
of mass of the atom and the a-particle, p the distance between the 
centre of mass of the ionized atom and the centre of mass of the helium 
ion formed by the capture. Tor the internal coordinates we have 
initially the coordinates of the electron relative to the centre of mass 
of the atom and, finally, the coordinates of the same electron relative . 
to the centre of mass of the helium ion. The application of the formula 
(68) for this case is discussed in Chap. XIII, § 2.2. 

In the case of collisions between atoms or other heavy particles in 
which electron transfer takes place on impact, it is possible to apply the 
method of perturbed stationary state wave functions (§ 3.3) without 
modification. This is possible, because the small mass of the electron 
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has no appreciable effect on the reduced mass of the atomic systems, so 
this may be taken as unaltered by the electron transfer. 

4.3. Effect of the Exclusion Principle on the Scattering Formulae .f 
We return in this section to the problem of the scattering of electrons 
by a hydrogen atom. We limit ourselves to the case when the energy of 
the incident electron is so low that excitation is impossible. Then the 
collision is described by a wave function T (r x , r 2 ) with asymptotic form 

X F ~ [exp ihz 1 -\-r^ 1 f(6 1 )ex , p ikr 1 ]iff(r 2 ) (r x large), 

~ (r 2 large). 

If the electrons were distinguishable one could deduce that the number 
of electrons scattered was proportional to |/| 2 , and the number ejected 
to |^| 2 . However, as shown in Chapter V, one must use antisymmetrical 
wave functions. The wave function symmetrical or antisymmetrical in 
the space coordinates is 

which has asymptotic form, for large r x , say, 

[e a H{/W±^(%V^(r 2 )^ 

Using either formula, one obtains the result that the number of electrons 
scattered or knocked into the solid angle da> is 

\f(e)±g(e)\*dw. 

As shown in Chap. V, § 5, we must combine these formulae in the ratio 
1 to 3 for unpolarized electrons. The total number scattered into the 
solid angle do> is thus 

(69) 

Let us now consider the case of electron collisions with helium. We 
denote the second atomic electron by the suffix 3, so the collision is 
described by a wave function 

X F ~ e ikr '}ifi(r 2 , r z ) (r x large), 

~ g{0 2 )r^ e ikr **ff(r x , r 3 ) ( r 2 large), 

~ 9(8 z) r z X e ikr »*/j(r 2 , r x ) (r 3 large). 

By following through an argument very similar to that used above for 
hydrogen, we find that the total number of electrons scattered into the 
solid angle du> is \f—g\* da>. (70) 

t Oppenheimer, Phys. Rev., 32 (1928), 361. 

Q 
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5. Collisions between Two Systems, One of which is initially at 
Rest. 

In several sections of this book (Chap. V, § 3; Chap. VIII, §§ 2, 3, 4; 
Chap. XV, § 3) we have found the differential cross-section, 1(6) dco, 
for collisions between two particles in which their centre of gravity is 
at rest. This is found by solving the equation 

V 2 i/j+(8TT 2 mJh 2 )(imv 2 -~ V)*[t = 0, 

where m is the deduced mass’, m x m^(m- L -\--m 2 ) ) of the two particles, 
and v their relative velocity. If a solution is found of the form 

ifj ~ e ikz -+-r- 1 e ikr f(6), 

then 1(6) = \f(6) [ 2 . We show in this section how to find the differential 
cross-section when one particle, m ± , is initially at rest. Denoting by 
*/(©) dQ. the differential cross-section in this case for scattering through 
an angle © into the solid angle dQ, we have 

J (© )sin © = I(6)sin6 d6/d®, 
where tan© — m x sin 6j(m 1 cos 6~\-m 2 ). 

In the special case where the masses are equal, © = \ 6 , and hence 
(unless the two particles are similar, cf. Chap. V, eq. (26)) 

J (©) = I (2(d) 4 cos©. 



IX 


THE COLLISIONS OE EAST ELECTRONS WITH ATOMS 
ELASTIC SCATTERING— BORN’S APPROXIMATION 

1. Introductory. The Experimental Methods and Results 

In this chapter, and in Chapters X, XI, XII, and XIII, we apply the 
general theory of Chapter VIII to the detailed investigation of particular 
problems. Of these the most important are those associated with the 
collisions of electrons with atoms. The results of the calculations are 
expressed in terms of the differential and total cross-sections corre- 
sponding to collisions in which the nth state of the atom is excited by 
electrons of definite velocity v. These will be denoted by I n (6) and Q n 
respectively, f and are such that 

nr 

2 t t J I n (d)smed9 = Q n . ( 1 ) 

0 

For the case of the excitation of continuous energy-levels, a level is 
defined by a quantity k such that the energy corresponding to the level 
is given by E K = K W/8n*m. (2) 

The cross-section corresponding to excitation of a set of levels between 
k and k+cIk is then denoted by Q K Ik. 

The differential cross-section determines the angular distribution of 
the scattered electrons, whereas the total cross-section determines the 
total probability of excitation of the given state. 

As it is of importance to keep the theory in close relation to the 
practical side of the subject, we will first outline the different types of 
experimental investigation concerned with the collisions of electrons 
with atoms, and indicate the relations of the observed quantities to 
the calculated differential and total cross-sections. The types of experi- 
ment may be classified as follows: 

1.1. Experiments in which the Aggregate of Effects due to All Types of 
Collision , Elastic and Inelastic , are observed. 

The results of these experiments give information only about the 
Q’s, not the differential cross-sections, and do not usually distinguish 
between the Q ’ s corresponding to different states. The two types of 
experiment falling under this head are as follows: 

(a) Measurements of the stopping -power of matter for fast electrons. 

f Cf. Chap. II, § 1. 
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Here the experimental methods consist in the investigation of the ranges 
of fast particles in different materials. The stopping-power is defined 
in terms of the loss of kinetic energy of the electron per cm. of path in 
the material. Denoting the energies of the bound atomic states by E n , 
we see that this rate of loss of kinetic energy is given by 

~^ = Nl { 'ZQ n {E n -E 0 ) + I (E K -E 0 )Q K d K J, (3) 

where E 0 is the energy of the normal state of the atom, and E K is given 
by (2). N is the number of atoms per o.c. of the material, and /c max is 
related by formula (2) to the maximum energy which the electron can 
give to the atom. 

In certain cases the methods used may be applied to obtain informa- 
tion about individual collisions; the calculation of the stopping-power 
in terms of this summation is, however, of importance, in view of the 
application of range measurements to determinations of the initial 
energy of the particle.f 

(b) Measurement of total cross-sections . If a homogeneous beam of 
electrons is fired through a gas, the beam becomes diffuse, and, if its 
initial energy is greater than the resonance potential of the gas, it will 
also become inhomogeneous. 

Let J be the intensity of the electron beam. Then, if we regard every 
electron which is deviated or loses energy on collision as lost from the 
beam, the loss of intensity |SJ] in traversing a distance Sx in the gas 
at pressure p may be written in the form 

SJ — — Jap Sx, 

where a depends only on the nature of the gas and the energy of the 
electron beam. Integrating this equation, we obtain for the intensity 
in the beam after traversing a distance x cm., 

J = J 0 e- a x> x . 

By measuring the variation of the beam current with length of path 
in the gas the quantity a may be measured. This type of experiment 
was introduced by BamsauerJ and has been applied by him and by 
various other investigators to the measurement of a for all simple gases 
and some metallic and other vapours.§ 

t See, for example, Blackett and Occhialini, Proc. Boy. Soc., A, 139 (1933), 699. 

t Ann* der Physib , 64 (1921), 513. 

§ See > for example, the summary by R. Kollath in Phys. Zeits. 31 (1931), 985, and 
§ 1 of Chap. X. 
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From the definition of the cross-section Q it is clear that, if N is the 
number of atoms per c.c. in the gas at normal temperature and pressure. 


a 


Njy 

760 


2Q»+ 


K mtax 

f Q k , 

n -I 


where p' is the unit of pressure (actually 1 mm. Hg) in the units (mm. 
of mercury) adopted in the experimental determinations. If the cross- 
sections Q n) Q k dt< are measured in units of 7 rag, where a 0 is the radius 
of the first Bohr orbit in hydrogen, we have, for this pressure 


a = 


3*15 1 \ZQ n + 

_ n 



The application of this method, unlike that of the stopping-power 
investigations, is restricted to electrons of slow to medium velocitiesf 
(0*5 to 400 volts), and it is seen from the above that it gives only the 
magnitude of the sums of all cross-sections. For electrons with energies 
below the resonance potential of the gas, however, only the elastic 
cross-section Q 0 will be effective; and so in this range of energies the 
method gives results of especial significance. 

It is of interest to point out here that the experimental definition of 
a given above would be meaningless on the classical theory unless the 
colliding systems had definite boundaries, and the observed values 
would depend on the actual definition of a collision provided by the 
dimensions of the receiving slits of the apparatus. This difficulty does 
not occur on the quantum theory, as the cross-sections Q are definite, 
provided that the field of force of the scatterer falls off sufficiently 
rapidly with distance, a condition satisfied by all atomic fields. This 
point is discussed in Chapter II, end of § 1, and experimental evidence 
in its favour is described in Chapter X, § 1. 

In connexion with this type of experiment we must also mention the 
method due to Townsend 4 The interpretation of the initial observa- 
tions in this method requires the use of a complicated classical theory 
of the motion of electrons in gases, and its application is naturally 
limited to conditions under which the theory holds, viz. at very low 
velocities of impact (below 5 volts in most gases). Inasmuch as this 
method gives information as to the form of Q 0 for much lower electron 

f Brode, Rhys. Rev. 39 (1932), 547, has recently measured a for argon for electrons 
of energy up to 2,500 volts by a modification of the usual method. 

t Phil. Mag. 42 (1921), 873. 
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velocities than the method of Bamsauer, the results obtained by its use 
are of considerable importance. 

1 .2. Experiments in which the Different Types of Collision , Elastic and 
Inelastic , are investigated separately. 

Prom the results of these investigations information is obtained about 
the relative magnitudes of the different cross-sections Q n for a given 
incident velocity, and about the differential cross-sections I n (0) as 
functions of angle of scattering, and also about the variation of any 
one cross-section Q n with velocity of impact. Absolute magnitudes are 
not usually measured, but these may be obtained from experiments of 
the first type. 

For convenience of description these methods may be further divided 
into three classes: 

(a) Electrical methods. In experiments of this type direct measure- 
ments are made of the angular distributions of scattered electrons or 
of the relative excitation probabilities, by observing the scattered cur- 
rents. For the case of ionizing impacts, the absolute ionization cross - 

KtxxblX 

section J Q K dtc may be measured by observing the positive ion 
o . 

current produced by a homogeneous beam of electrons fired through 
a gas at low pressure. 

(b) Optical methods. In this type of experiment a homogeneous elec- 
tron beam is fired through a gas or vapour, and the intensity of the 
light of different wave-lengths emitted by atoms excited by the electron 
beam is measured. The intensity of light emitted, corresponding to 
a switch from a state n to a state m of a gas atom, will be proportional to 

Qn 

where A nm is the optical transition probability from state n to state m. 
The variation in the intensity of the light of a given wave-length with 
the velocity of the exciting electrons will then give the variation of Q n 
with the velocity of impact, as A nm is independent of the method of 
excitation. If A nm can be calculated, it is also possible to compare the 
magnitudes of the cross-sections Q n for different n. 

This method has the advantage of being more sensitive than the 
electrical method; and thus the behaviour of the cross-sections Q n may 
be examined for quite high excited states. 

We thus see that the experimental material available is s uffi ciently 
diverse to provide ample illustration of the theory and to test its 
validity. Conversely, the theory is in a position to throw light on a 
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large variety of phenomena of interest and importance to the physicist. 
Before proceeding to the detailed calculations of differential and total 
cross-sections we will consider briefly the order of treatment. We con- 
sider first elastic collisions, using the simplest formula, the first approxi- 
mation of Born’s theory, Chap. VII, § 1. The range of validity of this 
formula is examined and the theory then improved (Chapter X) by using 
the method of Fax6n and Holtsmark given in Chapter II. We then intro- 
duce further improvements in certain cases, including a consideration of 
electron exchange. Up to this point the calculations require no mention 
of inelastic collisions, but in a more accurate theory one cannot discuss 
elastic collisions without discussing the inelastic at the same time, and 
the effect of the interaction of the inelastically scattered waves on the 
elastic is next briefly discussed. This, then, provides a convenient point 
(Chapter XI) for the detailed discussion of inelastic collisions. Just as 
for the elastic collisions, we begin with Born’s first approximation (which 
is sufficient for the calculation of the stopping-power of matter for fast 
particles) and then consider the improvements necessary for slower 
particles. 

2. Elastic Scattering, Born’s First Approximation 

It was shown in Chap. VII, § 1, that the differential elastic cross-section 
1(6) for an elastic collision of an electron of velocity v with a spherically 
symmetrical field of force of potential V(r) is given within the range of 
validity of Bom’s first approximation byf 

oo 

1(6) = 877 m f V (r)r 2 dr (K = 4:7rmvsini6jh). (4) 

J Kr \ 

0 

A second formula showing the relation between (4) and the formula for 
the scattering of X-rays was also obtained. J We have now to calculate 
1(6) when V(r) is the field of an atoip.. 

If ip( r 1? r 2 ,...,r z ) is the wave function of the atom (atomic number 
Z), we have§ 

F(r) |‘Ao( r i>---)l 2 dT x ...dr z . (5) 

As the wave function if/ 0 is only known analytically for a very few 
atoms, the calculation of V(r) for most atoms depends on the applica- 
tion of numerical methods; we will first consider the cases where i/j 0 is 
known analytically. 

t Cf. Chap. VII, ©q. (12). ' t Chap. VII, eq. (18). 

§ Cf. Chap. VIII, §§ 1, 2. 
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3. Scattering by Hydrogen and Helium 

For hydrogen we have ^ ^ ( w /ag)*6-W«o. (6) 

For helium we may take with sufficient approximation the wave func- 
tion obtained by Hylleraasf using a variation method, viz. 

ifs Q = (ttZ 2 / a % ) e- Z{r i +r * )laa (Z = 1*69). (7) 

Substituting these expressions in (5) and integrating, we find 

V (r) = — e 2 (--\ — — ) e~ 2rIa ° for hydrogen, 

= — 2e 2 (- + —) e~ 2ZrIa ° for helium. ( 8) 

V 

TABLE I 

Scattered Intensities for Helium and Hydrogen. 


Jca a . 

— smi«. 

VVolts sini0. 

{Z l I{B)/A} X 10 18 cm. 1 

0 

0 

27-6 

0-03 

0*11 

27*3 

0*05 

0*18 

27-2 

0*10 

0-37 

26-7 

0*20 

0*74 

24-3 

0-30 

1-10 

21-3 

0*40 

1-47 

17-7 

0*50 

1-84 

14-3 

0-60 

2-21 

11*1 

0-70 

2-59 

8*62 

0*80 

2-94 

6-61 

0*90 

3-31 

5*08 

1-00 

3-68 

3-87 

1*20 

3-82 

2-30 

1*40 

4-46 

1*48 

1*60 

5*10 

0-921 

1-80 

6-10 

0*590 

2*00 

7-36 

0*397 

2*50 

9*20 

0*168 

3-00 

11-0 

0*083 

3*50 

12-9 

0*046 

4*00 

14-7 

0*027 

4-50 

16-6 

0-017 

5*00 

18-4 

0*011 


^ for hydrogen. A ~ 4 ^ OI ' helium. 


t Zeits. /. Physik , 54 (1929), 347. 
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Substituting in the expression (4) for 7(0), we obtain, after an ele- 
mentary integration, 

Tfm 6477 4 m 2 eM(2A 2 +^: 2 )2 

m = — hHX ^+K^ • ( 9 ) 

where for hydrogen A — 1, A = 2 /a 0 , 

and for helium A — 4, A = 3-36 /a 0 . 

By means of this formula the angular distributions of electrons elasti- 
cally scattered in hydrogen and helium may readily be calculated. In 
Table I 7(0) is tabulated aB a function of v sin £0 for these two atoms. 



The total elastic cross-section Q 0 may now be calculated. We have 

7T 

Q 0 = 2tt J I{6)sm0 d6 

o 

_ 1024.4 7r 5 m 2 € 4 (3A 4 +18A 2 ^ 2 +28^ 4 ) f 

3^ 4 A 2 (A 2 + 4^)3 * C * 

Q 0 is a monotonic function of k — 2t Tmvjh, as is clear from Fig. 12, where 
Qq is plotted against k. 

3.1. Comparison with Experiment. 

Measurements of the angular distributions of electrons scattered 
elastically by helium atoms have been carried out by a number of 
investigators,*)* for electrons with energies ranging from 1*8 to 700 volts. 

■f* Dyxnond and. Watson, 1 Proc. Roy. Soc A, 122 (1929), 571; McMillen, PJvys. Rev. 
36 (1930), 1034; Bullard and Massey, Proc. Roy. Soc., A, 133 (1931), 637; Ramsauer and 
3595.8 -r, 
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In Fig. 13 the experimental curves for electrons with energies greater 
than 50 volts are compared with those calculated from the formula (9) 
above. As the experiments are unable to furnish absolute values of the 
scattering, the scale has been adjusted so that the observed and calcu- 
lated values of the scattering for 700-volt electrons agree. 



Fig. 13. Angular distributions of electrons scattered by helium atoms. 

It is seen that the agreement then obtained at voltages above 100 
volts is quite good over a large angular range. However, at both small 
and large angles of scattering noticeable discrepancies occur. Thus, for 
electrons with energies less than 500 volts the scattering becomes almost 
independent of angle at large angles of scattering instead of falling off 
uniformly with increase of angle (see inset figure). This behaviour is 

KoUath, Ann . der Phys. 12 (1932), 529; Werner, Proc. Boy. Soc., A, 134 (1932), 202; 
Hughes, McMillen, and Webb, Phys. Rev. 41 (1932), 154 ; Mohr and Nicoll, Proc. Roy . Soc., 
A, 138 (1932), 229, 469. 
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explained in § 5.1 as due to the distortion of the incident wave by the 
atomic field. 

At small angles of scattering the observed variation of intensity with 
angle is greater than the calculated. This seems to be due to polariza- 
tion of the atom by the incident electron and will be further discussed 
in Chap. X, § 10. 

For voltages less than 100 volts the agreement is unsatisfactory at 
all angles. The reasons for these deviations will be discussed in § 5.1 of 
this chapter and in § 9 of Chapter X. 

It thus appears that Born’s formula (9) is approximately valid for 
electrons of energy greater than 100 volts, scattered by helium atoms, 
but it is not completely accurate over the whole angular range until 
the electron energy is as great as 500 volts. 

Experiments in atomic hydrogen have been carried out by Hamwell,f 
but the observed angular distributions for 180- and 120-volt electrons 
fall off more steeply with angle than those calculated above. This is 
not surprising in view of the difficulty of the experiments. For mole- 
cular hydrogen there is considerable experimental material available; 
this will be discussed in Chap. XII, § 3, dealing with the scattering of 
electrons by molecules. 

4. The Calculation of 1(9) and Q 0 for Complex Atoms 
There are two methods available for the determination of the field V (r) 
for other atoms than H and He: the self-consistent field method of 
Hartree,J and the statistical method due to Thomas§ and Fermi [| in 
which the atomic electrons are treated as a degenerate gas. Of these 
two the most accurate is certainly Hartree’s method. The application 
of this method to complicated atoms such as mercury is, however, a 
lengthy procedure. As a consequence the Hartree fields of atoms with 
atomic number greater than 37 have not yet been obtained. For the 
more complex atoms the method of Thomas and Fermi may be applied 
immediately, and since it is a statistical method it will be more accurate 
for such atoms than for the lighter ones. 

Using potentials given by Hartree’s method, the differential cross- 
sections for collisions of electrons with various atoms may be calculated 
by numerical integration from the formula (4). Actually the self- 

t Phya. Rev. 34 (1929), 661. 

% Proc. Comb. Phil. Soc., 24 (1927), 89, 111, and 426. 

§ Ibid., 23 (1926), 542. 

[1 Zeita.f. Physik, 48 (1928), 73. 
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consistent field was first used for the calculation of the J’-factorsf in- 
volved in the scattering of X-rays by crystals, and the corresponding 
values for the scattering of electrons may be obtained from these by 
means of the relation 


I{9) = ^L^Z-F? cosecH* (11) 

obtained in Chap. VII, eq. (8). In Table II the values of 1(6) calculated 

TABLE II 

1(6) calculated from Hartree Fields. 


To obtain cross-sections in absolute units multiply by 5*66 X 10" 20 . 



0*1 

0*2 

0-3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 

1*0 

1*1 

Volts sin W 

1*22 

2*45 

3-67 

4*90 

6*12 

7*35 

8*57 

9*80 

11*02 

12*25 

13*47 

Li 

6400 

900 

275 

112 

64 

36 

24 

15 i 

10 

7 

5 

Be 

12100 

2760 

655 

225 

108 

61 

37 

23 

17 

12 

8 

B 

22500 

4220 

1180 

425 

196 

100 

59 

35 

24 

17 

13 

C 

19600 

5610 

1780 

655 

295 

148 

88 

53 

35 

25 

18 

1ST 

14400 

4900 

1960 

860 

415 

222 

123 

74 

48 

32 

23 

O 

8100 

4550 

2080 

1020 

540 

295 

172 

104 

67 

45 

31 

F 

14400 

4900 

2560 

1240 

645 

361 

210 

130 

85 

56 

40 

JSTe 

4900 

3900 

2180 

1220 

700 

420 

256 

156 

106 

72 

49 

Na 

18200 

4900 

2280 

1290 

772 

470 

289 

188 

126 

85 

59 

Mg 

22500 

7200 

2820 

1890 

830 

515 

327 

220 

1 149 

100 

70 

A1 

40000 

10200 

3400 

1 1600 

900 

558 

361 

237 

164 

114 

83 

Si 

70000 

13200 

4150 

1830 

1000 

610 

400 

275 

188 

130 

94 

P 

67600 

15600 

5300 

2220 

1160 

675 

436 

289 

204 

144 

104 

S 

57600 

17400 

6130 

2600 

1340 

770 

480 

324 

222 

160 

116 

Cl 

57600 

20300 

7410 

3130 

1520 

850 

530 

346 

243 

173 

125 

A 

48400 

18200 

7100 

3380 

1660 

930 

580 

| 380 

268 

193 

| 142 


in this way are given for a number of atoms as a function of F* sin ^6, 
where V is the electron energy in volts and 6 is the angle of scattering. 
For all atoms the resulting angular distribution falls off uniformly with 
increase in angle of scattering. At a given velocity of impact the rate 
of decrease of scattering with angle is greater, the smaller the atomic 
number of the element concerned. 

4.1. Use of the Thomas- Fermi Field . High-velocity Encounters. % 

In the method of Thomas and Fermi we introduce the auxiliary 
variables x, defined by 

Z€<f> = rV(r) 

x = 2 13 f 3 3- 2 ! 3 7r 4 / 3 m€: 2 h- 2 ZV 3 r. (12) 


f Cf. James and Brindley, Zeits.f. Cry stall., 78 (1931), 470. 

$ Bullard and Massey, Proc. Carrib. Phil . Soc., 26 (1930), 556. 
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Then <f> satisfies the differential equation 

& - 

subject to the boundary conditions 

<£(0) = 0, ^(oo) = 0. 

The quantity x/r defines the reciprocal of an 'atomic radius’ which we 
see is a monotonic function of Z. 

The function <f> has been tabulated by Fermi as a function of x, and 
so V(r) may readily be obtained from this table and the equations (12). 
On substitution in the expression for 1(0) we obtain 

[ 3 4/3^2 £1/3 r -i 2 

217/3^2/3^ j 4>(pc)smfixdx^ , (13) 

0 

where [x = 3 2 l 3 hvsin%0/(2 1 ' 7 l*7T 1 l 3 € 2 Z 1 l 3 ). 

Since ^>(x) is independent of Z, we see that I(0)Z-% z is a function of 
/x only, i.e. of Z- ll3 vsixi^9 only. As a consequence 1(0) may be obtained 
for all atoms, if a table is prepared giving I(0)Z~~ 2 & as a function of 
Z~^ 3 v sin \0. In general this can only be done by numerical integration; 
but in the special case of large fx, corresponding to high velocities of 
impact, an approximate explicit expression for 1(0) may be obtained. 
This isf 

where ft = vjc , 

This formula shows that for these fast collisions the Rutherford 
formula is a close approximation. The second term, which represents 
the effect of the atomic electrons, does not resemble in any way the 
correction, often applied, of substituting Z 2 +Z for Z 2 in the Rutherford 
formula, but it must be remembered that no inelastic collisions have 
been taken into account in deriving the result. As an example of the 
magnitude of the correction, we find that for the scattering of 70-kilovolt 
electrons by gold atoms the correction:}: to the Rutherford formula is 
25 per cent, for angles of scattering of 20°. 

The numerical integration required to tabulate I(6)Z~ 213 as a function 
of /JL (i.e. of Z~ 1{3 v sin -|0) was first begun by Mitchell§ for a few values 
of /x and completed over the whole range from fx = 0 to p, == 15 by 

■f Bullard and Massey, Proc. Gamb. Phil. Soc ., 26 (1930), 556. 
j This correction takes no account of any relativistic effects. 

§ Proc. Nat. Acad. Sci 15 (1929), 520. 
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Bullard and Massey.j- The results of these calculations are embodied 
in Table III. 

TABLE III 

Scattered Intensities calculated from the Thomas-Fermi Field . 



V Volts sin . £0 



Z 1 !* 

/(9)/ Z 2 / 3 



X 10~ 18 cm . 2 

0 

0 

2160 

0*03 

0*062 

2120 

0*05 

0*104 

2010 

0*1 

0*208 

1460 

0-2 

0*41 

678 

0*3 

0*62 

344 

0*4 

0-83 

202 

0*5 

1*04 

122 

0*6 

1-25 

79 

0-7 

1*46 

54 

0*8 

1*66 

44*0 

0-9 

1*87 

29*6 

1*0 

2*08 

18*7 

1*5 

3*12 

6-43 

2*0 

4*16 

2*52 

3*0 

6*25 

0*61 

5*0 

10*4 

0*089 

6*0 

12*5 

0*046 

7*0 

14*6 

0-026 

8*0 

16*7 

0-016 

9*0 

18*7 

0*010 

10*0 

20*8 

0*0064 

12*0 

25*0 

0*0032 

15*0 

31*2 

0*0013 


Comparison with the values given by the Hartree field shows that the 
two methods give equivalent results for the heavier atoms, but disagree 
for the lighter, particularly for those atoms with abnormal sizes such 
as the rare gases and the alkali metals. The statistical m ethod naturally 
takes no account of individual differences between atoms and so does 
not apply satisfactorily to these atoms. 

The calculation of total cross-sections may be carried out by a second 
numerical integration. It may easily be seen that QZ~ 2 ^ is a function 
of vZ—^ z only. This function is illustrated in Tig. 14; it is important to 
note that the cross-section is a monotonic function of the velocity. 

5. The Validity of Born’s First Approximation 

Before comparing the results of these calculations with experiment it 
is important to consider the range of validity of the results. 

f Proc. Camb. Phil. Soc., 26 (1930), 556. 
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The exact formula (Chap. II, eq. (17)) for the differential cross-section 
is 


1(6) dco 


ik 2 


2 (2n+l)(e 2i v*— l)P n (cos0) 


71 = 0 


dco. 


(14) 


In Chap. VII, § 2, it was shown that the Born formula can be expanded 


in the form 


1(0) dco 


1 _ 

k 2 


00 

2 (2n+l)C n P n (oos0) 


dco, 


(15) 



Fig. 14. Total elastic cross-sections calculated by use of the Thomas-Fermi field. 


where '( n = — V(r)[J n+i (kr)fr dr. (16) 

0 

The two formulae will thus give identical results if exp(2^ n ) — 1 may 
be replaced by 2i£ n . This can clearly only be the case if 7] n is small, 
and in Chap. II, § 2, it was shown that under these conditions C n is 
a good approximation to v) n . We have then, for the condition of 
accuracy of Born’s formula, 

oo 

j V(r)[J n+i (kr)] 2 r dr < 1 for all n. (17) 


However, this criterion is very severe, for in many cases the expression 
(14) may involve a large number of terms of the series, and the approxi- 
mate expression (15) may give all but the first few of these correctly. 
We may say, then, that when (17) is satisfied there is no possible doubt 
about the accuracy of the approximation, but when this is not the case 
the extent of the divergence may not always be great. In general, if 
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(17) is not very markedly violated for n equal to zero, and if a large 
number of terms are required, the divergence will be small. 

Bear ing these considerations in mind, we will consider the applica- 
bility of the formula to the scattering of electrons by atoms. Con- 
sidering first the simplest cases of eoUisions with hydrogen and helium, 
we find, using the expressions (8) for F(r) and the approximate formula 


(16), 


£» = 


4vr 2 me 2 

M 2 



8\„ (2Z*+Ic*a*\ 
8Zr n { Wat 1 


(18) 


where Q n is the spherical harmonic of the second kind. This gives 


27r 2 m e 2 

~w 


{ 10 g( J 


w<\ 




. 1 . 
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In Table IV the numerical valuesf of nq and £ are given for a number 
of values of the energy of the incident electrons. In order to estimate 
the range of validity of the first approximation with more accuracy, an 
estimate is also given of the number of phases required to give the 
complete scattering formula (14). This number is estimated by making 
use of the considerations of Chap. II, § 2, in which it is shown that 
the contribution of the nth order harmonic is small if 


for such r that 


h^ 
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TABLE IV 


Comparison of Exact and Approximate Expressions for Phases. 


Helium. 

Vo 

Vx 

Vz 

Number of 
terms required. 

7ca 0 . 

j Volts. 

Exact. 

Bom. 

Exact. 

Born . 

Exact. 

Born. 

1-05 

15 

1-360 

0*565 

0-052 

0-042 

0-0065 

0*0054 

1 

1*92 

50 

1-093 

0-734 

0-186 

0*148 

0-0411 

0-0329 

4 

3-00 

122 

0-898 

0-731 

0*272 

0*224 

0*0946 

0*0769 

6 

4-00 

215 

0*784 

0-687 

0*301 

0-264 

0-1304 

0-1130 

8 

5-00 

340 

0-696 

0-638 

0*308 

0-274 

0*1524 

0-1378 

10 


Hydrogen. 

Vo 

Number of terms 
required. 

ka 0 . j 

Volts. 

Exact. 

Born . 

1-0 

' 13*5 

0-905 

0-596 

1 

2*0 

! 54 

0*694 

0*602 

3 

3-0 

122 

0-568 

0*534 

5 

4-0 

215 

0-490 

0*472 

6 

5*0 

340 

0-432 

0*422 

8 


f Calculated by Maedougall, Proc. Roy. Soc., A, 136 (1932), 649. 
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It will be seen that, although the approximate formula for the zero- 
order phase is not accurate to 10 per cent, below 340 volts in helium 
and 100 volts in hydrogen, one would expect the complete expansion 

(15) to be fairly accurate to somewhat lower voltages, say 100 volts in 
helium and 75 in hydrogen. This is in agreement with the available 
experimental evidence which is discussed in § 3.1 of this chapter, and 
also in Chap. XII, § 3, for molecular hydrogen. 

For heavy atoms the phases may be approximately calculated from 

(16) by numerical integration, using the Fermi or Hartree fields. In 
this way we obtain the following values of £ 0 for the heavier rare gases 
at two different voltages. 


TABLE V 



Voltage. 

Co 

n 

Voltage. 

Co 

n 

Neon 

20 

4*5 

2 

2,000 

2-0 

10 

Argon 

30 

5-6 

4 

3,000 

2-9 

20 

Krypton 

48 

8-8 

5 

4,800 

4.65 

30 

Xenon 

64 

11*5 

6 

6,400 

6-1 

40 


n — approximate number of terms required in series of partial cross-sections. 

The approximate number of terms required in the expression (14) is 
also given for the different cases: From these figures we expect that 
Born’s formula should still be fairly accurate at about 1,000 volts in 
neon and argon and possibly also in krypton, whereas xenon is more 
doubtful. For a very heavy atom, such as mercury, we find £ 0 = 8-0 
for 8,000-volt electrons, showing that the first approximation cannot 
be expected to hold except for very high energy electrons. It must 
be pointed out again here, however, that £ 0 itself does not have to be 
less than unity in order that the complete formula may be fairly 
correct. 

5.1. Higher Approximations in Born's Method. 

The higher approximations in Born’s theory have been considered 
by Moller-j- and by DistelJ with the aim of deter mini ng the limits of 
validity of the first approximation, but neither have obtained explicit 
expressions for even the second approximation. However, Distel has 
considered also the effect of the inelastic scattering on the elastic, § 
and has shown that, for hydrogen, Born’s series of approximations 
only converges when the velocity v of the incident electron is great 

f Zeits.f. Physik , 66 (1930), 513. 
t Ibid. 74 (1932), 785. 

§ See also Chap. X, § 10. 

S 


3595.8 
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compared with the orbital velocity u of the atomic electron. The series 
of appro xim ations is virtually an expansion in powers of u?[v 2 . For 
heavy atoms it would appear that v refers to the orbital velocity of 
the A-electrons, but as the scattering by these two electrons is small 
compared with that of the nucleus and remaining electrons, a much 
lower orbital velocity can be used in determining the validity of the 
first approximation. 

A simple method of improving the accuracy of the first approxima- 
tion immediately suggests itself when the approximate phases calculated 
as above are compared with the correct ones. Referring to Table IV, 
we see that the exact zero-order phases do not differ appreciably from 
the approximate phases until r] 0 > 0*5. Thus the phases are given 
accurately by the approximate formula even when one cannot legiti- 
mately make the approximation 

exp(2^‘£ n ) — 1 ~ 2i£ n . 

We therefore obtain an improved result by calculating the larger phases 
by the approximate method and correcting the formula for the devia- 
tion of exp(2&£ w )— from 2i£ n . 

This gives the formula 

m do, = Ije) + JL 2 (2n+ l){exp(2 i£ n ) - 1- 2i£ n }P n (cos 6) da>, 

n—Q 

(19) 

where I h is the scattered intensity given by the Born formula. 

We see from this formula that deviations from Born’s formula will 
be first noticeable at large angles, for I b falls off rapidly with increasing 
6, whereas the correcting terms will be less dependent on angle, con- 
sisting mainly of contributions from the first few harmonics. The 
influence of the corrections will then be most noticeable when 6 is 
large. 

In particular, for the case of helium, we see by reference to Table IV 
that Born's formula requires correction for the zero-order term even 
when the electron energy is as great as 340 volts. The formula (19) 
becomes, for this case, 

1(9) dw = VP) + ~ (e 2i £°— 1 - 2*£ 0 ) do,. (20) 

For these relatively high velocities I b (6) is very small at large angles 
and the scattering should then be given by the second term in (20). 
This term does not vary with angle, and so the scattering should deviate 
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20“ 40“ 60“ 80° 100° 

Angle of Scattering 

Fig. 15(a). Small angle scattering. 


► Expt- Points Expt. Curves 



60° 80° 100° 120“ 

Angle of Scattering 

Fig. 15 (6). Large angle scattering. 

Angular distributions of electrons scattered by rare gas atoms. 

from that predicted by Born’s formula by remaining nearly constant 
at large angles instead of falling off uniformly. Referring to Fig. 13, we 
see that this is just the way in which the observed curves do deviate 
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from Bom’s formula (9). The magnitude of the deviation is also 
approximately correct. 

5.2. Comparison with Experiment . 

For the rare gases the validity of Born’s formula may he checked 
accurately from the measurements of Arnot.f It is found that the 
formula is accurate down to 400 volts in neon over the complete 
angular range investigated (15 “—ISO 0 ), whereas for argon, krypton, and 
xenon the formula represents the observations very well up to angles 
of 80°. For greater angles of scattering small deviations may be 
observed for these heavy gases. This is illustrated in Figs. 15(a) and 
15 (6). As the energy of the incident electrons is decreased the angular 
range of validity of the formula decreases. Thus at 200 volts in neon 
the formula fails beyond 90°. The agreement between theory and 
experiment is thus very satisfactory. Further evidence is afforded by 
the measurement of the intensities of electron diffraction by metal 
foils, the intensity distribution in the various orders agreeing well with 
that calculated by these methods. } The use of Born’s first approxima- 
tion for high-velocity electrons finds support also from the measure- 
ments of Wierl on the scattering of electrons by molecular vapours 
discussed in Chap. XII, § 4. 

f Proc. Roy. Soc., A, 133 (1931), 615. 

f Mott, Nature , 124 (1929), 986; Mark and Wierl, Zeits. f. PhysiJc , 60 (1930), 741; 
G. P. Thomson, The Wave Mechanics of the Free Electron (1931). 
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ELASTIC SCATTERING OF SLOW ELECTRONS BY ATOMS 
1 . The Ramsauer and Townsend Effects 

As was shown in Chap. IX, § 5, Born’s first approximation is not 
applicable to low-velocity collisions of electrons with atoms, and the 
experimental results obtained in this region show clearly that a more 
elaborate theory is required. 

In a preliminary investigation in 1921 of the free paths of electrons 
of very low velocity (0*75 to 1*1 volts) in various gases, Ramsauerf 
found the free paths of these electrons in argon to be very much greater 
than that calculated from gas-kinetic theory. The extension of these 
observations to a wider range of velocities J revealed a surprising varia- 
tion in the cross-section. It was found that the effective cross-section 
(proportional to the reciprocal of the free path) of argon atoms increases 
with decreasing velocity until the electron energy becomes less than 10 
volts. For electron energies below this value it decreases again to the low 
valuesf ound in thepreliminary measurements . Independently, Townsend 
and Bailey§ examined the variation of free path with velocity for elec- 
trons with energies between 0*2 and 0*8 volts by a different method, and 
showed that a maximum of the free path occurs at about 0*39 volts. 
This was confirmed by much later work of Ramsauer and Kollath.|| 

Since these classical experiments were carried out, the behaviQur of 
a large number of gases and vapours has been examined over a wide 
voltage range. ff The results obtained are illustrated in Fig. 16 for some 
monatomic gases and vapours. In these figures the variation of effective 
cross-section with velocity is illustrated. This is proportional to the 
reciprocal of the mean free path. For purposes of comparison the gas- 
kinetic cross-section is indicated on the figures. 

The striking features of the cross-section-velocity curves are their 
wide variation in shape and size and also the marked similarity of 
behaviour of similar atoms, such as those of the heavier rare gases and 
the alkali metal vapours. At the time of the earlier measurements no 
satisfactory explanation of the phenomena could be given, but on the 
introduction of quantum mechanics it was immediately suggested that 

t Ann. der Phys., 64 (1921), 613 . t Ramsauer, Ibid. 66 (1921), 645 . 

§ Phil . Mag., 43 (1922), 693; 44 (1922), 1033. 

IJ Ann . der Phys ., 3 (1929), 536. 

ft See, for example, tbe summary by R. Kollath. in Phys . Zeits ., 31 (1931), 985. 
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the effect was a diffraction phenomenon. Thus Bohrf suggested in 
general terms how the minimum cross-section observed in the rare gases 
near 0-7 volts could be explained. The field of a rare gas atom falls off 
very much more rapidly with distance than that of any other atom. 



— ; Ne Gas -Kinetic 
He cross sections 

5/vbLts 



Gas -Kinetic 
Cross sections 




and so an electron wave of long wave-length falling on the atom 
encounters a region of rapidly increasing refractive index and conse- 
quent rapid decrease of wave-length. The result may be that an integral 
number of wave-lengths are fitted into the region occupied by the 
scattering field, and the wave passes out from the field unaffected. 
This will be discussed in greater detail below (§ 2). 

Strong experimental evidence of the wave nature of the phenomena 
was afforded by measurements of the angular distributions of the 
f In conversation with Professor R. H. Eowler. 
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elastically scattered electrons. These were first carried out for electrons 
of energy between 4 and 40 volts by Bullard and Massey for argon. f 
Instead of the curves characteristic of Born's first approximation, 



FiGf. 1 7. Observed angular distributions of electrons scattered elastically by 

argon atoms. 

showing a monoto ni c decrease of intensity with angle of scattering, the 
curves obtained by Bullard and Massey exhibit ma xim a and minim a. 
In Mg. 17 a series of curves is given illustrating the variation in form of 
these curves, for argon, as the electron velocity increases from IT volts 
f Proc. Moy . Soc. t A, 130 (1931), 579. 
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to 780 volts; they show the gradual transition to the curves predicted 
by Bom’s first approximation. The higher voltage measurements 
(42—780 volts) are due to Arnot,f and at the lowest voltages (1-1 and 
2*8 volts) to Ramsauer and Kollath.J These experiments have now 
been carried out for a large number of gases over a wide range of elec- 
tron energies, and it is found that in the majority of cases maxima and 
minima occur in some voltage range. § For light gases, such as hydrogen 
and helium, this range is small (up to 15 volts in helium and 6 volts 



Fig. 18. Illustrating the finite scattering through small angles. I. Curve for 6 -volt 
electrons scattered by neon atoms. II. Curve for 7-volt electrons scattered by nitrogen 
molecules. 

in hydrogen), while for mercury pronounced maxima and minima are 
observed up to the highest voltages for which observations have been 
taken (800 volts). From these experiments it is obvious that the wave 
nature of the electron is important over a wider range than is apparent 
from the observation of effective cross-sections. 

It is of interest to examine the evidence from the angular distribution 
measurements as to the validity of the theoretical result (Chap. VII, 

t Proc. Roy . Soc., A, 133 (1931), 615. 

t Ann. der Physik , 12 (1932), 529. 

§ Bullard and Massey, Proc.Roy. Soc., A, 130 (1931), 579, and 133 (1931), 637; Amot, 
Proc. Roy . Soc., A, 130 (1931), 655; 133 (1931),; 615 and 140 (1933), 334; Pearson and 
Amquist, Phys. Rev., 37 (1931), 970; Ramsauerand Kollath, Ann. der Physik, 12 (1932), 
529 and 837; Hughes and MeMiUen, Phys. Rev., 39 (1932), 585, and 41 (1932), 39; 
Tate and Palmer, Phys . Rev., 40 (1932), 731 ; Mohr and Nicoll, Proc. Roy . Soc., A, 138 
(1932), 229, and 138 (1932), 469; Jordan and Brode, Phys. Rev., 43 (1933), 115; Childs 
and Massey, Proc. Roy. Soc., A, in course of publication. 
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§ 1.1) that the function 2-7r/(<9)sin 0, giving the number of electrons 
scattered per unit angle by a gas atom, tends to zero as 0 tends to zero. 
In Fig. 18 two experimental curves representing scattering per unit angle 
are illustrated, and it is seen that the evidence is in favour of the 
theoretical conclusion. 

2. The Theory of the Scattering of Low- velocity Electrons. 

Method of Partial Cross-sections 
In order to develop a theory of the scattering of low- velocity electrons 
by atoms, we must refer to the general theory of Chapter VIII. The wave 
function IF, which in this case represents the system of atom -f- incident 
electron, was expanded in the form 

where if/ n (r a ) is the wave function representing the nth. excited state of 
the atomic system. It was then shown that the function F n (r) satisfies 
the equation 

{^+Tcl)F n = ^ J V (r, r a ) x F(r a , r )>Jj* (r a ) dr a , 

where V (r, r a ) is the interaction energy between the incident and atomic 
electrons, and Jc n is the wave number of the outgoing electron wave, 
equal to 27rmv n /h. 

If we neglect electron exchange, the elastic scattering is completely 
determined by the function F 0 , which satisfies the equation 

(V 2 -fW o(r) = J F(r, r a f¥(r a , r)^*(rj dr a . (1) 

To solve (1) we must substitute some approximate form for Y on the 
right-hand side of (1). For instance, in obtaining Bom’s approximation 
in Chapter IX we neglected all the scattered waves, and replaced Y by 
^o( r a)exp(^ 2 ) . In the approximation, to the examination of which this 
♦chapter is devoted, we neglect all but the elastically scattered wave, 
and thus set on the right-hand side of (1) 

Y = *P 0 (r a )F 0 (r). 

We thus obtain |v 2 +fc 2 — ®^F 00 (r)jF 0 (r) = 0, (2) 

where F 00 (r) = J F(r,r 0 )^ 0 'Ao dr a- 

This is the equation which represents the motion of the incident electron 
in the static field of the atom, Voo being just the potential of this field. 
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We have thus, to this approximation, reduced the problem to that of 
calculating the scattering by the static field of the atom concerned. 
The method required for this calculation is described in Chap. II, § 1. 
Since we shall have no further occasion to consider the inelastic scatter- 
ing in this chapter, we shall drop the suffix 0 in F 0 and F 00 . 

If we expand the function F in the form 
F = 2Fs(r)P s (c os0), 

and substitute in (2), the function F s (r) satisfies the equation 

J^)+ ^ V(r) -^±11] (rF s ) = 0. (3) 

As shown in Chapter II, the solution of this equation, which is finite at 
the origin, will have the asymptotic form 
rF s ~ ^ S sin(^r— 

tj s being a phase constant. The amplitude f(0) of the scattered wave 
was shown in Chapter II to be given by 


f(S) = A y (2s+l)[exp(2i % )— 1]P S (COS0), 


W 


and the differential cross-section for elastic scattering into the solid 
angle dco is J(0) dco = \f{6) |* dco. 

The total elastic cross-section Q is given by 

7T 

Q= 27r J I(d)sin0 dd; 

o 

we thus obtain Q = 2 


where Q s = 477&- 2 (2s+l)sin 2 %. (5) 

We refer to Q s as the partial cross-section of order s. 

The calculation of the cross-sections 1(d) and Q thus involves the 
calculation of the phase-shifts rj s of the various scattered waves. Born’s 
first approximation holds only when r] s is small, so that sin 7 ] s never 
passes through a maximum due to tj s reaching the value \'rr. Thus to 
this approximation one expects no oscillations in Q s as a function of the 
energy, but this is no longer the case if rj s may become greater than 


3. Convergence of Series of Partial Cross-sections 

It was proved in Chap. VII, § 2, that the series of partial cross-sections 
is convergent, and in Chap. II, § 2, a method of estimating the number 
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of terms required was described. This method depends on the fact that 
the partial cross-section Q s corresponds to particles with quantized 
angular momenta {s(s+l)}%hj27r. It was shown that, if 


V(r)< 


8(8+1) h 2 

r 2 8 7r 2 m 9 


for r given by ^ _ {s(s+1)}i {k = 2wmB/A)} 

the contribution of all phases rj n with n > s can be neglected. Hence 
the convergence will be best for light atoms and slow electrons. In 
particular, at the low- velocity limit the scattering arises entirely from 
the zero-order terms. For light atoms the convergence of the series of 
partial cross-sections is rapid for all velocities lower than those for 
which Bom’s approximation is valid. However, for such heavy atoms 
as mercury there is an intermediate range of velocities where Born’s 
approximation is far from satisfactory, and where also the convergence 
of the series is very slow. The method used for such cases is discussed 
in Chap. XIII, § 3.1. 


4. The Low-velocity Limit of the Collision Cross-section 

As mentioned above, the collision cross-section of the heavier rare gas 
atoms for impacts with very slow electrons (0-5 volts) has been observed 
by Bamsauer, and by Townsend and Bailey, to be much smaller than 
the gas-kinetic value. As we have seen, for such slow electrons, Q is 
practically equal to the zero-order cross-section, Q 0 . In order to explain 
the experimental facts, we must therefore find under what conditions 
Qq -> 0 as A, the wave-length, tends to infinity. This was first done by 
Faxen and Holtsmark,f whose method we now describe. 

The plane wave e ikz may be expanded in spherical harmonics, the 
first term of the expansion being si nJcr/Jcr. We have seen that the 
scattered wave is spherically symmetrical; outside the atom we may 
therefore take it to be c 0 r~ 1 e ikr . Thus at points outside the atom, but 
for r much less than the wave-length, the complete wave function is 

sin Jcr/Jcr+c 0 r -^e ihr . (6) 

Inside the atom let the wave function be F 0 (r); F 0 is the solution] of 
the differential equation (3) which is finite at the origin, and is thus 
determined except for an arbitrary multiplying constant. The quantity 
F'JFq is thus determined uniquely by the equation, for all r. 

We imagine for the moment that the atom has a fixed boundary 


f Zeits.f. Physih, 45 (1927), 307. 
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r — R. Then we determine c 0 by fitting (6) to F 0 at r = R. We obtain 

cos JcR~\-c 0 iJce ik B f" (rF 0 )' ~\ 

Jc- 1 sin JcR-^-Cq e ikR [ (rF 0 ) j rz=B 

The right-hand side is a known quantity; we may therefore solve for 
c 0 . We are interested in the case of long wave-length (Jc -> 0). Thus, 
solving and making k~> 0, we obtain 

limc 0 = -R*F' Q !(RF' Q +F 0 ). 

k — >0 

Thus, if for very long wave-length F' 0 is zero at the boundary of the 
atom, Gq is zero and the cross-section vanishes. 

This is really the mathematical statement of Bohr’s explanation of 
the Ramsauer-Townsend effect discussed in § 1, for if this condition is 
satisfied, the atomic field has simply the effect of introducing an addi- 
tional complete oscillation of the wave function of the incident particle. 
The effect can only occur for atomic fields which are strong enough to 
produce an additional zero in the wave function. It cannot therefore 
occur for repulsive fields. The reason why the heavier rare gases are 
most effective in exhibiting the Ramsauer-Townsend effect is that the 
fields of these atoms are very sharply defined and produce a rapid 
change of wave-length in the zero-order wave, while the higher orders 
are not effective. 

Faxen and Holtsmark (loc. cit.) have tested this theory by evaluating 
the function F 0 for various fields by numerical methods. They found 
that the hydrogen atom is too small to produce the effect, but that 
fields closely resembling that of the argon atom can be effective. How- 
ever, the main interest of the calculation is that it shows how the effect 
can occur. 

5. General Application of Method of Partial Cross-sections 

We have shown that the theory is capable of explaining the observed 
small values of the collision cross-sections; we shall now attempt to 
extend its application to all other cases of collisions of slow electrons 
with atoms. 

We have to give a general explanation of the following experimental 
facts: 

1. The magnitude of the cross-section varies between wide limits, 

the maximum observed for the alkali metals being over 100 
times that observed in neon. 

2. The angular distributions of the scattered electrons show marked 

maxima and minima. 
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3. The cross-section-velocity curves have forms characteristic of the 
different columns of the periodic table. 

In order to do this we make use of the following properties of the 
calculated phases: 

(a) For any atomic field rj s decreases monotonically with s. 

(i b ) rj s is small when, for r such that Jcr ~ s+i, 


87r 2 m 


V(r)< 


s(s+l) 

r 2 


It follows from ( b ) that the series of partial cross-sections will converge 
quite quickly for low-velocity impacts; the major contribution will arise 
from the partial cross-sections Q s of such an order that rj s ^ r. The 
maximum value of the contribution from a partial cross-section of 
order s is , 

We may therefore say at once that, the lower the velocity and the 
larger the value of <s for which the phase tj 3 attains the value |7r, the 
bigger will be the cross-section. Referring to the condition (6), we see 
that the biggest collision cross-sections will be those of atoms whose 
fields extend out to the greatest distances, viz. the alkali metals. If we 
use the empirical rules due to Slater f for the effective nuclear charges 
of alkali atoms, and define the diameter of an atom as the distance at 
which the radial charge density r 2 j^| 2 of the outer shell is a maximum, 
the following values of the radii r 0 of various atoms are obtained: 


TABLE I 



r 0 in atomic 
units. 

kr Q 

13 volts. 

0*5 volts. 

Li 

2*3 

2*3 

0*46 

Ni 

4*1 

4*1 

0*82 

K 

6*1 

6*1 

1*22 

Zn 

3*1 

3*1 

0*62 

He 

0*6 

0*6 

0*12 

Ne 

0*7 

0*7 

0*14 

A 

1*3 

1*3 

0*26 

Kr 

1*7 

1*7 

0*34 


Note. Jc is measured in units of l/a 0 . 


We give also the values of hr 0 corresponding to 13- and 0*5- volt 
electrons. Thus, using the criterion (6), we find that for potassium at 


f Rhys. Rev., 36 (1930), 57. 
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least 7 harmonics are required, and the cross-section may be greater 
thanf 50? ra% whereas one harmonic only is required for neon, and the 
effective area will not be greater than 10 For 1c = 0*2/a 0 (0*54 volts), 
the area may be as great as 300? ra% for potassium, but still not much 
greater than 10? rag for neon or helium. There is, then, clearly no diffi- 
culty in explaining the wide range in magnitude observed in the effective 
cross-sections. It is equally clear that the method indicates the pos- 
sibility of maxima and minima in the angular distribution given by 
(4). Again the dominant effect arises from terms in the series such that 
7] s \tt. The angular distribution, then, is roughly of the form 
1(0) = const.{i^(cos &)} 2 , 

which has s minima. This will be especially marked for the lower 
velocity impacts, where only a few terms of the series (4) are required 
and the weight factor 2$+ 1 is particularly effective. Thus for electrons 
of 30 volts energy in argon the angular distribution is given closely by 
{P 2 (cos <9)} 2 . Actually the calculated phase values at this velocity are 

Vo = 2tt+0-8S5, 7^ = 4*831, rj 2 = 1*983, t? 3 = 0*374, ^ = 0*159. 

It must be realized that these remarks are only illustrative, and the 
actual effects produced by the sum of a number of partial cross-sections 
may be very complicated, particularly for heavy atoms. The diffraction 
of waves by spherical obstacles is a much more complicated process 
than diffraction by a grating or other symmetrical arrangement. 

It is not possible to explain the third feature listed above in such 
simple terms as the preceding. The quasi-periodic behaviour of the 
partial cross-sections must be due to the behaviour of sin rj s . At low 
velocities, for the lightest atoms, only the zero-order phase is appre- 
ciable. For some atomic field this phase will attain a value near \rr and 
the corresponding cross-section will pass through a maximum. Again, 
for some heavier atom a value of \rr will be attained, giving an equal 
maximum of the zero-order cross-section, and so on. For some atom 
with intermediate properties will become appreciable, and so on. In 
this way some quasi-periodic behaviour of the cross-sections might be 
expected, but we still require to show from the theory that the periodi- 
city follows that of the periodic table. This was first done by Allis and 
MorseJ using a simplified atomic model. They took for the atomic field 

j* The cross-sections obtained in this way will only be approximately correct when 
the field is sufficiently strong to produce large phase changes. For collisions of high- 
velocity electrons a large number of terms are required in the series, but each is small 
and the total cross-section small also. 

t Zeits. f. JPhysik, 70 (1931), 567. 
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= 0 > r 0 ), (7) 

which makes possible an analytic solution of equation (3), In order to 
illustrate the periodic behaviour of the cross-sections two quantities, 
x and j3, were defined such that 

£ 2 = Zr 0 /2, x = Jcr 0 . 

The first of these depends only on the atomic field, while the second is 
a function also of the incident electron velocity. Allis and Morse then 



showed that the cross-sections are quasi-periodic in with period unity. 
This is illustrated in Kg. 19, where a number of partial cross-sections 
corresponding to different values of x are illustrated as functions of /?. 
If, now, the approximate atomic radii given by Slater are used (given 
above in Table I) and the constant Z above, adjusted to give as good 
agreement as possible of the form (7) for V with that obtained from 
Slater's values, it is found that a period of 1 in ft is approximately a 
whole period in the periodic table. This may be seen from the following 
values of /?: 

TABLE II 


Lithium 

. 

. 1*36 

Helium. 

. 0-77 

Sodium 

. 

. 2*54 

Neon 

. 1-73 

Potassium . 

• 

. 3*51 

Argon. 

Krypton . 

. 2-68 
. 3*66 


The lighter elements are to some extent anomalous in this respect; this 
is also borne out by the observations (see Kg. 16 of this chapter). 



144 SCATTERING OF SLOW ELECTRONS BY ATOMS X, § 6 

6. Quantitative Application of Method of Partial Cross-sections 
The first quantitative application of the theory was made by Holts- 
markf for the scattering of electrons by argon; but we shall first con- 
sider the results obtained by Allis and Morse using their simplified 
model. 

Having chosen the values of the parameter J5 and r 0 , using Slater’s 
rules (loc. cit.), it was usually found that a good approximation to the 
observed cross-sections is obtained with this model. In Pig . 20 the experi- 
mental curves are compared with calculated curves. The values of /? 
and r 0 used in obtaining the latter are slightly different from those 
obtained from Slater’s rules (loc. cit.) 3 but the differences are not great. 



Fig. 20. Illustrating comparison of observed and calculated cross-section curves. 

In Table III the parameters which give the best fit with experiment 
are compared with Slater’s values, both measured in atomic units. 


TABLE III 


Atom. 

J3 

r 0 

Slater . 

From Cross-sections . 

Slater. 

From Cross-sections. 

Helium 

0*77 

0-80 

0*6 

0*55 

Neon 

1*73 

1*71 

0*7 

0-75 

Argon 

2*68 

2*7 

1-3 

1-4 

Sodium 

2*54 

2-55 

4*1 

4-25 

Zinc 

3*77 

3*78 

3-1 

3*14 


The agreement obtained is very striking and leaves little doubt as to 
the correctness of the theoretical explanation of the Ramsauer-Towns- 
end effects afforded by quantum mechanics. However, the field used 
gives only a rough approximation, particularly for very low velocity 


t Zeits.f. PhysiJc , 55 (1929), 4 37. 
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collisions. f For such cases large effects may arise from the atomic 
field beyond the radius r 0 . 

Holtsmarklj: has obtained very good agreement with the observed 
cross-section for argon by using the Hartree field and evaluating the 
phases r] s exactly by numerical integration of the differential equations. 

A much stricter test of the theory may be applied by comparing cal- 
culated and observed angular distributions. These are much more 
sensitive to inaccuracy in the theory. In Fig. 21 the angular distribution 



Fig. 21. Comparison of observed and calculated angular distributions of electrons 
scattered by argon atoms. 

curves observed by Bullard and Massey and by Bamsauer and Kollath 
for argon (loc. cit.) are compared with those calculated by using Holts- 
mark’s values of the phases tj s . The agreement for 30 and 12 volts is 
found to be extremely good in view of the peculiar nature of the experi- 
mental curves. It is of interest to note that at the lower voltages the 
agreement with curves calculated from the simplified model of Morse 
and Allis discussed in § 5 is not nearly so satisfactory. At very low 
velocities, however, the observations of Bamsauer and Bollath are no 

t Morse has extended the calculations to the field 

V = ^exp( — 2r/r 0 )r- 1 

and fin ds t ha t very similar res ult s are obtained. The same quantities and far 0 are 
again important. [Rev* Mod . Phys.,. 4 (1932), 577.] 
t Loc. cit. 
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longer in agreement even with the calculations using Hartree fields, as 
seen from the figure. 

The exact phases have been calculated for only three other atoms, 
namely, for krypton by Holtsmarkj and for helium and hydrogen by 
Macdougall.f For the former the agreement with experiment is again 
very good, both in comparison with observed total cross-sections and 
with the angular distributions measured by Arnot§ and by Ramsauer 
and Kollath,|[ except at very low voltages (less than 3 volts). 



0° 60° 120° 180° 
Anqle of* Scatterinq 


Eig. 22. Observed angular distributions of slow electrons scattered elastically 

by helium atoms. 

In the case of helium we find the first definite indication of a failure 
of the theory. For such a light atom the only phase which attains 
a value of |tt is that of zero order, and at electron velocities below 
20 volts the effect of the higher-order terms is negligible. The corre- 
sponding angular distribution is independent of angle; but the observed 
curvesff exhibit a minimum when the electron velocity is below 15 volts. 
This is illustrated in Fig. 22* The presence of this minimum at very low 
velocities cannot be explained by the method of partial cross-sections, 
and we must develop the theory further in order to provide an explana- 
tion. This is done in § 8. Similar behaviour is observed in molecular 

t Zeita.f. Physih, 66 (1930), 49. £ Proc. Boy. Soc A, 136 (1932), 649. 

§ Ibid. A, 133 (1931), 615. || Ann. der PhysiJc, 12 (1932), 837. 

tt Bullard and Massey, loc. cit.; Ramsauer and Kollath, loc. cit. 
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hydrogen. It is possible that the effect of the molecular binding is 
important, but it is much more likely that the reason is the same as 
that for helium (exchange). This will also be discussed in § 8 below. 

Approximate methods may be used to compare the theoretical results 
with the observations in neon and mercury vapour. For neon the only 
important term in the series of partial cross-sections, for energies below 
100 volts, is the term of order unity, so the theory predicts that the 



Fig. 23. Observed angular distribution of electrons elastically scattered by neon atoms. 

scattered intensity 1 ( 0 ) shall vary as cos 2 #. The experimental results 
for electrons of not too low energy confirm this. Fig. 23 shows the 
angular distribution of 80-volt electrons observed by Mohr and Nicoll; j* 
there is a deep minimum at 00° and the curve is symmetrical about 
this axis. 

At lower voltages, however, the curves deviate from the form cos 2 # 
in two ways. Firstly, the minim um becomes displaced from 90°; this 
is due to the effect of the zero -order harmonic. Secondly, a point of 
t JProc. Roy. Soc. 9 A, 138 (1932), 469. 
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inflexion appears for energies below 50 volts, and becomes more marked 
for decreasing energy. This can hardly be due to higher harmonics, 
owing to the small range of the neon field, and to the fact that it 
increases with decreasing energy. It may, however, be due to exchange 
(cf.§9). 

For mercury vapour calculations have been carried out by Henne- 
bergf and by Massey and MohrJ using the approximate method de- 



Fig. 24. Comparison of observed and calculated angular distributions of electrons 
elastically scattered by mercury atoms. 

scribed in Chap. XIII, § 3.1, of calculating the large phases by n«in g 
Jeffrey’s approximation and tbe small ones by Bom’s method, and 
interpolating in order to obtain the remainder. In the absence of a 
Hartree field for mercury the Thomas -Bermi field was used, but for 
a heavy atom such as mercury this field should be quite a good 
approximation. Tbe calculated angular distributions are compared 
with Amot’s observations in Fig. 24. In view of the approximate 
method used the agreement is very satisfactory, and see ms to establish 
still further the validity of Faxen and Holtsmark’s method as applied 
to the calculation of the elastic scattering of slow electrons by heavy 
atoms. For light atoms such as helium and hydrogen it is necessary 

t Natimoies., 20 (1932), 561. J Nature, 130 (1932), 276. 
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to proceed to higher approximations, and in the next section we shall 
do this. It also appears that the theory becomes invalid in the 
neighbourhood of the cross-section minimum in the case of the rare 
gases. The reason for this is not at present clear, but may be due to 
the same cause as that operative for light atoms, namely, electron 
exchange. 

7. Electron Exchange in Elastic Collisions 

In Chap. VIII, § 4, the possibility of electron exchange between the 
atom and the colliding beam was considered. It was shown that an 
incident electron may either be directly scattered, or may change places 
with an atomic electron. It was shown also that the probability of the 
two processes cannot be added; owing to the necessity for using anti- 
symmetrical wave functions, one must combine the wave amplitudes 
rather than their intensities. 

The possibility of exchange interference was first pointed out by 
Oppenheimer,f who suggested that this was the explanation of the 
minimum observed in the cross-section velocity curves of the heavier 
rare gases at very low voltages. In view of the theory discussed in § 4 
it is unlikely that this view is correct. Tor light atoms such as helium 
and hydrogen, however, exchange interference seems to be of con- 
siderable importance in low- velocity collisions. 

8. Calculation of Effect of Electron Exchange in Elastic Scat- 
tering by Hydrogen and Helium 

We employ the same notation as that used in Chap. VIII, § 4. It was 
shown there that the elastic scattering of electrons by atoms of hydrogen 
and helium may be described by means of two wave functions I^,( r i)> 
O 0 (r 2 ) which have the asymptotic form 

•*o( r i) ~ expi^ 1 +rf 1 / 0 (^ 1 , ^Jexp ihr l9 

G> 0 (r 2 ) ~ r*Vo(02> < /'2) ex P ikr z- •( 8 > 

The differential cross-section for elastic collisions is then 

1(0) doj = i{3 l/o+S'olH - \f o -0o I 2 } for hydrogen, 

= i/c-^ I 2 da> for helium. 

For simplicity let us consider the case of hydrogen first. The functions 

f Phys. Bev., 32 (1928), 361. 



150 SCATTERING OF SLOW ELECTRONS BY ATOMS 

F 0 ( ri ), G 0 (r 2 ) were shown to satisfy the equations 

x, §8 

[VS+^FoCrJ = - 

8-7T 2 m€ 2 P / 1 

w J w 

-i'|T(r lJ r 2 )^(r a )cfr a ' 

r i%J 

j> (9) 

[V 2 + *2](? 0 (r 2 ) = - 

8 7r 2 we 2 f / 1 

K 2 J V 2 



where the function T(r 1? r 2 ) is the wave function for the complete 
system. 

In order to integrate the equations (9) we must assume some approxi- 
mate form for T* on the right-hand side, so that the right-hand side 
becomes a known function. We know that may be expanded in 


the form 

We may write this 


^ = (2 + /)i^(ri)^(r 2 ). 

Y = F 0 ( ri )Mr z )+®, 


where <3> includes all the scattered waves. 

Now T* may be expanded in the alternative series 

^ = (2 + /)^)^), 


as we saw in Chapter VIII. If we expand <D in the form 

® = (2 + /)g;W.W»(*i). 


then it is clear that G 0 = G' 0 ; in other words, the ‘exchange’ wave is 
included in <D. Thus, if we assume for W on the right-hand side of (9) 
1 F = ^o( r i)*/ f o (r 2 )+6 !f o (r 2 )0 o (r 1 )+^, (10) 

and neglect <f>, we shall have a fair approximation, which amounts to 
neglecting the effect of all waves with wave-length different from that 
of the incident wave. 

If we substitute (10) in (9), we obtain 



and 

("v 2 +P 


^V 00 (r x )]^ 0 ( ri ) 

= _^1 2 J (r x )^(r 2 )^ 2 

^p^'I'ooWj ^ofo) 

= ~ 8 ^ ± J (~ ^)- F o( r i)'Ao( r 2)>Ao ( r i) <i Tl , 


(11a) 


(lib) 


where 
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Changing the variable in <2 0 from r 2 to r 1; we obtain, by adding and 
subtracting (11a) and (lib), 

[v 2 +& 2 - ^F 00 (r x )] (F 0 ( ri )± flWr*)} 

= T f £-±J{Jr o (r 2 )± dr 2 . (12) 

This ‘integro - differential ’ equation may be converted into an integral 
equation in the following way. We require a solution of the equation 
for P 0= t Q-q which has the asymptotic form 

W± # o(r) ~ e^+r~V^{/(0, 4)±g(0 9 (13) 

Let us then treat the right-hand side of (12) as a known function, <f>( r 2 ), 
of r x . We may then write 

[v 2 +* 2 -^F 00 (r)j[F 0 (r)±^ 0 (r)] = r). (14) 


The solution of this type of inhomogeneous equation has been discussed 
in Chap. VI, §3. Let Q(r,&) be the solution of the homogeneous 
equation 

(15) 


V 2 + k 2_^ Voo(r )l mr?&) = 0, 


which has the asymptotic form 

2f(r, 6) ~ e ikz +(2 i7cr)- x e ikr 2 ( 2 s-fd)[exp( 2 fc? 7 s ) — l]P s (cos0), (16) 

8 


corresponding to an incident plane wave and a diverging spherical wave 
(the method of obtaining such a solution is given in Chapter II) ; then 
the asymptotic form of the required solution of (14) is 

F 0 (r)±(?o(r) ~ %(r,0)±r- 1 e^± J *(rW. *-®) *■'. 


where © denotes the angle between the vectors r, r'. 
Substituting in (12), we obtain 

i^o( r )±6?o( r ) ~ e ikz +{2ilcr)~ x e ikr 2 (2a+I)[exp(2^ s )~ l]P s (cos0) 


e ikr 2n me 2 
: ~~W r 


f f — ){F 0 (r 2 )±<? 0 (r 2 )}^ 0 (r 1 )«A?(r 2 )g 0 (r 1 ,v— ©)dTidr 2 , 

J J V* W (17) 


where © is the angle between r, r t . The significance of the various 
terms in this formula is interesting. The first is the incident plane wave, 
the second the wave scattered by the static field V 00 (r) of the atom, 
while the third is the scattered wave due to electron exchange. The 
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calculation of the amplitude of the first type of scattered wave has 
been considered in the preceding section, and we are now concerned 
with the second. 

We must introduce further approximations in order to calculate the 
effect of exchange. In two cases we may do this without difficulty. 
They are as follows: 

(1) Effect of atomic field small, so that the incident wave may be 
taken as approximately plane. In this case we set on the right-hand 

side of (17) F 0 (r)—G 0 (r) = exp(*n 0 -r) 

B( r i > 7r — ©) = exp(— ikn.-rj, 

where n 0 , n are unit vectors in the direction of incidence and of scatter- 
ing (i.e. 6, <f > ), respectively. This gives for the exchange amplitude 

2 ? tme 2 


9(0) 


h 2 




exp{i&(n 0 -r 2 — n-r 1 )}^ 0 (r 1 )^(r 2 ) dr^dr^. (18) 

In 


(2) Effect of exchange small compared with direct scattering 
this ease we may take on the right-hand side of (17) 

-^o(r 2 )— <? 0 ( r 2) = MrM 
and we have for the exchange amplitude 

m = J J 8JMrx,"-®WS(rMo<r i ) dr x dr 2 . (19) 


For helium similar formulae may be obtained. Since in this case only 
the antisymmetric al cross-section is required, it is possible to make a 
third approximation. The effect of electron exchange is to reduce the 
amplitude of the scattered wave so that, in a certain energy range 
where f(0) and g{6) are of comparable magnitude, we may replace 
F 0 — G 0 on the right-hand side of (17) by a plane wave, and obtain 

^ Soils' 77 ®)^o( r i> r 3)*Ao ( r 2> ** 3 ) dr x dr ^dr (20) 

Unfortunately we are not on very safe ground in doing this since, 
although the amplitude of the scattered wave is small at infinity, the 
deviations of F 0 — G 0 from the plane wave form may be important 
within the atom. 

In dealing with molecular hydrogen it will be assumed that the effect 
of the molecular binding is small and that we may represent the 
scattering to a sufficient approximation by calculating the terms f 0 and 
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g 0 for the atom, but using the symmetry relations appropriate to a 
two-electron system. 

Before considering the application of the formulae of this section we 
must first consider in greater detail the approximations involved. 

Referring to Chap. VIII, § 4.1, we see that the wave function 'F must 
satisfy the orthogonality relations 

/ {'F-J T 0 (r 1 )<A 0 (r 2 )}^(r 2 ) dr, = 0 

J {'i‘—G 0 (r 2 )tf, 0 (r 1 )}ip*(r 1 ) dr x = 0. (21) 

The approximate expressions for X Y do not satisfy these conditions, and 
consequently terms appear in the expressions for the scattered ampli- 
tudes which would vanish if exact formulae could be obtained. Thus 
in expressions (18), (19), and (20) the terms in l/r x should vanish. For 
sufficiently high velocities of impact these terms will be small; but for 
low velocities the errors introduced will be considerable. However, one 
cannot simply drop the terms in 1 jr x in the amplitude integrals, as the 
contribution from the remaining terms would also be different in an 
exact theory. In the absence of a better method it is advisable to 
retain the terms in l/r x as partially correcting for the inaccuracy in 
the remaining terms. Feenbergy has introduced a second method of 
attempting to correct for the non-orthogonality which may be more 
accurate. In this method, instead of substituting some such expression 
as gf 0 (r 2 ) for ^o( r 2 )~“^o( r 2 ) in ( 17 )> he takes 

3o( r 2) ^Ao( r 2) J SoC 1 *)^? ( r ) 

which is orthogonal to *Ao( r 2)* On substituting in (17) we obtain the 
equations (18) and (19) but with f — l«/ f o( r 2 ) 1 2 ^ r 2 place of l/r x . This 

J r 12 

method is partially justified by the fact that, if ^(r x )±6ro(r x ) is a solu- 
tion of the equation (12), then so also is i^(r x )±# 0 (r x )+c^ 0 ( r :L)* 

The approximation of neglecting the effect of the inelastically scat- 
tered waves is connected with the difficulty discussed above; but it will 
be serious at low velocities in other ways. Xo satisfactory theory has 
yet been developed to include the interaction of inelastically scattered 
waves, but a more accurate method of procedure would probably be 
to use the method of perturbed stationary state wave functions of 
Chap. VIII, § 3.3. 

t Phys. Rev., 40 (1932), 40, and 42 (1932), 17. See also Morse, Reviews of Modern 
Physics, 4 (1932), 577. 

3595.8 


X 
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9. Results of Calculation and Comparison with Experiment 
The evaluation of the exchange amplitudes for hydrogen and helium 
has been carried out by Massey and Mohr,f using the formulae (18), 
(19), and (20). For the detailed calculations the reader is referred to 
the original papers. The chief feature of the exchange terms is that 
they fall off much faster with increase of velocity of impact than those 
corresponding to direct scattering. Thus the effect is quite negligible 
for electrons with energies greater than 70 volts in hydrogen and 
helium. In order to discuss the effect at low velocities we expand the 
exchange amplitude in a series of harmonies in the form 

g(6) = 2 (e rs +ie is )P 3 (cos6). (22) 

The convergence of this series is very similar to that of the corresponding 
series for the directly scattered waves, which we write in the form 

f(8) = 2 (d rs +id is )P s ( cos 0). (23) 

S 

The scattered amplitude will then be of the form 

m-m = 2 [(d rs -e rs )+i{d is -~e is )]P s (cos 0). (24) 

For low velocities of impact it was pointed out in § 6 that only the 
terms d r0 , d i0 are important in / 0 , and so the resulting scattering would 
be independent of angle for voltages less than 15 volts in helium, and 
20 volts in hydrogen- This is in contradiction with experiment; we are 
now in a position to see that the introduction of exchange is capable 
of removing this difficulty. For high velocities of impact (greater than 
100 volts) the e rs , e is are all negligible; as the velocity decreases, the 
amplitudes e r0 , e i0 increase rapidly, and as they are of the same sign as 
d r Q 9 d i0 , this results in a considerable decrease in the zero-order term 
in (24). The first harmonic thus becomes appreciable, and the angular 
distribution non-uniform, as observed experimentally. 

The exact evaluation of the exchange effect is very difficult, the 
formulae (18), (19), (20) not being very accurate. Using these formulae 
Massey and Mohr J have, however, shown that marked deviations from 
uniformity should occur at voltages below 15 volts in helium and 5 volts 
in hydrogen, in agreement with experiment (cf. Fig. 22). It was also 
shown that the formulae are capable of giving the general form of the 
experimental curves. 

However, the formulae (18), (19), (20) predict too complete an inter- 

f Prpc. Roy. Roc., A, 132 (1931), 605; 136 (1931), 289; and 139 (1932), 187. 
t Ibid. 136 (1931), 289, and 139 (1932), 187. 
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ference of the two waves, resulting in the existence of a pronounced 
minimum in the theoretical cross-section velocity curves for both helium 
and hydrogen. This has been observed to a modified extent in hydrogen 
by Normand,f but not in helium. The curves are extremely sensitive 
to the phase factors tj s , and the appearance of the same phase factors 
in both direct and exchange amplitudes produces the very strong inter- 
ference. It is very probable that a small difference in the phase factors 
would greatly improve the theory.^ 

It is not quite clear at the time of writing why electron exchange is 
not more important in the scattering of electrons by heavy atoms. The 
close agreement obtained by use of Faxen and Holtsmark’s method 
would seem to indicate that the exchange effect is small in such cases. 
In this connexion it is of interest to note that Massey and Mohr§ found 
that exchange is relatively less important for helium than for hydrogen. 
It may be a general result that the heavier the atom the less the im- 
portance of exchange. It is conceivable also that the agreement 
obtained by Faxen and Holtsmark’s method is not really as complete 
a test as would be imagined at first sight. The cross-sections and 
angular distributions are determined by the size of the atoms, and this 
determines the magnitude and form of both the directly scattered and 
exchanged waves in much the same way. The experiments of Mohr 
and USTicollfl have shown how important the size of the atom is in deter- 
mining the diffraction effects. They find that the angular distributions 
of electrons which have excited the most probable level in mercury and 
in argon follow very closely the form of the angular distribution of the 
elastically scattered electrons, provided the energy loss is small com- 
pared with the incident energy. The closeness of the agreement will be 
clear by reference to Fig. 32, Chap. XI. Thus, despite the different 
nature of the scattering process, the diffraction effects are determined by 
the wave-length and size of the atom in both cases. It needs no yery 
great extrapolation of these results to make it possible that the effects 
of exchange and direct elastic scattering are almost indistinguishable for 
collisions with heavy atoms. However, we must leave this point un- 
decided until more accurate methods of treatment have been evolved. 
The effect of inelastic collisions must be included and a more accurate 
solution of the equations (9) obtained, allowing for the perturbation of 
the atomic field by the incident and outgoing waves. 

t Phys. Rev., 35 (1930), 1217. 

t It is also possible that considerable improvement would be effected by allowing for 
the effect of polarization (cf. § 10). § Loc. oit. 11 Doc. cit. 
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10. The Effect of Polarization 
So far we have neglected all consideration of the effect of the inelasti- 
cally scattered waves on the elastic scattering. At the time of writing 
this effect has not been considered quantitatively, but we may show 
that it will result in a more rapid variation of scattering with angle at 
small angles of scattering, and may thus be the explanation of the 
discrepancies observed at these angles in helium (cf. Chap. IX, § 3.1). 

Let us consider for simplicity the scattering of electrons by hydrogen 
atoms. Referring to Chap. VIII, § 1, we see that the function -F 0 ( r x ) 
describing the elastic scattering satisfies the equation 


(V»+*Wi) = ^ 2 F » o(ri) Fn{ri) ’ (25) 

n 


where 


^0 n 


1 J (±-^Mr*WAr 2 )cb 2 . 


It was also shown that, within the accuracy of Born's first approxima- 
tion. 




_ /* expfefcjrf- r 3 |) 

~~ J l r i — r 3 | 


exp(i/cn 0 T 3 )I^(r 3 ) dr 3 . (26) 


We now make the assumption that the velocity of the incident electrons 
is so high that k n Jc for all waves F n {T-j) of appreciable amplitude. 
With this assumption we obtain, on substitution in (25), the formula 


(V a +* 2 )F 0 (r x ) 

16t r 3 m 2 


j 


expftfclr-t— r 8 |) 


r,— r. 


oxp(^n 0 -r 3 ) 2 F n0 .(r 1 )F 0ft (r 3 ) dr 3 . (27) 


Now 


X F «o(ri)F 0n (r 3 ) = J V (r 2 , r 3 )F(r 2 , r x ) |^ 0 (r 2 ) | 2 dr 2 . 


(28) 


where 


'r(r a ,r 3 ) 


We thus obtain finally 
(V2+kZ)F 0 ( ri ) = - X 



(29) 


x JJ ~fr^-r 3 1 r3 '^ ex P(^ n oT 3 )F(r 3; r 3 )F(r 2 , r x ) |ft 0 (r t ) [ 2 dr 2 dr 3 . 

(30) 

The evaluation of this integral is extremely laborious for the high 
velocities at which it represents a good approximation, but we may 
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obtain an idea of the effect which it will have on the scattering as 
follows: 

For sufficiently high velocities the main contribution to the integral 
in (30) will arise from values of the vector r 3 in the neighbourhood of 
r x . We may then write approximately, for the right-hand side of (30), 

r,)JJ [F(r„ r,) ] , Sfe&L} | fel ,,) p ^ (31) 

To this approximation we may treat these terms as giving rise to an 
additional potential 

y - ^ JJ m 


Writing 
we have 


/ [r (r 2 , r 3 )] 2 (i/r 0 (r 2 ) | 2 dr 2 = {F 2 (r 3 )} 00 , 


In this calculation we have included the terms due to the elastic 
scattering on the right-hand side of (25); thus to obtain the polarization 
potential we must subtract the contribution from these terms. This 
may be easily shown to lead to the following final form for the polariza- 
tion potential 

j [{F2(r 3 )} 00 -{F 00 (r 3 )}2]?5PgfcpL> dr 3 . (34) 

Referring to the form (29) for F(r 2 , r 3 ), we see that this potential will 
have the asymptotic form 

V P ~-Cr x -* 9 

which is to be contrasted with the form of the undisturbed atomic 
potential, namely, y ^ __ Ce -Xr K 

As a consequence of the comparative slowness of the variation of Tj> 
with distance at large distances, the convergence of the series of 
scattered amplitudes of various orders due to this field will be very 
slow. Although each amplitude may be small, a large number of 
spherical harmonics will be required to represent the scattering. These 
harmonics will interfere very strongly at large angles of scattering, but 
will cohere to give a large amplitude at small angles. This will result 
in a more marked decrease of scattered intensity at small angles, in 
quantitative agreement with the experimental evidence (cf. Chap. IX, 
§ 3.1). 

The integration of (33) may be carried out without great difficulty; 
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it is then found that the effect begins to be important at about the 
correct velocity in helium, but, in view of the approximate nature of 
the method, exact agreement is not to be expected. 

Similar results were obtained by Distelf using the second approxima- 
tion in Dirac’s Method of Variation of Parameters. He found that the 
scattering due to polarization falls off as cosec 12 at large angles, 
whereas that due to the undisturbed atom falls off as cosec 4 J0 only. 

For low velocities of impact the only method which may be used to 
introduce a polarization correction is that described in Chap. VIII, 
§ 3.3, as the Method of Perturbed Stationary State Wave Functions. 
By using the formulae (55) of Chap. VIII, it may be shown that the 
polarization field has again the asymptotic form (34) and will result in 
producing excess scattering at small angles. Fef erring to Fig. 21, 
we notice that the curves calculated by Holtsmark’s method all pre- 
dict too small a scattering at small angles (less than 30°), and it seems 
that this must be due to the neglect of the effect of the polarization. 

t Zeits.f. Physik , 74 (1932), 785. 



XI 

INELASTIC COLLISIONS OF ELECTRONS WITH ATOMS 

We limit ourselves in this chapter, except where otherwise stated, to 
the case of fast electrons ( v <= 2 jh ) ; the first Bom approximation is 
then sufficient. This introduces sufficient simplification to enable the 
calculation of the stopping-power of any material, the probability of 
ionization of an inner level of an atom, etc., to be carried out with 
sufficient accuracy to make possible a comparison with experiment. We 
shall first consider in some detail the case of inelastic collisions with 
hydrogen and helium atoms. It will then be found possible to generalize 
the results obtained for these simple cases to more complicated atoms. 

1 . General Formulae 

Consider the collision of an electron with an atom in which the atom 
is raised from the state m to state n by the impact. If JEJ m , E n are the 
energies of the two atomic states and v , v mn the initial and final velo- 
cities of the colliding electron, we have 

% m (v 2 — = E n —E m . ( 1 ) 

It was shown in Chapter VIII that, within the range of validity of the 
first approximation of Born's theory, the differential cross-section 
corresponding to the collision is given by 

d <*> 

^ h -f\ I I 'dco, (2) 

where JchnJ 2tt 3 Ic mn JinJZir are the initial and final momentum vectors 
of the colhding electron, and i jj m , ip n are the initial and final atomic 
wave functions of the atom. The interaction energy V is the Coulomb 
interaction between the incident and atomic electrons, e 2 / |r — R|.f 
We note that the probability of a transition from one state to another 
of a different term system (such as a singlet -triplet transition in helium) 
is zero to this approximation, since the perturbing potential V is sym- 
metrical in the coordinates of the atomic electrons, whereas the wave 
functions ip n , ift m will have different symmetry properties. The integral 
in (2) will therefore vanish. This result is in agreement with experi- 
ment for fast collisions, but not for slow collisions. The discrepancy 

t The effect of the Coulomb interaction between the incident electron and, the atomic-, 
nucleus vanishes on account of the orthogonal properties of the atomic wave functions ^ 
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is due to neglect of electron exchange, as is explained in § 5 of this 
chapter. 

If the colliding electron ionizes the atom, the state n will lie in the 
continuous spectrum. We distinguish a level of the continuous spectrum 
by a quantity k related to the energy of the level by the formula 

E k = K 2 h 2 J&7r 2 m. (3) 

The normalization of continuous wave functions is discussed in Chap. 
XIV, § 2.3. We normalize in such a way that the differential cross- 
section given by (2), multiplied by dt<, corresponds to a range of energy 
such that k lies between k and /c-j-d/c; we must thus have 

/ WiO'Mr) dr = S(k-k'). (4) 

0 

The differential cross-section corresponding to the excitation of a set 
of continuous energy-levels lying between k and k+cZk is then given by 

= | I | Fexp{i(^ mJC ni— Jcn 0 )-R}^*ip m drdR t d*. (5) 


1.1. Introduction of Momentum Variables. 

For most purposes it is convenient to change from angular to momen- 
tum variables. The vector 

(kmn n i &n 0 )&/27T 


is the change of momentum of the incident electron. If we choose the 
axis of a system of polar coordinates along this vector, we have*)* 

ex P{^(^mn n i — &n 0 ) *R} = exp (iKX), (6) 


where 


K = \Tc mn n x —kn 0 \ 


= ^k mn cos 6)K (7) 

The scalar K denotes the magnitude of the momentum change when 
an electron is scattered through an angle 6. Since 


K dK = hh mn sin 6 dd , 


we have, for the cross-section for momentum change between K and 
K-^dK, 


l m n(K) dK = 


87r 3 m 2 dK 
~W~KW 


JJ y^Kx^* drdR 


( 8 ) 


This expression for I mn (K) may be simplified by performing the integra- 
tion over the coordinates of the colliding electron. Let the Z atomic 


1* Compare Chap. VII, § I. We write X. in place of Z to avoid confusion, with the 
effective nuclear charge Z. 
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electrons be denoted by suffixes 1, 2,..., Z. Then 

r piKX 

y e iKX = _f dR. 

J |R-r s ] 

Making use of the formulaf 



f exp(£2£h-r') 

dr' = ^Ze iKar , 


J l r — r'| 

K 2 

we have 

J Ve iKX dR = 

8 = 1 


Substituting in (8), we then obtain finally 


( 9 ) 


where 


J (K\dK — 1287rBm2e!t dK \ r (T7-\\2 

1c 2 hJ^ K? ' i 3 


* mn {K) = *f J e<K*‘<p m +*dr. 
8 = 1 


( 10 ) 

(11) 


The effective cross-section corresponding to the mn transition will be 
obtained by integrating the differential cross-section (10) between the 
limits of allowed momentum change, i.e. 

^■mar 


Qmn(k) = J lmn(K) dE. 


( 12 ) 


In view of their importance in the following sections we will examine 
these limits for the particular case of fast electrons. It is easily seen that 


■^ m lr> == ^ 

and that, as a consequence of the energetic relation (1) 

= %n+87r 2 mft-^ m )/A 2 . 

For the case of fast collisions we have, then, 

h mn ~ Jc—^miE^E^/kh 2 , 


and so 


k+kmn ^ 

k—k mn cz 4:7r 2 m(E n —E m )Jh 2 Jc . 


(13) 


2. Calculation of Differential Cross-sections for Hydrogen and 
Helium. Angular Distributions of Inelastically Scattered 
Electrons 

2.1. Excitation of Discrete Levels. 

To calculate the differential cross-section I mn (K) dK we require the 
wave functions of the states m, n. In all cases we suppose the initial 
f Bethe, Ann. der Phys., 5 (1930), 325. 


3595.8 
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level to be the ground state, for which we use the suffix 0. Also we 
write h n for k 0n . The wave functions for the ground states} are 


</r 0 = (w^-jg-rjao for hydrogen, 

= Z 3 (? T al)- 1 e- Z( ' r i +r * )la ° for helium, with Z — 1*69. (14) 

For the higher states of hydrogen-like atoms the wave functions ift nlm 
take the form} 

= N nlm rl g-jpf(cos Q x )e±*™h, 


02 1 

^ = r=( 2Z +i) 


Al—m)\(n—l— 1)! / Z \ M + 3 


-V 

V 


{l-\-m)\{{n+l)^ s \naj ’ ^ 

where Z is the nuclear charge; for helium it is necessary to make certain 
approximations, as in the case of the ground state. It has been shown 
by Eckart§ that a good approximation to the wave function of an 
excited state of helium (other than an S state) is obtained by taking 
a symmetrical combination of the product of two wave functions, one 
representing the ground state of an electron in the field of a charge 2, 
the other the excited state of an electron in the field of a charge l.|| 


for the wave function of a single electron in the nlm state in the field 
of a charge Ze, we may take, as a sufficiently good approximation for 
the wave function of an excited singlet state of helium, the form 

2_i { < /'o( 2 l» , l)'A«Zm(ll>'2)+>Ao( 2 l»'2)^»(m(l|^i)}, (16) 

the two electrons being distinguished by the numerals 1, 2. 

On substitution of the wave functions (16), (15), and (14) in the 
expression (10) for the differential cross-section, we see that 

ejUm (K) = a J UW)4>1a m {Z'\r')e^dr’, 

a = l, Z — Z' = \ for hydrogen, 

a = 2^, Z ~ 1*69, Z' = 1 for helium. 

The value of this integral may be calculated}} for all nlm , and we 


t Cf. Chap. IX, § 3. 

t So rom erfeld, Introduction to Wave Mechanics , p. 59. 

§ Phys . Bev., 36 (1930), 878. 

1J For S states a more complicated -wave function must be used. See Massey and 
Mohr, Proc . Boy. Soc. t A, 140 (1933), 613. 

ft Massey and Mohr, Proc. Boy. jSoc A, 132 (1931), 605. 



XI, §2 DIFFERENTIAL CROSS-SECTIONS 163 

find that 

e nlm {K) = 2^+3^+i(2Z+l)i-Z4(Z+l)!{(»-Z-l)!}i{ ( n+Z)!}-^ X 

X D«+4r>}ce?,_,(*) - 

l) 2 +4^}i{( w ^ + i)2 + 4^}iC'J+ 2 z _ 2 (^)+ 

+ (»^— l){(n.Z+l) 2 +4^ a }CJ+?j_ 8 (a:)] 3 (17) 

where 

a? = (?i 2 Z 2 — 1 + 4£ 2 )*[{(™Z+1)^^ 

£ == . ( 18 ) 
The coefficients Cl are defined in terms of the expansion 

(1 — 2ut+u*)~ v = 2 C%(t)u*. 

s - 0 

The expressions for these coefficients for $ = 0, 1, 2, 3 are 

Cl(x) =1, Cl{x) = 2v#, <?£(#) = v{(2v+l)# 2 — 1}, 

0S(®) = 2v(v+ 1){| (v+2)^^}. (19) 

In order to examine the general features of the formulae we will 
consider the 2 and 3 quantum levels only. In Fig. 25 the angular dis- 
tributions of electrons of 200 electron volts incident energy scattered 
after exciting various quantum levels of helium are shown. For pur- 
poses of comparison the distributions corresponding to elastic scattering 
are given. It is clear from these figures that: 

(а) The excitation of the optically allowed levels takes place with 
much greater probability than that of the optically disallowed. 

(б) The probability falls off very rapidly -with increase in the angle 
of scattering. At small angles the excitation of the 2 X P level takes 
place with greater probability than an elastic collision, but the reverse 
is the case at large angles. 

(c) The inelastic scattering is negligible when 

Ka 0 > Z . 

The reason for this is clearly seen by reference to the formulae (17), 
(18), (19), which show that, when 1 Ka 0 ^> Z, the excitation probability 
falls off as A:- 12 , for S, P, D states respectively. Since Ze 2 /a Q 

is the ionization potential of the atom, we may say that the differential 
cross-section is negligible when 

K>VJe\ 
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Vi being the ionization potential of the atom concerned. This result 
may be generalized immediately for any atom. 

In Table I the values of 2vl 0n (d) are given, for various velocities of 
impact and angles of scattering, for a number of inelastic collisions in 



.Fig. 25. Angular distribution of electrons of 200 volts incident energy scattered 
by helium atoms after exciting various levels. 

K z is given for the 2 l P transition also in atomic units. 


helium. It is unlikely, on theoretical grounds, that the formulae ob- 
tained by tbe use of the first approximation of Born’s theory can be 
regarded as very accurate, even for impacts of 200-volt electrons; but 
comparison with the available experimental material shows that good 
general agreement is obtained. 

Experiments in helium have been carried out by Eymond and 
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Cross-section (2irI(Q)) in Units of ?ra§. 
Angle of Scattering . 


State Excited. 

0° 

5° 

10° 

0 

O 

30° 

0 

© 

100 volts 

0-99 

0*98 

0*92 

0*79 

0*61 

0*45 

PS 200 „ 

0-99 

0*97 

0*88 

0*65 

0*41 

0-25 

400 „ 

0-99 

0*95 

0*77 

0-45 

0-22 

0-10 

100 volts 

0126 

0*120 

0*086 

0*049 

0-020 

0*0063 

&S 200 „ 

0-155 

0*126 

0-086 

0*024 

0*0039 

0-068 

400 „ 

0166 

0*120 

0*057 

0*0051 

0*086 

3 

0-03 

4 

100 volts 

7*8 

4-4 

1-78 

0-32 

0*056 

0-013 

2 200 „ 

17*7 

4*5 

0*99 

0*068 

0*0088 

0*07 

400 „ 

39 

2-6 

0-33 

0-009 

0*0003 

002 

3 

100 volts 

1*84 

1*20 

0*45 

0-103 

0-021 

0*0043 

3 iP 200 „ 

4*5 

1-33 

0*24 

0*027 

0-0025 

0*028 

3 

400 „ 

9*7 

0-81 

0*084 

0-0035 

0-014 

3 

0*08 

5 

100 volts 

0*0109 

0*0098 

0*0070 

0-0028 

0-07 

3 

0*014 

3 

3*D 200 „ 

0*0132 

0*010 

0*0052 

0-086 

3 

0*08 

4 

0*07 

& 

400 „ 

0*0142 

0*0094 

0-0023 

0*011 

3 

0-03 

5 

0*01 

6 

100 volts 

0*68 

0*46 

0*215 

0*043 

0*0092 

0*0020 

4*P 200 „ 

1*71 

0*52 

0-131 

0*011 

0*0012 

0-013 

3 

400 „ 

3*7 

0*33 

0*048 

0*0015 

0*06 

4 

0*04 

5 


Wat soar j* using 200-volt electrons, by McMillenJ using 100-volt 
electrons, and by Mohr and Niqo11§ using 54-, 83-, 120-, and 196-volt 
electrons. The observed angular distributions of electrons which have 
excited the 2P level agree well with the theoretical, as may be seen by 
reference to Fig. 26, in which the comparison is made. For the collisions 
of the lower velocity electrons (less than 80 volts) the agreement is 
not good at large angles of scattering, but this failure is to be expected 
(cf . § 5.2). Comparison of theoretical|| and observedff results for electrons 

t Free. Boy. Soc. t A, 122 (1929), 571. 

t Phys . Rev., 36 (1930), 1034. 

§ Proc . Boy. Soc ., A, 138 (1932), 229. 

|| Detailed calculations for atomic hydrogen have been carried out by Elsasser (Zeits . 
f. Physik. 45 (1926) 522), Bethe (Ann. der Phys. h (1930), 325), and Goldstein (TMses, 
Paris, (1932)). 

ft HarnweU, Phys. Rev., 34 (1929), 661 ; Hughes and McMillen, Phys. Rev ., 41 (1932), 
39; Mohr and Nicoll, Proc. Roy. Soc., A, 138 (1932), 469. 
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scattered inelastically in hydrogen reveals the same behaviour. (The 
theory refers to atomic hydrogen, the experiments to the molecule, but 
at the velocities concerned little difference in behaviour of the two is 
to be expected, as shown in Chapter XII.) 

The observed relative magnitudes of the inelastic and elastic scatter- 
ing probabilities also agree quite well with the calculated values. It has 
not yet proved possible to observe electrons which have excited optically 



Fig. 26. Angular distributions of electrons scattered inelastically by helium 

atoms. 

forbidden transitions in helium or hydrogen, which shows that the 
intensity of such excitation is small. Experiments conducted by Whid- 
dington and Hobertsf and by van Atta,J in which only non-deviated 
electrons were examined, exhibit this result very clearly. In Eig. 27 an 
experimental velocity distribution curve of non-deviated electrons of 
200 volts incident velocity through helium is illustrated. Electrons 
which have excited the 2 x j P, 3 X P, and 41P levels can be distinguished 
clearly, but no other inelastically scattered electrons (except those 
which have made ionizing collisions) can be detected. The relative 
intensities of excitation of the various P levels is also in good agree- 

t Proc. Leeds Phil . Soc., 2 (1931), 201. 

Z Phya. Pev., 38 (1931), 876. 
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ment with theory. In van Atta’s measurements only electrons scattered 
between angles of 0° and 1° 40' were collected, and the observed varia- 
tion of intensity with velocity of electrons which have excited the 2 X P 
level is in agreement with that given in Table I, a steady increase of 
intensity with velocity being observed. 



Energy in arbitrary units 

Fig. 27. Velocity analysis of non-deviated electrons of 120 volts incident energy 

scattered by helium atoms. 

We find, then, a close agreement between theory and experiment 
when this is to be expected. Further comparison with experiment will 
be discussed in § 3 in connexion with the calculation of total cross- 
sections. We must now consider the calculation of the differential 
cross-sections corresponding to the excitation of levels in the continuous 
spectrum (i.e. to ionization of the atom). 

2.2. Excitation of Continuous Levels . Ionization . 

In any experiment in which ionizing collisions are investigated it is 
impossible to distinguish between scattered and ejected electrons. If 
electrons having a de fini te energy E' sure measured after the collision, 
these will be composed, not only of electrons scattered after losing 
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energy E—E but also of electrons ejected from the atom with energy 
E\ E being the energy of the incident electron. In order to compare 
the results of experiment with observation it is, in general, necessary to 
allow for the interference of the two sets of electron waves, f but under 
certain conditions this interference may be small and we may apply an 
approximate theory which does not take account of the interference. 
For the calculation of the probability of ionization by electrons of a given 
velocity, the inclusion of interference effects does not alter the result, so 
we will simply develop the theory without taking such effects into 
account. We will see later the conditions under which the interference 
may be neglected in discussing angular and velocity distributions of 
the electrons. 

For hydrogen the wave function corresponding to a state k of the 
continuous spectrum in which the electron is moving in the direction 
with polar angles ( x , 4*) * n th© field °f a charge Ze is given by% 

CO * 

— ( — V ® — — f u~ in e~ u I 0 {2(i/<£u) i } du, 

27r \1 — e~ 27Tn ) T(1 — m)J 01 k ' S 

o 

£ = r(l+cos0), 

cos 0 = cos# cos x -f- sin^sinx c °s(^— ^), 

and n = Z/kci 0 . (20) 

For hydrogen we take Z = 1 in (20); it is difficult to obtain a satis- 
factory wave function for helium. A rough approximation is to take 
the wave function of the excited electron as hydrogenic in form and 
corresponding to a nuclear charge 1*69 (the effective nuclear charge of 
the ground state). This function has the merit of being orthogonal 
to the ground state wave function: in any case the error made will 
probably not be great for the high velocities of impact for which Bom’s 
first approximation is valid. 

Using these wave functions in the formula (10), we find for the 
differential cross-section corresponding to ejection of the atomic elec- 
tron with energy E K in the direction (x, 4) relative to the direction of 
incidence of the exciting electron, into the cone of solid angle dar, the 
incident electron being scattered in the direction into the cone of 

t Cf. Chap. VIII, § 4.3. 

t S ommerf eld, A.nn. der Physik, II (1931), 257. The normalization is such that tftZ 
represents an. outgoing plane wave together with an outgoing spherical wave, (Cf . 
Chap. XIV, § 2.3.) 


= 

where 
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solid angle dcu, the expression*}* 

I K {0, <f>;x,*ft) dodoodtc = G{K 4 — 2K z k cos 8 + (/c 2 +^ 2 )cos 2 S) X 
x{/*H-(i£ 2 ~K 2 )H-4/x 2 (iT 2 +,^^ 

X exp[—2 [a/k arctan{2/x/c/ (k 2 — K 2 — /z 2 )}] dadcodtc , (21) 

where S is the angle between the vector Icn 0 — h K n x (the change of 
momentum of the incident electron) and the direction (x, 4 s ) > P — 
and G is a constant independent of the angles of ejection and of 
scattering. 

We note that the expression (21) is a maximum when 8 — 0, corre- 
sponding to the conservation of momentum in the collision between the 
incident and atomic electrons. To obtain the angular distribution of 
the ejected electrons it is necessary to integrate (21) over all angles of 
scattering of the colliding electron. This can only be done numerically. 
Two typical angular distributions are illustrated in Fig. 28. The maxima 
are given by the condition 

& 2 +* 2 — 2Tck cos x — 

which corresponds to the conservation of momentum. 

The integration over all angles of ejection may be carried out ana- 
lytically; we obtain 


I K {0, <f>) dcodfc 


X exp | 


2 1 ^7T 4c m 2 €^1C K K /Lt 6 {^T 2 + ^(/X 2 +/C 2 )} 


WhK* 


s X 


2(jl 


-arctan , 


{/x 4 + (KZ—k^+I^Kk } 3 ' 

2f£K ,j (1 — e-^ K )- x dcodK. (22) 


In Fig. 28 two angular distributions of scattered electrons are illustrated, 
calculated from this formula, while in Fig. 29 a number of curves are 
given in terms of the change of momentum K as variable. From these 
curves we note: 

(a) For small velocities of ejection of the atomic electron the angular 
distribution of the scattered electron falls off uniformly with angle, just 
as for the discrete excitations. 

(b) For higher velocities of ejection of the atomic electron the angular 
distribution has a sharp maximum at the point where 

K 2 = /c 2 , (23) 

corresponding to the conservation of momentum in the collision between 
the atomic and incident electron. 

(c) The probability falls off rapidly for large values of K. 


f Massey and Mohr, Proc. Boy . Soc A. 140 (1933) 613. 
z 


3595.8 
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2.21. Velocity Distribution of Ejected Electrons. 

The velocity distribution of the ejected electrons will be obtained by 
integrating the expression (22) over all angles of scattering. This may 
be carried out numerically. In Tig. 30 a number of velocity distribu- 
tions are illustrated. Tor ionization by electrons of incident energies 
greater than 100 volts the probability of ejection rises rapidly to a 



Fig. 28. Angular distributions of scattered and ejected electrons corresponding 
to electrons of 200 volts incident energy. 


maximum for low velocities of ejection and falls off quite rapidly with 
increasing velocity. 

As a consequence of the strong asymmetry of the velocity distribution 
curve for the ejected electrons, we see that interference should only 
become important for electrons of intermediate velocity. The general 
form of the resultant distribution is as shown in the inset of Mg. 30 by 
the dotted line. The observations of Tate and Palmer*)' provide a 
qualitative confirmation of this result. 


f Phya. Rev., 40 (1932), 731. 




K~(k a +K a -zkK cos 9)^ 2 

Fig. 29-3 Angular distribution of electrons scattered after ionizing a helium atom. 


Incident electron. 

A h * 4-7 (300 volts) 
7c * 4*7 (300 volts) 
C fc = 5*9 (472 volts) 
D 7c = 4-7 (300 volts) 


Ejected electron . 
k = o-5 (2*5 volts) 
AT « 2*0 (55 volts) 
/c = 3-0 (122 volts) 
a: = 10 (14 volts) 



Fig. 30. Velocity distribution of ejected electrons resulting from io nizing 
collisions with hydrogen atoms. 

Numbers denote voltage of incident electrons. 
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We are now in a position to examine the conditions under which 
interference may be neglected in discussing the angular distributions. 
From Fig. 30 it appears that the electrons with low energy should have 
angular distributions comparable with that calculated from (21) for the 
ejected electrons, while those with high energy should have angular 
distributions of the form given by (22) for the scattered electrons. 
Electrons of intermediate velocity should have angular distributions 
showing marked interference effects. There is little experimental evi- 
dence on this subject, but Tate and Palmer (loc. cit.) have shown that 
in mercury vapour the angular distribution of the faster electrons 
resulting from an ionizing collision (the 'scattered 5 electrons) is very 
similar to that of electrons resulting from the excitation of discrete 
levels, i.e. falling off very rapidly with angle of scattering. This is in 
agreement with the calculated form of curve illustrated in Fig. 28. For 
the group of slow electrons they find a comparatively small variation 
of intensity with angle ; this would be expected from the form of the 
curves in Fig. 28 for the ejected electrons when allowance is made for 
the fact that in the experiments the collected electrons were not homo- 
geneous, but had a voltage range of 30 volts, which would smooth 
out any maxima which might have appeared. ISTo definite experimental 
evidence as to interference effects has yet been obtained. 

2.3. Angular Distribution of the Aggregate of Inelastically Scattered 
Electrons. 

2.31. Hydrogen Atoms. Formula (10) gives us the differential cross- 
section corresponding to a given final state n. If the hydrogen atom 
is initially in the ground state, we have, summing over all possible 
states, 

dK = 2 | / eiKX *° ^ dT l dK - {24) 

How, if we expand *p 0 e iKx in a series of atomic wave functions, we obtain 
e iKx ifi 0 = 2 fn / e- iKx <Po <A* dr, 

and similarly e~ iKx ifj% = 2 f i[t n dr. 

Multiplying these equations together, we obtain 

I'/'oI 2 = I X fin f e iKx >Po '/'% dT f ■ 

1 n J 1 

Integrating both sides of this equation over all space, we obtain, by 
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virtue of the orthogonal properties of the wave functions tfs n , 


1 = |/ e iKx \>Po\ 2 drf + | | / >/,* dr\\ 

Substituting in (24) then gives 


2 I 0n (K) dK = 
0 


1287T 5 m 2 e 4 dK 
h*k z K s 


[1-{F(F:)} 2 ], 


(25) 


where F is the atomic scattering factor [see Chap. VII, § 1, eq. (9)] for 
the hydrogen atom, given by 

F(K) = j e iK *\if, 0 \ 2 dr. 

= (i +prx 2 )- 2 - 

The condition of validity of this formula is that no appreciable con- 
tribution to the sum (24) arises from transitions 0 n which are not 
energetically possible. For this to be so, K must be greater than the 
minimum momentum change for a transition to the highest state with 
appreciable excitation probability; i.e. if E K is the energy of this state, 
we must have, using the expression (13) for iT min , 

K > 4crr 2 m(E K — E 0 ) I hh 2 ‘. 

The excitation probability falls off rapidly with increasing E K and can 
certainly be taken as small when 


E k > — 4i£ 0 . 

The condition of validity of the formula (25) is then roughly that 

K > 207r 2 m | Eq \IJ ch 2 . 

If the energy of the incident electron is great compared with the 
excitation energy of the state of the atom excited, we have 

K 2 = (2fc a — A|)(l-cos0 )— \ ^§cos0+..., 

T MV 


where 


AH 


87T 2 »J 

~nr 


{E n -E 0 ). 


For all angles 9 which satisfy 



(26) 


we have, therefore, K = 2 ksini0, k n ~Jc. (27) 

This result is independent of n and may be used provided E E n — E 0 , 
i.e. for small angle collisions. For large angle collisions we make use 
of the fact that the momentum of the secondary electron ejected is 
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approximately equal to 
tron is 
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K, so the energy lost by the incident elec- 


8t r 2 rn 


Jl 2 


K 2 


= 44 (k 2 +7c 2 K —2kk K cos 0). 


But 




87 r 2 m 


{W-kD, 


so iT — 1c sin 6, 7c K — 7c cos 6. (28) 

These formulae are identical with (27) when 0 is small, and so we may 
use (28) for all 0 satisfying (26). 

As (28) shows that K and 7c K are independent of the excitation energy, 

we may immediately convert the sum (25) for a fixed momentum change 

to a sum at a fixed angle of scattering by using the relation 

K dK = 7cJc n sin 0 dd . 

in connexion with (28). This gives 

o x' r fa\ • a a a 1287r 5 m 2 e 4 cos 0 [ 1 1 

Zrr^.I 0n {e)s,m.O de — hiki sin 30^1 (i + p 2 a 2 sin 2 0)4 J 

which is to be compared with formula (9) of Chapter IX for the elastic 
scattering 

o r/a\ * a 12877 5 m 2 € 4 a£ (8+47c 2 a§sin 2 J0) 2 . Q ™ 

27r/(0)sin0 d$ = — 5 7 , - 7 - 7,0 o . dO. 

K f h* (4:-{-4Jc 2 a% sm 2 -J0) 4 

For small angles of scattering [but still satisfying (26)] we have 

= cot 6. 


d9 


1 ( 0 ) 


(29) 


Hence the inelastic scattering at small angles considerably exceeds the 
elastic. 

At large angles 

0 vr 1287 r B m 2 e* , Q 

— cosec 4 0, 

which is the Kutherford formula for scattering of one electron by another. 
We must correct this formula to include the interference of the scattered 
and ejected electrons. Using the formula (26) of Chapter V when e 2 Jhv is 
small we obtain 

277 2 -^O 7 t( 0 ) sil1 0 dd = - 128 7 ^ 7 ^ 6 sin 0 cos 0(cosec 4 0^cosec 2 0 sec 2 0-f~sec 4 0) 


Jc*h* 

6477 5 m 2 e 4 4 — 3sin 2 20 
~~k% r 


dd. 


(30) 
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This is to he compared with the corresponding formula for the elastic 


scattering 


277/(0)sin0 dd 


1 67 r 5 m 2 e 4 cos -|0 


From formulae (29) and (30) we see that inelastic scattering pre- 
dominates near 0° and 90° but may become smaller than the elastic at 
intermediate angles. 


2.32. Generalization for Complex Atoms. In order to obtain approxi- 
mate results for complicated atoms, we approximate to the wave 
functions by taking them as sums of products of hydrogen-like wave 
functions for the single electrons, the sum having the correct symmetry. 
The results obtained for hydrogen atoms can then be taken over to 
apply to complex atoms; we must, however, subtract the contributions 
made by the forbidden transitions from, say, the If -level to an occupied 
state in the L- level. We consider the probability of a transition from 
the nl shell of an atom to the n'V shell. The differential cross-section 
corresponding to this will be 


Ira,n?(K) dK = 


1287 r 5 m 2 e 4 dK 
W K 3 


IWrWI 2 - 


(31) 


If there are Z ni electrons in the nl shell, Z nl of which have spins in one 
direction, Z nl in the other, we have . 


I nl , nr {K) dK = 


128t dK ^ 

k 3 x 


X {Z n iWni,n'i'(K) I 2 — contribution from excluded transitions}. ( 32 ) 


Here € f nl nT (K) refers to the single electron wave functions and is given by 


m-l 


Kt»r(*)l a = 


2Z+1 


1* 

I *Pnlm. 

7 * 


m=— Z 


dr 


12 


(33) 


the summation being necessary in order to allow for the degeneracy in 
the magnetic quantum number. It is now easy to see that, since there 
can be no reversal of spin in the transition, the contribution from 
excluded transitions is simply 


21 ' 1 ^ Ul Wnl>nT (K) I 2 * 
^rd — +ZniZ nr ) = Cnl,nT> 


If we write 


(34) 
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we have then 
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T / T7"\ 77" 1 28'77^772'^f ^ cL-K. y i / / rr» ig 

-*-riL,nT\-&-) d-K- — ^2^4 JpT SwZ,tiT l € ? 2 i,?iTV-"" ) I • 


(35) 


Applying this result to the aggregate of inelastic collisions with a com- 
plex atom, we obtain 

1 1 W(*) ^ 1 (2*+D^W- 

-2 2 2 2 I J >Pni m >Pnr m ^ dr\ 2 }, (36) 

being the E-factor corresponding to the nl shell. By means of this 
formula the form of the angular distribution of the aggregate of in- 
elastic collisions may be obtained just as in § 2.31, and similar results 
are arrived at. 

3. Total Collision Cross-sections 

3.1. Excitation of Discrete Optical Levels . 

The total cross-section corresponding to the excitation of the nth 
quantum state of a given atom from the ground state is given by 

-Kioax 

/ I 0n (E) dK. (37) 

The limits of integration have been given in equations (13). In order 
to evaluate this integral approximately, we observe (cf. Tig. 25 and 
Table 1) that I 0n {K) becomes very small for such values of K that 

K 2 > K 2 , (38) 

where K% = S7T 2 m\E 0 \/h 2 . 

When this condition is not satisfied we may expand I 0n (K) in powers 
of K . We have, from equation (10), 

12877 5 m 2 £ 4 dK\ 

k 2 h± K 3 1 

Expanding the exponential, we obtain 

I 0n {K) dK = g{^I^J 3 +i^l(^)oJ a +-} 5 (39) 

where x 0n , (x 2 ) (Mll ... are the matrix elements of x,x 2 ,..., so that 

( xS )on — J *V 0 #t dr - 

The expansion (39) is valid provided the condition (38) is not satisfied. 


I 0n (K) dK 


:| J e iKx tfj 0 if/* dr\\ 
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When (38) is satisfied, I 0n {K) is very small and may be neglected. We 
may then write 

STo 

•K VnSn 


For a transition which, is optically allowed the first term will not vanish 
and will he much the largest for fast electrons. Carrying out the 
integration and using the approximate expression (13) for we 

obtain 


0 ~ 647T 6 m 2 e 4 

^On — £2^4 l X < 


, . 2mv 2 
0n ' ° g E n -E 0 ' 


(40) 


If the transition considered is associated with a quadrupole moment 
but no dipole moment, we obtain similarly 

128ffWl '* \*\E 0 \. 


Qo 




l(* 2 )o 


(41) 


We notice, then, that owing to the logarithmic term, the cross-sections 
corresponding to the excitation of optically allowed levels should fall 
off more slowly with increasing velocity of impact than those corre- 
sponding to optically forbidden transitions. Experimental evidence on 
this point is very meagre. Some evidence is obtained from the measure- 
ment of the excitation functions of various spectral lines. This method 
has been mentioned in Chapter IX. However, the results of the most 
recent experiments carried out by Leesf and by ThiemeJ in helium do 
not indicate any noticeable differences in behaviour between S, P, and 
D levels with regard to variation of excitation probability with velocity 
at high velocities. 

A further consequence of the formula (40) is that, as. the velocity of 
impact increases, a greater proportion of the collisions are inelastic, since 
the cross-section for elastic scattering decreases as v~ 2 for high velocities 
[see Chap. IX, (10)]. This effect is clearly shown in Table IV of this 
chapter. 

In Table II a number of values of excitation cross-sections for helium 
calculated by exact integration of the expression (18) are given with 
the elastic cross-section for comparison. The observed values given 
for the sum of the elastic and discrete excitation cross-sections are 
obtained by subtracting the observed ionization probabilities (com- 
pared with those calculated in § 3.3) measured by Smith, § from the total 
cross-sections measured by Normand.[| The agreement at 200 volts is 


t Proc. Roy . Soc ., A, 137 (1932), 173. $ Zeita. /. PhysiJc , 78 (1932), 412. 

§ Phya . Rev., 36 (1930), 1293. II Ibid. 35 (1930), 1217. 
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TABLE II 

Cross-sections in units of wa®. 
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Electron 

Energy 

State Excited. 


Ob- 

in volts . 

Elastic. 2 1 S 2 X P S X P Z X D 4*P 4*D 4 l i W 5 X P 

Sum. 

served . 

100 

0-375 0-0084 0-107 0-031 0-053 0-012 0-027 0-040 0-0063 

3 3 5 

0*538 

0-67 

200 

0*205 0*0047 0-069 0-021 0-028 0-009 0-015 0*020 0-0046 

3 3 5 

0*313 

0*31 

400 

0*107 0-0025 0-047 0*013 0-025 0-006 0*08 0*010 0-0034 

3 4 5 

0*178 

— 


very satisfactory, but it appears that Bom’s approximation begins to 
fail for electrons with energies less than about 150 volts. 

The comparison of relative values for the different transitions with 
the values obtained from optical experiments is discussed in § 5.2 in 
connexion with the excitation of triplet levels. 

3.2. Excitation of X-ray s . 

In collisions with complex atoms an electron may be ejected from 
an inner shell, with subsequent X-ray emission. It is thus of con- 
siderable interest to obtain approximate expressions for the probability 
of such inner-shell ionization. We require to sum the probabilities of 
all the possible transitions from the inner shell concerned. 

Tor ionization of the nl level we require, then, 


yi^ v {K)dK 

n'V 


1287 r 5 m 2 € 4 dK ^ Y , irr ^ 

Wh£ K* *m,nT \ € 7a t nT\ J ^ ) I • 


(42) 


The total cross-section corresponding to this ionization, which we denote 
by Qh, is then given by 


XT max 



and we may approximate to the value of this integral in the same way 
as in the preceding section for optical levels. In this way we find 

<Ki = 1 (44) 

where B nl is of the order of the energy of ionization of the nl shell and 
%ni is one-third of the mean square radius of the nl shell. Tor outer 
shells the terms 2 \ x ni,n'r \ 2 are small, and the probability of ionization 

n'V 

of the shell is nearly proportional to the mean square radius of the shell, 
but for inner shells the intensity of forbidden transitions becomes 
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important. Bethef has carried out further approximations by 
the atomic wave functions to be of hydrogen-like form with effective 
nuclear charge Z ea . With this assumption he finds, for those inner shells 
from which the most important discrete transitions are forbidden, 

xh— X \ x m,nT 1 2 = 0-2 — 0-6n 2 afJZl a . (45) 


As the energy E nl of the nl shell is 


we have finally 


E. 


nl ' 


- 2?T 2 m€ 4 Z| fE /w 2 & 2 , 




Z-rre^Zni , 
mv*\E nl \ "* 


lo g( 


2mv 2 \ 

~B^r 


(46) 


where b nl is between 0*2 and 0*6 for inner shells, and of the order n 2 
for outer shells. 

Experimental evidence as to the correctness of the formula (46) is 
not yet available. All investigations of the variation of the intensity 
of characteristic X-ray lines with the energy of the bombarding elec- 
trons have been carried out with thick targets, and complicated cor- 
rections must be applied to reduce the observations to the corresponding 
values for thin targets. A detailed investigation of these corrections has 
been carried out by Webster, Clark, and Hansen, J who applied their 
results to the excitation function of the X-lines of silver observed with 
a thick target. The energy range of the electrons in these observations 
extends only up to voltages of three times the excitation voltage, and 
it is not to be expected that formula (46) would be valid. Actually it 
is found that the experimental curve rises to a maximum more slowly 
than that calculated from (46) with F*nl taken as four times the excita- 
tion energy. The Horn formula fails in a similar way when applied to 
optical excitation (see § 5.2). 

3.3. Primary Ionization. 

Using the differential cross-sections I 0K dicdK given in § 2.2 for the 
excitation of a level of the continuous spectrum, we may calculate (by 
numerical integration) the total cross-section Ql for ionization, using 
the formula * max K m&x 

f f Io k {K) dXd K , (47) 

0 XT min 


where = & 2 — 87T 2 m\E 0 \/h 2 . 

The results of such a calculation are illustrated in Figs. 31 and 32 for 
the ionization cross-sections of hydrogen and helium. 

f Ann . der Rhys., 5 (1930), 325. 
t Rhys. Rev., 37 (1931), 115 and 43 (1933), 839. 
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Fig 31. Ionization probabilities in hydrogen. 



100 200 300 
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Fig. 32. Ionization probabilities in helium. 
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The comparison between experimental curves and those calculated 
is also shown. The most recent experimental measurements have been 
carried out by P. Smith and Tatef for (molecular) hydrogen and by 
P. SmithJ for helium. For purposes of comparison it is assumed that 
. the molecule behaves like two atoms. 

The agreement is quite satisfactory when one takes into account the 
facts that the magnitudes of the cross-sections are compared as well as 
. the variation with velocity, and that it is difficult to obtain approxi- 
mately correct wave functions to represent ionized states of atoms other 
than hydrogen. For electrons with energies less than 200 electron volts 
the theoretical cross-sections are too large, but the disagreement at 
these low energies of impact is not surprising and will be discussed 
further in § 5.2. It may be pointed out that the simple theory again 
predicts too rapid a rise of the probability as the incident energy is 
increased above the ionization potential, just as for X-ray and optical 
excitation. 

3.31. Ionization Probability for High-velocity Impacts. § Owing to the 
laborious nature of the calculations for the higher voltage impacts 
carried out as above, it is important to obtain an approximate formula 
to cover these cases. In Fig. 30 of this chapter, curves are given which 
illustrate the dependence of the integral 

AT max 

J I 0k (K) dK (48) 

JK - min 

on k for various velocities of incidence. 

Kef erring to this figure, we see that the main contribution to the 
probability of ionization comes from transitions involving quite small 
values of k. For such transitions I 0k {K) is of the form illustrated in 
Fig. 29; thus for large values of K it is vanishingly small, just as in the 
case of the excitation of discrete states. The concentration of the 
scattered electrons about the angle corresponding to the conservation 
of momentum occurs only for transitions associated with large values 
of K. As a consequence we may approximate to the value of Q\ in 
much the same way as for the excitation of discrete states. Using this 
method, we find 

«■ - I ■ m 

t Phys. Rev., 39 (1932), 270. $ Ibid. 36 (1930), 1293. 

§ By high, velocity is understood a velocity greater than 1,000 electron volts but not 
such a velocity that relativistic effects are important. 
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where C nl is a quantity of the order of the energy of the shell. Em- 
ploying methods s imil ar to those used in considering the excitation of 
X-rays it was shown by Bethef that (49) reduces to 


i 2rre 4 c nl 

Vnl mv* \E nl \ 



(50) 


where 


°nl — \ X u1 3 k\ 2 &K. 


Using again the approximation of hydrogen-like wave functions, the 
following are the values of c nl for the various shells. 

TABLE III 


Shell Is 2 8 2p 3 s 3 p 3 d 4p 4 d 4/ 

0*28 0*21 0*13 0*17 0*14 007 0*15 0*13 0*09 0*04 


These figures show that shells with the highest azimuthal quantum 
numbers are the most difficult to ionize. 

Tor hydrogen in particular, for which exact calculation may be 
carried out, J we have for the cross-section for ionization. 



0-285 


27T6 4 

| E Q \mv^ 



2mv* 
0-048 1 E 0 \ 


)■ 


(51) 


showing that C nL is about one-tenth of the energy of ionization of the 
nl shell. 


3.32. Comparison with Classical Theory and with Experiment. The 
classical formula of J. J. Thomson § is of a somewhat different form 
from (50), as it contains no logarithmic term. The formula is 


Qi 27T€ 4 Z n i 

mv* \E nl \' 


(52) 


The very different form of the classical and quantum theoretical expres- 
sions makes a comparison with experiment of especial interest. The 
best substance to choose for the comparison is hydrogen; the use of 
approximate wave functions is here least likely to lead to serious error, 
it being unlikely that any important difference between the molecule 
and atom exists, except the ionization potential which we must take 
to be that of the molecule (16 volts). The observations of Williams and 
Terroux[| for v = 0-54c give the number of ions produced per cm. path at 
N.TJP . as 12-6. The formula (51) gives 14*7, and the classical formula (52) 
3*5. The quantum theory formula thus gives much better agreement. 

i der Fhys., 5 (1930), 325. % Bethe, loc. cit. 

§ Fhtt. Mag. t 23 (1912), 449. || Froo. Roy. Soc., A, 126 (1930), 289. 
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3.4. Distribution of Various Types of Collisions for High-velocity 
Impacts. 

In Table IVf the relative probabilities of different types of collision 
of high-velocity electrons with hydrogen atoms are given. These values 
include all relativistic corrections (see Chap. XV, § 2). 

TABLE IV 




Energy of Incident Electron 

in Volts. 


Type of Collision. 

1,000 

10,000 

100,000 

10 6 

10 s 

lOio 



Percentage of all Collisions . 


Elastic 

8*7 

6*5 

5*1 

4*1 

2*55 

1*8 

Excitation of 2 -quantum levels 

42*8 

45*3 

47*5 

49*5 

51*5 

52*8 

99 99 3- 9f 9f 

6*3 

70 

7*3 

7*8 

8*1 

8*4 

99 99 99 99 

2-4:1 

2*60 

2*71 

2*79 

2*90 

2*96 

99 99 ft 99 

1*17 

.1*24 

1-28 

1*32 

1*36 

1*38 

99 99 higher ,, ,, 

2*17 

2*28 

2*33 

2*38 

2*42 

2*45 

All discrete levels 

54*8 

58*4 

61*2 

63*4 

66*4 

68*0 

Ionization 

36*5 

35*1 

33*7 

32*5 

31*0 

30*2 

Energy -loss per primary ion in volts 

51*4 

59*9 

64*8 

66-9 

68*6 

69*4 

„ „ collision „ „ 

18*7 

21*0 

21*7 

21-7 

21*3 

21*0 

Total cross-section by 10“ 20 cm. 

3,200 

426 

66*0 

30-6 

42*8 

60*0 


4. Calculation of the Stopping -power of Matter for Fast Electrons 

4.1. Preliminary Theorems. 

4.11. Generalized Transition Probabilities and Oscillator Strengths . It 
will be found convenient in the calculation of the total energy loss per 
cm. path of electrons in passing through matter to define certain 
quantities associated with the various transitions. These quantities are 
generalizations of quantities associated with optical transitions. 

The optical transition probability associated with a transition from 
the mth to the nth level is defined as 


<f>n 


167r%iM|a; m J 2 /A 4 . 


(53) 


We generalize this quantity by writing 




16'7T 4 m 2 € 4 . 

MX 2 1 


•Wl 1 


which reduces to (53) for zero momentum change. Associated with the 
optical transition probability 0) is the oscillator strength/^, which 
is defined as » , 

J mn v mn Tmw 


where B is Rydberg’s constant and v mn is the frequency associated with 
the transition. The generalized oscillator strength associated with the 
f Du© to Beth©, Hcmdbuch der JPhysiJc, 2nd edition, xxiv/1 (1933), 519. 
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m~>n transition is then defined asf 


f mn (K) = {E„-E n )^\e. 


nrn 


{K)\k 


We note that the differential cross-section corresponding to the 0 
transition is given by 


I 0n {K) dK = 


I67 r 3 m<= 4 1 ^ fJ f^dK 

H 0 -E n Jon{ 


n 


The loss of energy per cm. path in passing throngh a gas containing 
N atoms per c.c. will thus be [cf. equation (60)] 


dT I 67 ^me^N f ^ 

~llx = PP 2 , J JonW ~K' 

n Kmin 


(54) 


4.12. Summation Theorem for Generalized Oscillator Strengths . 

(a) Hydrogen-like atoms . Let ns consider the value of 

Zfc, n (K) = ^^(E 0 -E n ) 

n 

The functions ip* satisfy the equations 

V¥o+^(-®o-m = 0, (55.1) 



V 2 «+^(^-F)«A* = 0. 


(55.2) 


Multiplying (55.1) by and (55.2) by ip 0 , subtracting, and integrating 
over all space, we obtain 

(E 0 -E n ) j dr=J£-j (+ 0 VVo)e«- dr. 

The right-hand side reduces to 

{ 2iK j ip* e iKx dr + K z J* i/j 0 ip% e iKx <2rJ . (56) 

Now 

2 [ J d ~dx^* ^ dT \ [ e ~ iKX dr ] = J dr= 0, 

as may be proved by following a method similar to that used in § 2 . 3 . 


t Bethe, Ann. der Phys., 5 (1930), 325. 
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We then have 


87 T 2 m 


2 (^ 0 — ®«) 


e iKx ijj 0 <jj* dr 

= |J l^ol 2 ^ 


2 J >Pn>Po &iKX dr 


Hence finally we see that 


2/oJiO - 1 . 


(57) 


( b ) Complex atoms. As a generalization of the formula we require 
the sum of the oscillator strengths from a particular shell of a given 
atom. Making use as before of hydrogenic wave functions, the only 
modification required in the treatment above is to allow for the oscil- 
lator strengths of forbidden transitions (transitions to levels already 
filled). We then find for the sum of the oscillator strengths from the 
nl shell 


fnl = 2/7 
7lT 


nl,n'V 


= z 


nl~ 


2 
n T 


Z ni Z nT~*r Z '> 


nl Z nT 


2 Z '+ 1 


fnl. 


,nT> 


(58) 


where fni,nT is the oscillator strength of a single electron transition from 
the nl to the nT level. The second term in (58) is the sum of the 
oscillator strengths of the forbidden transition. In particular, if all 
shells n"l" are filled. 


Z n"l" = Z n"V = 

and so f nl = Z nl [\— (59) 

It is of interest to note that 

2/nZ ^ Z > 

as may readily be shown. The sum of the oscillator strengths for the 
inner shells of a complex atom is less than the number of electrons* in 
the shell; for outer shells it is greater. 

Using hydrogenic wave functions Bethef has compiled a table of 
approximate oscillator strengths associated with the shells of various 
atoms of the periodic table. Table V is a reproduction of this. 


4.2. Calculation of the Stopping-power. 

4.21. Hydrogen. The loss of energy per cm. path, — dTjdx, of an 
electron passing through a gas containing N atoms per c.c. is given by 


dT 

dx 


•^xnai 

= 11 j ( E 0 -E n )I 0n {K)dK , 

n Kmtn 


t Loo. cit. 
B b 


3595.8 
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TABLE V 


Oscillator Strengths , f nl ( 0), for the Shells of various Atoms, 



B© 

B 

C 

N 

O 

F 

N© 

Na 

Mg 

Is 

1*000 

0*931 

0*861 

0*792 

0*723 

0*653 

0*584 

0*584 

0*584 

2s 

1-000 

1*000 

1*000 

1-000 

1*000 

1*000 

1*000 

1*000 

1*000 

2 p 


1*136 

1*136 

1*136 

1*136 

1*136 

1*136 

1*120 

1*122 

3s 








1*040 

! 1*040 


A 

Cu 

Kr 

Ag 

X© 

Au 




Is 

0*505 

0-505 

0*476 

0-476 

0*463 

0*463 




2s 

0*565 

0-565 

0*462 

0*462 

0*420 

0*420 




2p 

1-122 

0*426 

0*423 

0*301 

0*300 

0*256 




3s 

1*040 

1*040 

0*566 

0*566 

0*446 

0*446 




3 P 

1*171 

1*171 

1*138 

0*533 

0*526 

0-387 




3 d 


1*418 

1*407 

1-407 

1*405 

0*408 




4s 



1*103 

1*103 

0*560 

0*422 




4jp 



1*220 

1*220 

1*070 

0*450 




4 d 




1*437 

1*464 

1-464 




4/ 






1-712 





which reduces to [cf. eq. (54)] 


dT 

dx 


1 XT 

Jc 2 h 2 


o-inu 

2 J fon(K) 


dK 
K ' 


(60) 


-STmin 


We cannot at once use the summation theorem (57) to evaluate the 
sum, as is a function of n; we therefore divide the range of integra- 
tion into two halves, according as K is greater or less than AT 0 , where 

(877 2 m w 


^0 = 


\ h 2 


f 


(61) 


At first sight it would not appear to be necessary to take into account 
momentum changes greater than the quantity (61), since it was shown 
in previous sections that for such large values of K, I 0n (K) is very 
small; but transitions in which there is a large momentum change are 
associated with large energy losses and so give appreciable contributions 
to the sum (60). In fact we shall show below that both ranges give 
approximately equal contributions to the energy loss. We denote the 
two contributions to the energy loss per cm. by E', E" respectively. 

Tor the calculation of E', the energy loss in transitions with small 
change of momentum, we expand e iKx in powers of K as in equation 
(39). Then 

Xo 

f 

J K ‘ 


w = 12 87r5wWg4 y ( e 

k z h* 2L, K£jn 




0n\ 


(62) 
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We may now use the formula 

8 ” 2m - -E 0 )\x 0n \ 2 = 1, 


Ji 2 


: 2 <■ *•- 


which gives 
W = 


167T 3 mjN r e 4 

W 


jlogJTo- 


87 r 2 m 

~~w~ Z 


(E n —E 0 ) \x 0n 1 2 log . (63) 


Since we are dealing with fast electrons, we may use the approximate 
expression derived in § 1.1 for iv miEL , viz. 

-^min = 4 t T 2 m(E n ~~E 0 )/Jch 2 . 

Substituting in (63) and remembering that 
— E n = ^rrhne^ jJi 2 n 2 = JRh/n 2 , — E { 
we obtain finally 


27r 2 m6 4 /A 2 = m, 


E’ = 


16 t T^mNe^ 

Wh 2 




For the energy loss E" due to large momentum changes we have 


(64) 


-Z^tnax 

E" = 2 J (E n — E 0 )I 0n (K) dK. 


(65) 


^0 

Making use of the summation formula (57), we obtain 

Xmax 


E” = 


1 677 Vie W 

k 2 h 2 


/ 


diT 


In fixing Z max it is important to note that the expressions given by 
Bom’s approximation for I 0n (K) are no longer valid if the momentum 
change is very great. We cannot, therefore, use the expression (13) for 
Z max in (65), but must employ the condition of conservation of momen- 
tum in the collision between the incident and atomic electron. Since 
the masses of the two electrons are equal, the maximum momentum 
which the atomic electron can receive will be half the total momentum. 
We take, then, 


K n 


Tc. 


Carrying out the integration, we obtain 

1 67r 3 m 2 W 


E" 


Jc 2 h 4 


{log* — logJT 0 }. 


(66) 


Adding (66) and (64), we obtain for the total energy loss per cm. path 


dT 

dx 


167r 3 mW**( 


k 2 h 2 
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The s umm ation may be carried out numerically using the usual formulae 
for the matrix elements x 0n . The final result is 


dT 

dx 


47re 4 2V r 1 mv 2 
-log- 

mv* cEh 


(c = 1-105). 


( 68 ) 


4,22. Complex Atoms . It is possible to generalize the formula (68) for 
complex atoms, if, as is usual, hydrogenic wave functions are assumed, 
and the excluded transitions allowed for. This has been done by Bethe, 
who finds 

5=3 VS? ^ M0) { log W^\ + fJP) 2 Uf ^ nr{0)log 

(69) 

where £ nZ , f nl , fni,nT are as previously defined in formulae (34), (53), and 
(58) respectively, and f nl ( 0) is the limit of the generalized oscillator 
strength for zero momentum change, i.e. is the usual oscillator strength. 
If we define the mean excitation energy A nl of the nl shell by the 
formula 

mo g A nl =mo g \E nl \+ y s yy f 

& \ E «*\ 

we find for the stopping-power 


nl 


dT 4are 4c N mv z 

~dx mv* nl jy 

TABLE VI 


v/c. 

Gas. 

u 2 /v 2 . 


(^) j (H-irNZJ/rm*). 

Observed. 

The 

Bohr. 

i oretical. 

Quantum 
Mechanics . 

0*136 

- 

0-001 

11*7 

17*1 

11*5 

0-230 

o 2 

0*001— > 0*07 

10*6 

18*0 

12*2 

0*230 

A 

0*001— > 0*2 

10-0 

16*3 

11*2 


If we define a mean excitation energy E by the formula 
Z log E — log A nl , 


we have 


dT 

dx 


4tt€W 

mv 2 


Z log 


mv* 


(70) 


The difficulty in making quantitative use of this formula is to fix the 
value of E . The values of oscillator strengths given in Table V are 
only approximately correct for light elements and are very inaccurate 
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for heavy elements. Blochf has attempted to remove this difficulty by 
using the Fermi-Thomas statistical model of the atom. He calculates 
the stopping-power by considering the disturbance of such a "gas- 
sphere’ atom by external forces and obtains the formula 


dT 4:77 e^N ^ ^ mv 2 

~dx “ og z^m m 


(71) 


The constant x may be determined from certain differential equations 
involving the Fermi-Thomas atomic field. These equations have not yet 
been solved, but Bloch shows that the dependence of E on Z, given by 
(71), is in agreement with experiment. The empirical value of x which 
gives the best numerical agreement with observed values of — dTjdx is 
also quite reasonable. 

4.23. Comparison with Experimental Values . The application of the 
formulae (68) and (70) for the energy loss per cm. of fast electrons in 
(atomic) hydrogen and other gases has been considered exhaustively by 
Williams. J In order to compare the theoretical and experimental values 
it is necessary to increase the results by about 10 per cent, to allow for 
the fact that in practice the electron which emerges with the greater 
energy after the collision is taken as the ^-particle. After applying 
this correction a very good agreement is obtained with experiment, as 
illustrated in Table VI. The values given by Bohr’s classical theory§ 
are also included. As the validity of Born’s first approximation, which 
is used throughout in the theory developed above, depends on the 
velocity of impact being great compared with the orbital velocity of 
the atomic electrons, || the ratio u 2 /v 2 of the squares of these velocities 
is included in the table. 

Further evidence in support of the quantum theory of the stopping- 
power of matter for fast charged particles will be discussed in Chapter 
XIII in connexion with the passage of heavy particles through matter. 

4.24. Relative Contribution of Light and Heavy Collisions to Stopping - 
power. It was shown in § 3.31 that the number s Q of primary ions 
produced per cm. path is given by 


s 0 — 


2nNe i XT' c nl Z nl , 2mv 2 
mv* A {-E nl ) g C nl ’ 


(72) 


*f Zeits. f. Physik, 81 (1933), 363. 
t Proc . Boy. Soc ., A, 135 (1932), 108. 

§ Phil. Mag., 25 (1913), 10 ; 30 (1915), 58. Bloch (Ann. der Phys ., 5 (1933), 285) has 
shown that Bohr’s formula follows also in qnantum mechanics when u 2 Jv 2 is small hut 
Ze 2 Jhv large. II Of. Chap. IX, § 5.1. 
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where the quantities c nl , G nl are as defined in equations (49) and (50). 


The energy loss per primary ion produced is 


then given by 



For nitrogen this gives, for electrons of 30,000 volts energy, an energy 
loss per primary ion produced, of roughly 80 volts, and for hydrogen 
100 volts. This high value arises from the fact that a larger percentage 
of collisions lead to excitation than to ionization. The contribution to 
the energy loss per cm. due to heavy collisions (in which a fast| electron 
is emitted) is, moreover, quite considerable, owing to the great energy 
loss in the collision. It is given by 


E " 


Jc 

167T 3 m 2 J\ r € 4 ^ v f dK 

Z, nl J K 

ril 


8 xP rz i /& 2 \ /- 0 v 

= —mr~ 2 (73) 

where h\ 87r 2 m\E nl \Jh 2 . Referring to the expression (68) for — — 

dec 

we see that heavy collisions account for roughly half the total energy 
loss. 

4.25. Method of Impact Parameters. For a-particles and fast elec- 
trons, the change of momentum of the incident particle in the great 
majority of inelastic collisions is small compared with its total momen- 
tum. In such problems it is in general permissible to treat the incident 
particle as a moving centre of force. It is permissible to do this if it is 
possible to form a wave packet small compared with the atom, and which 
will remain small while the wave packet passes the atom, and if further 
the main contributions to the excitation probability come from posi- 
tions of the atomic electron which are outside the path of the wave 
packet. 

The method of calculating the transition probability is given in 
Chap. XIY, § 2.2. In general it is not so convenient as the Born method, 
because the results have to be averaged over all values of the impact 
parameter. It may be shown directly that the two methods lead to 
the same result. J 

The method is interesting in that it shows the relative importance 
of close and distant collisions. Wilhams§ finds that for a 100, 000- volt 

t With, energy great compared with the ionization potential. 

t Mott, Proc. Camb . Phil. Soc., 27 (1931), 553, and Frame, ibid., 27 (1931), 511. 

. § Proc. Boy . Soc., A, 139 (1933), 163. 
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electron traversing hydrogen, out of every fourteen atoms ionized or 
excited, only one lies on the direct path of the electron, and that four 
lie between 2*5 X 10“ 7 and 10~ 6 cm. Williams has also shown that for 
distant collisions the quantum theory gives the classical Bohr| formula, 
the discrepancy occurring for collisions in which the particle passes 
through the atom. 

4.26. Multiple Ionization and Excitation. It is important to realize 
that multiple ionization has been neglected throughout this discussion. 
With the approximation of representing the wave functions of complex 
atoms by products of hydrogen-like wave functions the probability of 
multiple ionization vanishes, and before it is possible to estimate the 
magnitude of the effect more accurate wave functions must be used. 
It is unlikely that multiple excitation processes are important for light 
atoms owing to the weak coupling of the atomic electrons, but for heavy 
atoms their effect may be considerable. 

5. Inelastic Collisions of Slow Electrons with Atoms 

The theoretical investigation of inelastic collisions of slow electrons is 
much more complicated than for fast particles. Experimental evidence 
shows clearly that electron exchange becomes important, and the 
observations of Mohr and NicollJ of the angular distribution of in- 
elastically scattered electrons in mercury vapour and in argon show 
that the distortion of the incoming and outgoing waves by the fields 
of the normal and excited atoms respectively must be taken into 
account (see below, § 5.3). 

It was pointed out at the beginning of this chapter that according to 
Born’s approximation the probability of excitation of a level belonging 
to a term system different from that of the initial state is zero. For 
impacts of sufficiently high velocity this is in agreement with observa- 
tion, but for low-velocity collisions the excitation of these levels takes 
place quite readily, and at certain velocities may occur even more often 
than the excitation of a level of the same term series as the initial state. 
Thus in Fig. 33 we show the excitation probability velocity curves for 
the excitation of the 3hP and 3 3 P levels of helium from the ground lbS 
state, measured by Lees§ using optical methods (see Chap. IX, § 1). 
When the energy of the exciting electrons is greater than 100 volts, 
triplet excitation occurs very seldom compared with singlet excitation; 
but at voltages just above the excitation potential the reverse may be 

t Loc. cit. f Proc. Roy. Soc. f A, 138 (1932), 229 and 469. 

§ Ibid., 137 (1932), 173. 
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the case. This is a general feature of the observations of the excitation 
of various two-electron systems, f In all cases the triplet excitation 
curve rises to a maximum very rapidly at about a volt above the 
excitation potential, whereas the corresponding singlet curve attains 
a maximum much more gradually (except for S states). The magnitudes 
of the corresponding maxima are comparable in all cases. 

If the coupling between spin and orbital motion is small, triplet 
excitation can only take place if electron exchange occurs on impact 



Energy of Incident Electron in Volts 

Fra. 33. Observed excitation functions of 3 X P and 3 3 jP levels in helium. The 
curves were obtained by measurement of the variation of the intensity of excita- 
tion of the spectral lines produced by optical transitions to the 2 1 JS, 2 Z S levels 
respectively. 

in such a way as to change the symmetry of the spin function of the 
atomic electrons. Therefore the experimental results show that the 
exchange process is important for low-velocity collisions. This process 
is not limited to excitation of levels of another term system, and m ust 
also be taken into account in singlet excitation. 

Interesting results have been obtained by Mohr and Nicoll (loc. cit.), 
who investigated the angular distributions of electrons with ini tial 
energies between 50 and 120 volts scattered in various gases after 
exciting the most probable level. Some of the observed curves are 
illustrated in Fig. 34. For the heavier gases the maxima and minima 
are very noticeable. The similarity of the diffraction effects observed 
in angular distributions of elastically and inelastically scattered elec- 
trons of the same incident velocity indicates that the two effects are 
due to the same cause, the distortion of the electron waves by the 
atomic field. This will be discussed further in § 5.3. 

f Hughes and Lowe, Proc. Boy. Soc., A, 104 (1923), 480; Skinner and Lees, Nature , 
123 (1929), 836, and Lees, Proc. Boy. Soc., A, 137 (1932), 173; Hanle, Zeits.f. Physik, 
56 (1929), 94 ; Michels, Phys. Rev., 36 (1930), 1362 ; Thieme, Zeits.f. Physik,7S (1932), 412. 
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Fig. 34. Observed angular distributions of electrons scattered by mercury 

vapour. 

5.1. Application of Theory of Collisions. 

A completely satisfactory method of dealing with slow inelastic 
electron collisions does not yet exist, but by using the general theory of 
Chapter VIII we may obtain approximate formulae for the probabilities 

3595.8 q q 
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involved. The scattering of electrons which have excited the nthi state 
of atoms of hydrogen and helium may be described by means of two 
wave functions F n { r t ), G n { r 2 ) which, have the asymptotic forms 

F n ( r \) exp(ik n r x ), 

G n (r 2 ) ~ g jd 2 , exp (ik n r 2 ). (74) 

The dif ferential cross-section for excitation of the nth. state is then 
given by 

I»(0)= |^r(3|/„(0, 4>) +^(M)I 2 + <f>) -g n (6, <f>) I 2 }» for hydrogen, 

= !/»(*.« -?»(*. 0I 1 * for helium. (75) 

In Chapter VIII, equations (61) and (62), these functions are shown 
to satisfy the equations 

[Vf+^F„(rx) = -^^ f (±-~)'F( ri ,r 2 mr 2 )dT 2 , 

[Vi+££]£Jr 2 ) = - J ^l-±jT(r v r 2 )^(r x ) ^ (76) 

The function Y is the solution of the wave equation for the complete 
system of atom and incident electron. To solve these equations we 
must, as in Chap. X, § 8, substitute some approximate form for Y on 
the right-hand side of (76). We shall set on the right-hand side, 

Y = F 0 (r 1 )i/f 0 (r 2 )+F n (r 1 )t/f n (r 2 )+G n (r 2 )i/f n (r 1 ). (™) 

Here F 0 (r) is the solution representing an incident wave and a scattered 
wave, as discussed in Chapter II, of 

(V 2 +^_!^F 00 ^ 0 = 0. (78) 

We note that (77) is not the same approximation as that used in 
Chap. X, § 8, in dealing with the elastic collisions. By including terms 
in ift n , we ensure that on the right-hand side of (76) all diagonal elements 
of the interaction energy shall be included. The only non-diagonal 
matrix elements are those, V Qn , which refer to the initial state of 
the atom. 

On substitution in (76) we obtain, by following a similar procedure 
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to that used in the consideration of the elastic exchange, the equation 

= --p^( J (^-^jK(r 1 )^o(r 2 )«(r 2 )±-F’ 0 (r 2 )^(r 1 )^(r 2 )+ 

+{G M (r 2 )±-P;(r 2 )}>A tt (r 1 )^*(r 2 )] dr 2 j, (79) 

The third term on the right-hand side makes further approximation 
difficult except for high velocities of impact. In this case we may 
neglect the effect of the atomic field in the zero -order approximation, 
and write on the right-hand side of (79) 

-^o( r i) = exp(ifcn 0 -r 1 ), O n (r 2 ) = 0. 

We then obtain 

(V*+A*KJf J n (r 1 )±<?*(r 1 )} = J (I_±)x 

X {exp(ifcn 0 T 1 ) v & 0 (r 2 )^*(r 2 )±exp(^n 0 -r 2 )^ 0 (r 1 )i/f*(r 2 )} dr 2 . (80) 

Solving this equation by the method of Chap. VI, § 4, we have 

= JJ (I __ _Lj [exp{i(/fcn 0 — k n n x )-rj}^ 0 (r 2 )^* (r 2 ) ± 

±exp{i(^n 0 -r 2 — ^n 1 -r 1 )}^ 0 (r 1 ) v !r*(r 2 )] dr x dr 2 . (81) 
For low-velocity impacts with two-electron atoms we are concerned 
with the differences of F n and G n only, and if they interfere to give 
only a small collision probability, we may neglect the third term and 
obtain, in the same way as for the case of elastic exchange, 

= [7-^^ 

Sn( r l ? 77 ®l)-^o( r 2> ^2)^ r o( r 2)^A*( r i)] dT l dr 2> (®2) 

where Q? n (r, 6) is the solution of the homogeneous equation 

[v*+*£- ^F re Jr)js m (r, 6) = 0, 

which has the asymptotic form 

ffn( r > 0) ~ exp ih n z+r- 1 exp ih n r x function of 6, <f>, 
and cos©! = cos^cos^+sin^sin^cos^ — 

The interpretation of the formulae (81) and (82) is interesting. The 
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first term represents the directly scattered waves, the second the elec- 
tron exchange. They are both of the form expected, being the integrals 
of the interaction energy over the initial and final wave functions of 
the system. The formula (82) differs from (81) in that the former 
includes the effect of the potential field V nn on the outgoing wave and 
of the field V 00 on the incident wave. 

Before discussing the application of these formulae we shall consider 
briefly the approximations involved. Firstly we notice that the expres- 
sion (77) assumed for does not satisfy the orthogonality relations 

f {Y-I’J rMr a )}^(r s ) dr 2 = 0, 

f { X F— dr x = 0. (83) 

As a consequence, contributions to the integrals in (81) and (82) arise 
from terms in the interaction energy which would not be effective if 
the relations (83) were satisfied. For reasonably high velocities of 
impact the errors made will be small, but for electrons with energies 
near the energy of excitation the errors made may be large. This 
difficulty was discussed in Chapter X in connexion with elastic exchange, 
and it is not easy to overcome. 

Secondly, it is difficult to justify the use of (82) throughout the range 
of values of F n and G n owing to the uncertain magnitude of the third 
term which is neglected. By converting (79) into an integral equation 
we see that this term represents the probability of an exchange of 
electrons taking place after the initial inelastic scattering which leads 
to the wave F n (r 2 )^ [Z G 7 l (r 2 ). Its effect may be small, but this is by no 
means certain. 

Finally, we notice that we assume that all non-diagonal matrix ele- 
ments are small and so neglect the effect of the reaction of the waves 
F n , G n on the incident and elastically scattered wave F 0 . This corre- 
sponds to weak coupling between the two sets of waves, but actually in 
certain cases it may be necessary to assume 'close coupling" correspond- 
ing to a large value of the non-diagonal matrix element V 0n . It will be 
shown below that the experimental evidence does indicate the necessity 
for including such effects. 

The approximation of neglecting all non-diagonal matrix elements 
except V 0n also fails to include the reaction of the other inelastically 
scattered waves on the 0 -> n excitation. These last approximations 
differ from those made above, as they are not introduced by exchange 
considerations but are inherent in the method of distorted waves 
(Chap. VIII, § 3.1) and have already been discussed in that connexion. 
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5.2. Calculations for Helium and Comparison with Experiment. 

The singlet and triplet excitation cross-sections for helium were first 
calculated as functions of the velocity of the exciting electron by Massey 
and Mohrf using the approximate formula (81), and these calculations 
have been extended to cover a wide range of velocities and a large 
number of excited states. 



Eig. 35. Comparison of observed, and calculated excitation cross-section velocity 

curves. 


A number of general features of the experimental results are repro- 
duced. From formula (81) it may be shown that the triplet excitation 
probability falls off as v ~ 4 , v~ s for S , P, D states respectively, in 
sharp contrast to the variation as v ~ 2 , v^logocv, v~ 2 for the correspond- 
ing singlet state, v being the incident electron’s velocity. 

In the case of both 1 S and 3 S states detailed agreement is obtained 
between theory and experiment down to quite low velocities of impact, 
but for 1 P and X D states the agreement becomes unsatisfactory for 
electrons of energy less than 100 and 75 volts respectively. This is 
illustrated in Fig. 35. Kef erring to this figure we see that as the electron 
energy is reduced below 100 volts the calculated probabilities of excita- 
tion of the P-levels become considerably greater than the observed. 
This effect is only apparent for 1 T) levels at lower velocities and for 
S states it is doubtful if there is any great discrepancy at any velocity. 

t Proc. Roy. Soc., A, 132 (1931), 605; ibid., 140 (1933), 613. 
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We showed in § 3.2 and § 3.3 of this chapter that the same behaviour 
is a feature of the ionization and X-ray excitation probabilities, and it 
seems that Born’s formula is least valid for the calculation of transition 
probabilities involving optically allowed transitions. Examining the 
approximations we have introduced, we see that this almost certainly 
implies that the failure of the theory in such cases is due to the assump- 
tion that V 0n is small. Actually, for the excitation of optically allowed 
levels V 0n vanishes only as r~ 2 for large r, and such a field has a large 
scattering power (thus the elastic cross-section for such a field is infinite, 
cf. Chap. II, § 3). To improve the theory it would be necessary to 
solve simultaneous equations of the same form as those discussed in 
Chap. VIII, § 3.2. It was shown there (cf. Chap. VIII, Fig. 11, also 
Chap. XIII, § 3.31) that accurate solution of these equations will lead to 
a smaller probability of excitation than that given by Bom’s approxi- 
mation, just as is required from the above experimental results. For D 
levels V 0n vanishes as r~" 4 for large r, and this field will have a much 
smaller scattering power than that corresponding to P excitation. We 
should thus expect Born’s approximation to agree with experiment 
down to much lower velocities for D excitation, while for S excitation, 
for which V 0n vanishes as e~~^ for large r, we expect very little deviation 
from the simple theory. This, again, is in agreement with the observed 
results. 

The calculated relative magnitudes of triplet and singlet excitation 
probabilities for electrons of energy greater than 100 volts are in 
rough agreement with experiment, but it appears that the observed 
excitation curves for 3 P levels fall off much more slowly with velocity 
than the calculated curves. The reason for this discrepancy is not clear 
but is probably due to secondary processes occurring in the experi- 
mental apparatus. 

The excitation of the 2 X P and 2 3 P levels has also been considered by 
the same authors*)" using formula (82). The wave function was 
calculated numerically by Macdougallf and the integration of (82) 
carried out by numerical methods. The chief interest of this calculation 
is that it includes the distortion of the incident and outgoing waves by 
the atom and should include the diffraction effects to be expected. For 
50-volt electrons an angular distribution is predicted which is of the 
form observed by Mohr and Xicoll (loc. eit.), becoming approximately 
uniform for large angles of scattering but with a faint maximum at 90°. 

t Proc. Boy. Soc. t A, 139 (1932), 187. 

t Proc. Comb. Phil. Soc 28 (1932), 341. 
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5.3. Excitation of Heavy Atoms. 

Calculations for the excitation of the 2P levels of mercury have 
been carried out by Penney, f who also used the formula (81). The 
chief interest of his calculations is his use of atomic wave functions 
which include terms arising from the interaction of spin and orbital 
motion. These are quite appreciable for such a heavy atom as mercury. 
As a consequence the wave functions for the triplet state 2 3 P X are not 
completely antisymmetrical in the orbital wave functions, and so this 
state can be excited without electron exchange. The excitation of this 
triplet level therefore persists at high velocities. The calculated ratio 
of the intensities of the various levels agrees well with experiment even 
at exciting energies as low as 10 volts. The form of the excitation- 
velocity curves for all the levels also agrees qualitatively with the 
observations. 

We now consider the diffraction effects observed by Mohr and Mcoll J 
in electrons scattered inelastically by atoms. If we neglect exchange 
effects (which is legitimate at moderate to high velocities of impact), 
the intensity of scattering of electrons which have excited the nth state 
of a given atom is given per unit solid angle by 

Inid) = ^ =L2L I J V 0n (r’)F 0 (r', 9’)% n (r’, „-0) dr’ , (84) 

where V 0n (r) = J F(r, rj^ 0 (rj«/r*(r a ) dr a . 

the suffix a distinguishing the coordinates of the atomic electrons. The 
functions E 0 (r, 6 ), ^(t*,©) can be written in the form 

F 0 (r, 9) = e «Toos0_|_ 2 |> 0 - J^W] ( 2s + l)i s P s (cos 9), (85) 

ff n (r,ir-0) = e -**»rcos® + 2 «W& n r)] (2s+ l)*-»i»(oos0), 

V " (86) 
where the first term denotes a plane wave undisturbed by the atomic 
field and the series represents the disturbance of the plane waves by 
the fields of the normal and excited atoms. Substituting in (84), we 
find that 


Jc n 47 r 2 m 2 

T~~W~ 


j V 0n exg{i(lcr r cos d'—k n r' cos©)} dr + 

+ 2 Ps(°os 9) J V 0n H s (r', 9', </>') dr’ (87) 


t Phys. Bev., 39 (1932), 467. 


t Of. Fig. 34. 
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where H s is a certain function of r\ O', S'. The first term in the integral 
is just that given by Born’s formula and its behaviour has been dis- 
cussed in § 2 of this chapter. At angles of scattering greater than 30° it 
is negligibly small and so the main contribution comes from the series. 
The number of harmonics which are important in this series determines 
the diffraction effects at angles greater than 30°. Now, if the energy 
of the incident electron is great compared with the excitation energy, 
k n czi k , and also the fields of the normal and excited atoms will be 
effectively the same. In this case the same number of terms in the 
series (85) and (86) will be required, and these will be of the same 
relative importance as for the elastic scattering, which is described by 
F 0 (r, 0). The diffraction effects at large angles will therefore be very 
similar to those occurring in the elastic scattering. This is the observed 
result. 

For low velocities this similarity will disappear, as the field V nn has 
a much greater spread than V m , and so will affect more harmonics of 
than V 00 will of F 0 . The difference between k n and k will also be 
important at these velocities. This result is a feature of the observations 
in mercury vapour. (Cf . Fig. 34, in which it will be seen that the angular 
distributions for the inelastically scattered electrons resemble those for 
the elastically scattered at voltages above 55 volts but become more 
and more dissimilar as the voltage decreases below this.) 

5.4. Summary. 

We have shown above that, for slow electronic collisions with atoms, 
Bom’s approximation fails in two ways. It predicts too great a value 
for the inelastic cross-section, and fails to account for the maxima and 
minima in the inelastic angular distributions. We have shown above 
how more accurate solutions of the differential equations can account, 
at least qualitatively, for these effects. 

A suggestive model by means of which a mental picture of the pro- 
cesses involved can be formed has been given by Massey and Mohr.f 
In the Born approximation, and also in the method of distorted waves, 
the transition probabilities I n (6) are of the form of the square of the 
modulus of a matrix element involving the initial and final states of 
the scattered electron. Massey and Mohr show that the correction 
terms in the higher approximations may be interpreted as giving the 
probability that an electron, which has lost energy to an atom, may 
regain that energy before it leaves the atom in question. Such an effect 


t Proc. Roy. Soc. $ A, 140 (1933), 613. 
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will obviously tend to reduce the inelastic cross-section. The authors 
cited also explain the fact that more electrons than Born’s method 
predicts^ are elastically scattered at small angles, by assuming that 
some fraction of the inelastically scattered electrons, of which most are 
scattered through small angles, regain their lost energy before leaving 
the atom. 


t Cf. Chap. IX, § 5. 
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XII 

THE COLLISION OF ELECTRONS WITH MOLECULES 

1 . The phenomena considered in this chapter may be classified as follows : 

1. Diffraction effects due to the presence of two or more nuclei. Such 
effects are analogous to the optical case of diffraction by a number 
of slits. 

2. Dissociation on impact. The application of quantum mechanics 
to molecules has shown that there exist, for given nuclear separation, 
a number of electronic states which do not give rise to a stable molecule, 
as well as those which do. A transition from a stable state to an 
unstable one results in dissociation of the molecule. The stable and 
unstable states belong in many cases to two non-combining term 
systems; nevertheless the occurrence of electron exchange on impact 
introduces the possibility of dissociation of the molecule in this manner. 
Dissociation by impact without exchange may also occur accompanying 
ordinary excitation or ionization. 

3. Excitation of internal molecular motion. For incident electrons 
with energies comparable with the energy of the nuclear vibration or 
rotation, there is a possibility of energy interchange with these motions. 

We shall now discuss these phenomena from a theoretical point of 
view. It is at once clear that the theory of scattering of electrons by 
molecules will be much more complicated than for the scattering by 
atoms. The molecular field is not spherically symmetrical, and the 
internal motions of the molecule cannot be neglected for low-voltage 
impacts. 

For our purpose we require an expression for the molecular field; the 
method of the self-consistent field has not yet been applied. For the 
hydrogen molecule approximate wave functions have been obtained by 
Wangt and by N. Rosen, $ using variation methods; thus the field of 
this molecule is known to a fair degree of approximation. This method 
becomes too complicated for any other molecule ; but Hund § has recently 
applied the statistical method of Thomas and Fermi to the problem. 
He finds that the molecular field of a symmetrical diatomic molecule 
can be represented with quite high accuracy by the sum of two fields 
which have spherical symmetry about the respective nuclei, and gives 
numerical data for the nitrogen and fluorine molecules. 

t Phys. Rev., 31 (1928), 579. f Ibid. 38 (1931), 2099. 

§ Zeita. /. Phyaik, 77 (1932.), 12. 
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With the approximate fields discussed above, scattering formulae 
may be obtained without difficulty by Born’s approximate method. 
When we attempt to obtain a more accurate scattering formula, by an 
extension of the method of Faxen and Holtsmark (Chapter II), we en- 
counter the difficulty that the wave equation for the motion of an 
electron in the field of a molecule is not separable as in the case of 
atomic fields; to obtain a solution one must use a very much simplified 
form for the field, as will be shown in § 5. 

We shall first consider the application of Bom’s approximation. 

2. Scattering by an Axially Symmetrical Fieldf 

It was shown in Chap. VII, § 1, that, if Bom’s formula is applicable, 
the scattering by a spherically symmetrical field is a function of v sin id 
only, where v is the velocity of the incident electron and 0 the angle of 
scattering. It may be shown that the scattering by a number of similar 
independent axially symmetrical fields will also be a function of v sin 1-0 
only, provided that the directions of the axes of the fields are distributed 
at random (as in the case of gas molecules). 

If the potential of such a field is given by 

V(r, e, <f>) = 2 V n {r)PJfiOSu), 

n 

where u is measured with respect to the axis of symmetry, the dif- 
ferential cross-section for scattering by such a field, averaged over all 
directions of the axis, is given by 

1(0) dco = ^- 2 J {FJvsinm 2 da>, 

0 

where 

F n (v sin %0) = p)* J V n (r)J n+i (2krsini6)ridr. 

0 

& is, as usual, written for 27 rmv/ft. 

It is possible to obtain a relation between the X-ray and electron 
scattering, similar to that obtained in the case of atoms. J Thus for 
homonuclear diatomic molecules we have the relation§ (not averaged 
over all orientations) 

where d is the vector nuclear separation, Z the nuclear charge, F the 

f Massey and Mohr, Proc. Boy . Soc ., A, 136 (1932), 258. 
j See Chap. VII, § 1. § Massey and Mohr, loc. cit. 
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X-ray structure factor of the molecule, and A the wave-length of the 
scattered waves. n 0 and are unit vectors in the direction of incidence 
and of scattering respectively. 


3. Elastic Scattering by Molecular Hydrogen 

It has been pointed out in § 1 that only for the simplest molecule H 2 
has it proved possible to obtain even an approximate analytical formula 
for the potential V(r,6). 

If ^(rq, r 2 ) is the wave function of the ground state of the molecule, 
we have in this case 

V(r,0) = e 2 JJ (J+|~ d Tl dr 2 , (1) 

where we denote distances from the nuclei by r, p respectively, and the 
molecular electrons by suffixes 1, 2. Eor 0 o ( r i> r 2 ) we may use a func- 
tion obtained by Wangf by a variation method. Wang gives 

with Z — 1-1 66/a 0 . d is the equilibrium nuclear separation and is 
approximately equal to §& 0 . 

If we substitute the expression (2) for ip 0 (r lf r 2 ) in (1), it is possible 
to calculate the differential elastic cross-section 1(6) dco for hydrogen 
molecules of random orientation, providing that the Bom formula is 
valid. This was first done by Massey J for a certain range of velocities 
and angles of scattering, and then extended by Massey and Mohr§ to 
cover the whole range of values of vsin^^. The final formula for the 
differential cross-section averaged over all orientations of the nuclear 
axis is given by 

(1-f- sin ^/^)[/ 1 +/ 2 ]+ terms of higher order, 

where 


{l+e~ 2Zd ( 1 + Zd+iZW) 2 }] ^[e-z^+PJ+e-z^+pJ], (2) 


J 1 = tt 2 Z- 3 (2Z 2 + & 2 sin 2 J0) (Z * -)- & 2 sin 2 £0) ~ 2 , 

(3) 

0 

In these formulae, 

S = e-z*(l+Zd+%Z 2 d*) 

/ 0 (r, d) = e- Zd (Z 2 rd)~ :i {( 1 + Zd)sinh Zr — Zr cosh Zr} (r < d), 

= e- Zr (Z 2 rd)- 1 {( 1 + ^r)sinh Zd — Zd cosh Zd] (r > d). 

t Phys. Rev 31 (1928), 579. £ Proc. Roy . Soc., A, 129 (1930), 616. 

§ Ibid. 135 (1932), 258. 
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XII, § 3 ELASTIC SCATTERING BY MOLECULAR HYDROGEN 
The significance of the various terms is of interest. I ± gives the scatter- 
ing by the two atoms considered separately, but with effective nuclear 
charge 1-166; I 2 gives the effect of the molecular binding in producing 
a concentration of charge between the nuclei, and l+sinx/x is the 
diffraction factor due to the two scattering centres. 

In order to illustrate the relative importance of these terms, the 
scattering by the molecule is compared in Fig. 36 with the scattering by 
two separated hydrogen atoms for various values of v sin \Q. Without 



*6 


Fig. 36. Illustrating the ratio of scattering by H 2 to the scattering by 2H. I. With- 
out the diffraction factor l-f-sinsc/#. II. With the diffraction factor 1 -J-sin xjx. 

the diffraction factor, it is seen that the scattering by the molecule falls 
below that by the separated atoms for small values of v sin This is 
due to the molecular binding, which produces an increased concentra- 
tion of charge between the two atoms, and so reduces the effective 
collision area. On introducing the diffraction factor the ratio oscillates 
about the mean value unity. Apart from the diffraction factor, the 
scattering is represented very well by that from two atoms of effective 
nuclear charge 1*166. 

We may now compare the formula (3) with the results of experi- 
ment. It was shown in Chap. IX, § 3.2, that the observed low-voltage 
angular distributions for molecular hydrogen are not in agreement 
with the Born formula, and, assuming that the molecular binding has 
only a small effect, the discrepancy was explained in terms of higher 
approximations in the theory in Chap. X, § 9. For higher voltages the 
measurements of Arnotf with 80-, 200- and 400-volt electrons show 
good agreement with the formula (3). This is illustrated in Fig. 37, in 
which curves calculated for atomic hydrogen are also given. It is 
difficult to choose between the theoretical curves for the atom and the 
molecule; if anything, the experiments seem to favour the latter, 
f Proc. Boy . Soc A, 133 (1931), 615. 
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Fi a. 37. Angular distributions of electrons scattered elastically by hydrogen. 

The scales of the curves are adjusted so that both pass through the experimental points at the 

minimum scattering angle. 


4. Scattering by Complex Molecules 

It is clear that one cannot expect to find evidence of the two-centre 
diffraction effects by experiments in molecular hydrogen, owing to the 
very rapid decrease of scattered intensity with angle, but for heavier 
molecules the effects may readily be observed. 

An obvious feature of the calculations for molecular hydrogen was 
the small effect of the molecular binding. For fast electrons the effect 
is completely negligible except at very small angles. In order to in- 
vestigate the generality of this result the calculations may be extended 
to the scattering by nitrogen. Hund (loc. cit.) has shown that the 
potential of the molecular field is given approximately by 

V(r,0,<f>) = 2eZd~ 1 {v(r)-{-v(p)}, (4) 

where Z is the nuclear charge, d the nuclear separation, and r,p the 
distances from the two nuclei. As the functions v(r), v(p) are spherically 
symmetrical with respect to the respective nuclei, the scattered inten- 
sity, averaged over all orientations of the nuclear axis, is given by 

m = + ^){ f *Msm(2ATsin£0) drj\ (5) 

Using the table of values of v(r) given by Hund, we may calculate I {6) 
by numerical methods. The results of the calculationf show that the 
effect of the binding is again quite small and may be neglected in a 
first approximation. 

It is probable that this result will apply to all molecules. For homo- 

f Bullard and Massey, JProc. Comb . JPhil. Soc., in course of publication. 



XII, § 4 SCATTEBOTG BY COMPLEX MOLECULES 207 

nuclear diatomic molecules we may, then, write the differential cross- 
section for the scattering of fast electrons in the form 

1(0) = 2I a (6)\l+suix]x], (6) 

I a being the cross-section for the separate atom, and x being written 
for sin-|0/A. 

This formula may be generalized for polyatomic molecules by means 
of a formula, due to Debye, f for the scattering of X-rays by a system 



(Note that A is measured in units of a Q .) 

of scattering centres. For a molecule with n atoms the scattered 
intensity is given by 

m-ltw' <’> 

-£ = 1 j = l 

where x i3 - = 47^ sin f 0/A. In this formula l iQ - is the distance between 
the nuclei i, j; and J i is the amplitude of the wave which would be 
scattered by the atom i alone, i.e. such that [J^| 2 dco is the differential 
cross-section corresponding to the £fch atom. 

The amplitudes are readily obtainable by the use of the Hartree 
or Fermi -Thomas atomic fields and Born’s formula, as described in 
Chap. IX, § 4. As an illustration of the type of angular distribution 
obtained, the calculated form of 1(0) for Br 2 and for SnCl 4 is illustrated 
in Fig. 38 as a function of sin \0JX. The appearance of maxima and 
minima is particularly well marked in the case of the heavier molecule. 
The position of the maxima and minima will depend on the molecular 
structure; this enables the structure of a given molecule to be deter- 
mined from experimental investigations of the scattering of electrons 
f Ann. der PhysiJc , 46 (1916), 809. 
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by it. This has been done by Wierlf for a large number of molecules, 
and it has been proved possible to answer many questions of importance 
in organic chemistry in this way. Thus it has been established that the 
benzene molecule has a plane configuration, and the tetrahedral model 
of the carbon valencies has been confirmed. Complicated structures 
may be investigated and it is possible to determine the type of binding 
between the different atoms by measuring the separations. It is found, 
for example, that there is a characteristic separation of two carbon atoms 
joined by a single bond, a second characterizing a double bond, and so 
on. For further details the reader is referred to the original papers. 


5. Application of Fax6n and Holtsmark’s Method 

As pointed out in § 1 , the generalization of Faxen and Holtsmark’s 
method to apply to the scattering of electrons by a molecular field is 
not possible without great simplification of the field. The question of 
calculating the scattering of slow electrons by a sufficiently repre- 
sentative molecular field has been considered in great detail by Stier. J 
Using spheroidal coordinates p, pi, <f> defined by 

p = ( r +p)/d, p. = (r — p)/d, ( 8 ) 

it can be shown that the wave equation for the elastic scattering is 
separable if the potential has the form 

V(p,ix) = -2ZeM-ipf(p)l(p*-p*). (9) 

Proceeding by analogy with the method used by Allis and Morse § for 
the scattering by atoms, Stier takes for the molecular field the form 
(9) when p ^ p 0 , and V equal to zero for p > p 0 ; p 0 is a constant. For 
f Stier takes /<p) = ( Po -/>) 2 /(p 0 - 1) 2 - (10) 

Even with the use of these potentials the calculation is extremely com- 
plicated, particularly as little earlier work has been carried out on 
scattering problems associated with spheroids. The differential cross- 
section corresponding to a definite direction of the axis is found to be 
expressible in the form 

I(<x, P, </>)•= 2 2 ( — !) z+r 2 G ?( a ) G v’X oc ) ain Ijf X 


1 , 1 ' 


m,m' =0 


X sin vffi’ cos ( 77 ^ — rfy ) IIp(cos/3)cos m<f> Ilp'(cos /?)cos m'<£, (11) 

where a is the angle of incidence, yS is the angle of scattering relative to 
the molecular axis, and the rff 1 are phase parameters depending on 

t Arm. der Phyaik , 8 (1930), 521, and 13 (1932), 453. 
t Zeita.f. PKysilc , 76 (1932), 439. 


§ Cf. Chap. X, § 5. 
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V, Jc, l, and m. The functions Ilp( cos£) are expressible in series of 
tesseral harmonics. In order to relate the calculated with observed 
scattering it is necessary to average the expression (11) over all orienta- 
tions of the nuclear axis. The scattered intensity is then given by 
, i,v 

1(6) = p2 (— l)* +r 2 XB m \9)sinr,Fsinr)P'cos{ v f-—7)F'). (12) 

l, V m, rri' = 0 

R™ m '(d) is a complicated function of the angle of scattering which is 
expressed in a series of zonal harmonics by Stier. This formula is to 
be compared with the formula (17) of Chapter II. The chief diff erence 
is that is not just the product of two harmonics but is a sum 

of several. 

Stier carries out the calculation of the functions involved by expan- 
sion in powers of e, where 

*= M/A) 2 , 

and his formulae for are only applicable when e is small. To 

the zero-order approximation (e vanishing) the total cross-section isf 

Q = ^ 22 ( 2 - S oJsm^ ta) (13) 

l m 

which may be compared with the corresponding expression [Chap. II, 
(18)], obtained for the scattering by atoms. The only difference is that 
the phases for different values of m are different. 

The numerical application of this formula to the scattering of elec- 
trons with less than 10. volts energy by nitrogen has been carried out. 
With a value of Z of 4*08 and p 0 = 3-46 the formulae (12) and (13) 
give very good agreement with experiment. This is illustrated in Fig. 39. 
The good agreement obtained shows that analysis of results obtained 
for the scattering of slow electrons by molecules may lead to increased 
knowledge of the nature of molecular fields. 

6. Inelastic Collisions with Molecules. Excitation of Electronic 
Levels. The Franck-Condon Principle 

As is well known, in considering the electronic states of a molecule, 
one can, to a first approximation, treat the nuclei as though they were 
at rest; an electronic stationary state exists for any value of the distance 
between the nuclei. The Franck-Condon principle^ states that in a tran- 
sition from one electronic state to another the nuclear distance is instan- 

t S 0w is the 8-function, such that 8 0m = 0 (w ^ 0), 

= 1 (m — 0 ). 

$ Franck, Trans . Far. Soc ., 21 (1925), Part 3; Condon, Fhys. Rev., 28 (1926), 1192. 

3595.8 22 0 
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Electron Velocity in J Volts 

Fig. 39. Comparison of calculated and observed total cross-section curves for 

nitrogen. 

taneously unaltered. Strong experimental evidence in favour of this 
principle is provided by the measurement of critical potentials of mole- 
cules.f It is found in these experiments that excitation of a particular 
molecular level sets in quite sharply at a given velocity of the exciting 
electrons, corresponding to the energy necessary to raise the molecule 
to an excited electronic state with nuclear separation that of the ground 
state. Thus in Fig. 40, which illustrates the potential energy curves of 
two electronic states, excitation of the upper state requires energy 
corresponding to the switch AB, rather than AC. 

From the standpoint of classical theory this behaviour is to be 
expected, owing to the great mass of the nuclei; it is not difficult to 
see that the quantum theory makes the same predictions, though to a 
modified extent. Denoting the nuclear separation by p, the aggregate 
of electronic quantum numbers and coordinates by n and r respectively, 
and of the nuclear quantum numbers by v, the probability of transition 
from a state (n, v) to a state (n r , v'), due to a certain perturbation, will 
be proportional to the square of the modulus of 

J7 PWn V ( r > f#*v( r = p) dr dp, (14) 

where F(r,p) is the perturbing function producing the transition, and 
the t/r’s are the wave functions of the initial and final states. According 

t Wliiddington and Jones, Phil . Mag., 6 (1928), 889. 
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Nuclear Separation 

Fig. 40. Illustrating electronic transitions in a molecule. 


to the quantum theory of molecules, f the wave function of a molecule 
may be written approximately as the product of two wave functions, 
one <f> n (r,p ) a function of the electron coordinates, and the nuclear 
separation as parameter, the other Xnv(p) °t the nuclear coordinates and 
of the electronic quantum numbers. The function ip nv (r,p) may there- 
fore be written in the form 

•AnvC 1- ./ 5 ) = <f>n( r ’P)Xnv(p)- ( 15 ) 

Substituting this expression in the integral we may carry out the 
integration over the electronic coordinates, obtaining an integral over 
the nuclear coordinates of the form 

/ G(p) Xnv (p)xZ-Ap) dp. (16) 

The value of this integral will be determined by the extent to which 
the wave functions Xnv> overlap. These functions, which represent 
nuclear vibration, assume their largest values in the region where the 
chance of finding the corresponding classical vibrator is great. Outside 
the amplitude of the classical motion they tend to zero rapidly as 
p -> oo. Hence the functions Xnv an d XnV will only overlap appreciably 
when the corresponding classical motions overlap, i.e. when the initial 
and final nuclear separations are nearly the same. As the functions 
have finite but small values outside the region of classical motion, the 
integral (16) has a finite value when the Franck- Condon principle is 
t Cf. Condon and Morse, Quantum Mechanics (1929), Chap. V. 
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violated. Usually this value will he relatively small, hut it may he 
quite appreciable if the vibrational functions correspond to low quan- 
tum states, for in these cases the deviation of the quantum theoretical 
probabilities from the classical are most pronounced. However, for 
most purposes the Franck-Condon principle provides a sufficiently 
accurate description of the behaviour of the nuclei. 


7. Diffraction of Inelastically Scattered Electrons by a Moleculef 

If we assume the Franck-Condon principle to be strictly valid, the 
differential cross-section I n (6) dco corresponding to excitation of a given 
electronic level is given by 
1J6) dco 

a 4:7 T^YYl^ JcJ C C rr/_ — \ / /— \ / \ C’/ 7 7. — \ — A i 


h± k 


JJ ^( r i> r 2 )'/ r o (**2) 'A* (r 2 ) exp{i(&n 0 — k n n x ) • i-j} d-r x <It 2 2 dco 


where ^0. tz are the electronic wave functions of the initial and final 
states of the molecule, with nuclear separation that of the initial state. 
The operator A denotes the averaging over all orientations of the nuclear 
axis; the remaining symbols have their usual significance. Let us now 
consider the excitation of an electron from a single homopolar bond of 
a homonuclear diatomic molecule. In this case the wave functions 
i{/ 0 , ift n may have either the same or opposite symmetry with respect to 
the nuclear coordinates, and so we may write ip 0 i/f* in the form 

Mn — f(r,P)±f(P,r)> ( 18 ) 

where r and jp denote coordinates referred to the two nuclei respectively. 
Denoting the molecular electrons by suffixes 2 and 3, and the incident 
electron by suffix 1, we have 




4(0) dco = A ** 14+4 1 2 dco, 


where 


4 = JJJ ^-U(r,p)±f(p,r)']e^T?{i(kn 0 —Je n n 1 )-K 1 }dT 1 dT !l dT a , 

4 = J J J P)±fQP> * 0 >xp{i(fcn o — dr x dr % dr 3 . ( 20 ) 

Now one of the functions, say f(r,p), will contain the terms correspond- 
t Massey and Mohr, Proc. Roy . Soc A, 135 (1932), 258. 
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ing to electron 2 around nucleus 1, and the other, terms corresponding 
to electron 2 around nucleus 2. It will then be convenient to calculate 


JJ7 : 


-f(r,p)exp{i(Jcn 0 —, dr x dr z dr 3 


12 


( 21 ) 


by changing the origin to nucleus 1, and the other integral by changing 
to nucleus 2. We then find 

4 = exp{|i(M 0 — ^nj-d} JJJ A/( n:p )exp{i(^n 0 — dr 1 dr t dr 3 

± ex P{— ¥(kn 0 — k n n x )-&} f f \ —f{p,r)eTvp{i(Jcn 0 — k n n x )-p^} d^dr^dr^ 

J J J '12 (22) 

where d is the vector distance between the nuclei. 

Now/(r,p) can he expanded in the form 

f(r,p) = 'Efnir, d)P n {cOBU), 

* n 

where u is the angle between the radius vector r and the axis of sym- 
metry of the molecule. Similarly we have 

f(P,r) = J,f n (r,d)(— l) n P n (coau). (23) 

7h 

If we retain the first term only of these expansions, we find 


4 = 


cos 

OL . 

sm 


{i(*n 0 — £n n i)-d}. 


(24) 


according as j// 0 0* is symmetric or antisymmetric in the nuclear co- 
ordinates. a is a function of Jc, Tc n and 9, but is independent of the 
angles of orientation. Substituting in the expression (19) for I n (d), we 
obtain 


4(0) = 


16*7 r 2 m 2 e 4 h n 
P ~k 


cos 

(X . . 

tsm 


{i(fcn 0 — ^nj-d} 


+ 


+ higher order oscillating terms. (25) 
Averaging over all orientations of the molecular axis, we then have 

I n (6) = 8<7T ^ - € ~ |a| 2 ^l± + higher oscillating terms, (26) 

, 2ttcI f A 2 A Ai 

where x— (1 +— 2— cos# % 

A \ A 2 A* ) 

d being the nuclear separation of the initial state. 

It is clear from (26) that diffraction effects due to the two nuclei 
must occur in the excitation of electronic states of molecules by electron 
collisions. If the initial and final states have opposite symmetries in 



214 THE COLLISION OF ELECTRONS WITH MOLECULES XII, § 7 

the nuclei, this will result in less scattering at small angles, while if the 
states have the same nuclear symmetry there will he increased scattering 
at small angles. Such an effect would he difficult to detect experi- 
mentally owing to the rapid decrease of \<x\ 2 with increase of angle 
of scattering, just as for inelastic scattering hy atoms. The most 
favourable conditions would be with low-velocity electrons and heavy 
molecules. 

It is usually stated that waves scattered inelastically from two similar 
obstacles are incoherent, but this applies only to the intensity of the 
aggregate of such waves, not to the particular waves which are scattered 
with a given wave-length change due to excitation of a definite state 
of the system of obstacles. In the case of a crystal, the states which 
may be excited lie very close together, owing to the very large number 
of similar components of the crystal, and it is impossible to resolve the 
separate inelastically scattered waves. As a consequence no diffraction 
effects have been observed in the so-called "incoherently 5 scattered 
waves from crystals. 

As an example of the above, the probability of excitation of the 
Instate of molecular hydrogen has been calculated ;f for this we refer 
the reader to the original paper. 

8. The Dissociation of Hydrogen Molecules by Electron Impact 

As pointed out at the beginning of this chapter, the quantum theory 
of molecules indicates the possibility of dissociation of molecules by 
electron impact in a manner unexpected previously. We will illustrate 
this by reference to hydrogen. 

In Eig. 41 the potential energy curves of a number of quantum states 
of the hydrogen molecule are illustrated, as functions of the nuclear 
separation. A is the curve for the ground state of the molecule; this is a 
singlet state (the spins of the two electrons are antiparallel). The mini- 
mum at a nuclear separation of 0*75 A.U. corresponds to the equilibrium 
state of the molecule. The curves JB and C represent in a s imil ar manner 
the two most important excited singlet states of H 2 , the 2 r £ and 2 1 II 
states. Again, the existence of minima corresponds to a stable equili- 
brium state. The curve D represents the lowest triplet state of H 2 , in 
which the spins may be parallel or antiparallel. The energy curve has 
no minimum; the atoms repel one another, and no stable molecule can 
be formed. The existence of this state was predicted by Heitler and 
London in 1927.J Curves E and F correspond to stable and unstable 
f Massey and Mohr, loc. cit. $ Zeits. /. PKysik, 44 (1927), 455. 
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states of the hydrogen molecular ion Hf. Above these again would lie 
the curve corresponding to the doubly ionized molecule + . 

To study the energetic relations we consider the molecule as initially 
in the lowest stable state and in the zero vibrational state, so that the 
nuclear separation will lie initially in the shaded region in the figure. 
Applying the Franck- Condon prin- 
ciple, we see that transitions from 
the ground state can only take place 
to states which have finite ampli- 
tudes of vibration within the shaded 
area, corresponding to no change of 
nuclear separation. A transition 
from curve A to curve D will result 
in dissociation of the molecule into 
two neutral atoms with mutual 
kinetic energy about 7 volts. Transi- 
tions from curve A to curves B or C 
will result only in excitation and 
subsequent emission of ultra-violet 
light, while a transition to E will 
result in ionization without disso- 
ciation. A transition to F will, how- 
ever, result in dissociation as well as 
ionization, and the ions produced 
willhave considerable kinetic energy. 

A summary of these predictions is 
given in Table I, which includes also Fia. 41. Illustrating possible transi- 
certain additional possibilities. Tie tic T f * om S rouJld state of h y dro « eu 
most interesting possibilities are 

those of dissociation into neutral atoms with mutual kinetic energy, 
and production of fast positive ions. Both effects have been observed 
experimentally; the first by Hughes and SkeHet,*f G-locker, Baxter, and 
Dalton, $ and Whiddington and Jones, § the second by Bleakney.|| 
Thus all the effects predicted in Table I have been verified, providing 
direct confirmation of the quantum theory of molecule formation, and 
the Franek-Condon principle. 

These effects occur in many other molecules such as CO, N z , 0 2 ; for 
a detailed account of these results the reader is referred to the article 



10 2*0 3*0 

Nuclear separation in A.U 


t Phys. Rev., 30 (1927), 11. 
§ Phil. Mag., 6 (1928), 889. 


% Journ. Amer. Chem . Soc., 49 (1927), 58. 
H Phys. Rev., 35 (1930), 1180. 
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TABLE I 


Excitation 
Energy in 
Volts. 

State Excited. 

Resulting 

Transition. 

Predicted Effect. 

11*0 

P£ 

HH-H 

4* Kinetic 
Energy. 

High-speed H atoms. 

11*5 

2 3 S 

-S- PS 

Ultra-violet radiation. 

11*8 

2*2 

-> 1 3 2 

Continuous spectrum. 

12*6 

2 i n 

-s- PS 

Ultra-violet radiation. 

15*6 

H + 

— 

Ionization without dissociation. 

18*0 

excited above 
dissociation. 

— > H + 4* H 

Ionization with dissociation. 

28*0 

i 

40 

H+ (unstable). 

-> H+4H 

4 Kinetic 
Energy. 

Production of fast H + ions. 

46 

i 

56 

H+ + (unstable). 

-> H+4H+ 

4 Kinetic 
Energy. 

Further production of fast H + ions. 


The voltages given may be somewhat in error, as the potential energy curves of the 
higher states are not known with accuracy. 


by H. D. Smyth, entitled ‘Products and Processes of Ionization", in the 
Reviews of Modern Physics , 3 ( 1 9 3 1 ) , 348 . Unfortunately, the theoretical 
prediction of the effects cannot be taken further than the calculation 
of the critical potentials involved. The calculation of relative intensities 
of the different effects has so far proved too complicated. Massey and 
Mohr-j- have considered the probability of dissociation into neutral 
atoms, using the theory of excitation of triplet states by electron 
exchange discussed in Chapter XI. They make the approximation of 
using plane waves and undisturbed molecular wave functions through- 
out, and so the final results are probably not very accurate. It is found, 
however, that the maximum probability of the dissociation, which 
occurs a few volts above the critical potential, is quite large, being 
comparable with the elastic cross-section. As for all triplet excitations 
(see Chapter XI), the probability falls off very rapidly with increasing 
velocity of impact, after first rising to a maximum just beyond the excita- 
tion potential. The experiments of Whiddington and Jones, J similar 
to those described in Chap. XI, p. 166, in connexion with inelastic 
collisions, reveal the existence of a strong 9 -volt energy loss for electrons 
of energies between 14 and 26 volts in hydrogen, which undoubtedly 
corresponds to this excitation. Their results show that the variation 

t Proc. Roy. Soc., A, 135 (1932), 258. $ Phil. Mag., 6 (1928), 889. 
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of probability with incident voltage is in agreement with theory, but 
as only non-deviated electrons were observed it is impossible to compare 
absolute magnitudes. 

9. The Excitation of Internal Molecular Motion by Electron 
Impact 

The fact that electrons may interchange energy with nuclear vibration 
and rotation on impact with molecules is established by a number of 
experimental investigations. f In particular the experiments of Ramien 
showed that 2 per cent, of the collisions of 7- volt electrons with hydro- 
gen molecules are inelastic, resulting in excitation of one vibrational 
quantum. 

Such energy exchanges are important in considering the motion of 
slow electrons through gases, and a satisfactory theory would be thus 
of considerable interest. For transfer of energy to vibration the theory 
should follow the same lines as that discussed in Chap. XIII, § 3.5; but 
it has not yet proved possible to obtain any quantitative results owing 
to our present inadequate knowledge of the law of force between a 
vibrating molecule and an electron. 

For collisions of electrons with rotating dipoles it can be shown J 
that Born’s method is applicable if the dipole moment a is such that 

Srr 2 ni(xe ^ T 

m being the mass of the electron. It may then be shown that energy 
exchange takes place freely on impact, resulting in changes of the 
rotational quantum number by ±1. In cases where the law of inter- 
action is more complicated the theory is no longer simple and has not 
yet been worked out, but it is probable that similar results are to be 
expected in this case also. 

10. The Scattering of Electrons from Crystal Surfaces 

The study of the scattering of electrons from crystal surfaces has been 
of great importance in view of the means afforded of checking de 
Broglie’s formula for the wave-length of electron waves. The famous 

t Bailey, Phil. Mag., 46 (1923), 213, 50 (1925), 825, 13 (1932), 993; Bailey and 
McGee, Phil. Mag., 6 (1928), 1073; Bailey and Duncanson, Phil. Mag., 10 (1930), 145; 
Brose and Saayman, Ann. der Phys., 5 (1930), 797; Harries, Zeits.f. Physik,4:2 (1927), 
26; Ramien, Zeits.f. Physik, 70 (1931), 353. 

$ Massey, Proc. Camb. Phil. Poe., 28 (1932), 99. 

3595.8 P f 
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experiments of Davisson and Germer,*)* G. P. Thomson,$ and Bupp§ 
are too well known to need description here.|| 

For the dif fraction of high-velocity electrons the positions of the 
maxima are given by the same formula as for X-rays of the same wave- 



Figl 42. Values of electronic wave number and angle of incidence of electron beam 

for strongly reflected beam. 

The crystal is nickel, the surface the 111 plane. Straight broken lines indicate position of analogous 

X-ray reflection. 

length; the distribution of intensity follows a similar formula; the X-ray 
factor (e 2 /mc 2 )F must, however, be replaced byff 

(€ 2 /2mv 2 )[Z — F]cosec 2 J0. 

The validity of this formula has been established by several investi- 
gators 4$ 

With electrons of energy less than about 1,000 volts it is found that 
there are considerable differences between the positions of the maxima 
and those for X-rays of the same wave-length. This is illustrated in 
Fig. 42, where the wave number for strong reflection is plotted as a 
function of the angle of incidence. For X-rays the curves are the 
straight lines given by the Bragg formula 

ndsin6 n = \; 

f Phys. Rev., 30 (1927), 705. % Proc. Roy. Soc., A, 117 (1928), 600. 

§ Ann. der Phys., 1 (1929), 801. 

|| See, for example, G-. P. Thomson, The Wave Mechanics of Free Electrons , p. 47, 
(1930). ft Of. Chap. VII, § 1. ft Of. Chap. IX, § 5.2, 




Xir, § 10 SCATTERING OF ELECTRONS FROM CRYSTAL SURFACES 219 
but for slow electrons the lines are not straight. In order to explain 
these effects, it is necessary to take into account the potential field of 
the crystal. This has been done by Morse.f He considers the motion 
of electrons in a periodic field of the form 


V(x, y, z) = 2 £ A ym e im &+ £ A m e in v* } 

Z= — oo m= — qo 7i=*-oo 

where A^, A^ are constants and a, fi, y are given by 

y 2 tt/ {d X y dyj dg)j 

the d’s being the lengths of the edges of the unit cell of the lattice in 
the three directions. Using the theory of Hill’s equation, £ he finds 
that, for an electron beam whose plane of incidence is parallel to the 
2 -axis, the values of the angle of incidence 0 n and wave-number h n of 
the incident beam which give regularly reflected beams of maximum 
intensity, are given by the formula 


T& cos 2 0, n 


87T 2 m, 


n 2 7T 2 , 47 r 2 


dl 


d% 


f{d x , Tc n sin 9 n }, 


where n is an integer and V n is a quantity which changes very slowly 
with n and is roughly equal to the mean difference of potential between 
the interior and exterior of the crystal. The function / is small except 
near such values of its argument that 

K sin - e n = irm,/d v , (27) 


when it becomes large and discontinuous. As a consequence discon- 
tinuities appear, as in Fig. 42, at such angles and directions of incidence 
that (27) is satisfied. The physical explanation of this effect is that 
when (27) is satisfied, resonance occurs in the ^-direction and nearly 
all the electrons are reflected back in a direction exactly opposite to 
that of the incident beam. 

For further details the reader is referred to the original papers 
(loc. cit.). 


10 . 1 . Secondary Electron Emission from Metals. 

A great amount of experimental work has been done on this sub- 
ject, but it is still in a somewhat confused state. Frohlich|] has 
recently considered the problem theoretically by using Born’s approxi- 
mation (Chapter VII). He finds that it is necessary to allow for the 
deviation of the wave functions of the metal electrons from plane waves 


f Phys. Rev., 35 (1930), 1310. $ Acta Matkematica , 8 (1886), 1. 

§ Ann. der Phys., 13 (1932), 229 . 

j| See, for example. Both©, Handb. d. Physik, 24 (1927), 57. 
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in order to explain the emission. The final results of his calculations 
show that: 

(a) There exists a lower limit to the energy of the primary electron 
in order that secondary emission can take place. This limit is about 
15 volts, in agreement with observation. 

(b) For small velocities of incidence the emission is proportional to 
E *, where E is the energy of the primary electron, and for high velocities 
the emission is proportional to E~*log(E/W), where W is the potential 
jump at the metal surface. 

(c) The emission due to primary electrons of 100 volts energy is of 
the order of magnitude of one secondary electron for each incident 
primary electron. 



XIII 

THE COLLISIONS BETWEEN MASSIVE PARTICLES 


1 . Physical Phenomena Involved 

By 'Massive Particles’ we mean particles of mass large compared 
with that of an electron, such as atoms, a-particles, etc. Collisions 
between such particles may be classified in the following manner. 

1.1. Passage of Fast Massive Particles through Matter . 

Under this heading are included investigations of the ranges of 
a-particles, fast protons (H-particles), neutrons, and heavy nuclei in 
various materials. The method of investigation is either by actual 
observation of single particle tracks in a Wilson Cloud Chamber, or by 
direct counting of particles by use of scintillations, valve amplification, 
or other methods. The theoretical problem here is to calculate the 
energy loss per cm. path through a given material as a function of 
the mass, energy, and charge of the particles, and the properties of the 
material. The development of such a theory is important, for observa- 
tions of energy losses per cm. are often the only means of determining 
the nature or velocity of the particle. 

The question of collisions between nuclei is treated in Chapter XV, § 5. 

1 .2. Capture or Loss of Charge on Impact. 

These phenomena are observed both for slow and fast positive ions. 
The behaviour of a-particles in this respect is discussed in Rutherford, 
Chadwick, and Ellis’s book Radiations from Radioactive Substances , 
1930, p. 119. Extensive experiments have also been carried out for 
slower ions, notably by Kallmann and Rosen.f 

1.3. Transfer of Excitation. 

This phenomenon is very similar to the transfer of charge mentioned 
above, consisting in a transfer of electronic or other excitation from 
one of the colliding systems to the other. It is of considerable im- 
portance in experimental physics, particularly in the excitation of 
spectra. The presence of small quantities of foreign gases often has 
a very pronounced effect on the intensity, or type, of the spectra pro- 
duced in a discharge tube. An example is the well-known phenomenon 
of the quenching of resonance radiation. 

The problem here is to evaluate the transition probabilities, parti- 
cularly as functions of the energy differences of the two excited states. 

f Zeits. /. PhysiJc , 64 (1930), 808. 
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1.4. Elastic Collisions of Gas Atoms. 

The development of molecular ray technique has provided a powerful 
weapon for the investigation of the interaction of gas atoms. It has 
proved possible to demonstrate the wave nature of gas atoms by dif- 
fraction of beams of helium and hydrogen from crystal surfaces ,f and 
the time is not far distant when investigations of the scattering of atoms 
by atoms under definite conditions of relative velocity will be a practical 
possibility. It is therefore of interest to calculate the effects to be 
expected in the elastic collisions of gas atoms. 

The calculation of the collision cross-sections for gas atoms is also 
of interest in connexion with the theory of viscosity and of other trans- 
port phenomena in gases. Thus the variation of viscosity of a gas with 
temperature depends on the variation of a collision cross-section with 
relative velocity.} 

1.5. Mobilities of Positive Ions in Gases. 

A very large number of determinations of the mobilities of ions in 
gases have been made,§ but it is only in recent years that the experi- 
mental conditions have been such as to render possible a clear under- 
standing of the phenomena occurring. However, the recent experiments 
of Tyndall and others] | have shown that the purity of the gas under 
investigation is of vital importance. With gases containing even as 
little as 1 part in 10 6 of impurity, ion clusters are formed, with con- 
sequent slowing down of the ion. By high purification of the gases used 
(argon, helium, and neon) it has been possible to measure the mobilities 
of cluster-free ions in these gases. As the mobility is determined by 
the probabilities of collision between the gas atoms and the ions, it is 
possible to obtain valuable information regarding such collisions from 
these experiments. 

1.6. Excitation of Inner Molecular Motions. 

Inelastic collisions between molecules, resulting in the excitation of 
rotation and nuclear vibration, are considered under this heading. At 
gas-kinetic velocities this is the only possible type of excitation. Direct 
experimental investigation of these effects, by methods similar to those 
used for collisions with electrons, is not yet possible; but indirect 

t Cf. Eraser, Molecular Bays , 1931, Chap. 4. 

t See § 3 of this Chapter. 

§ Thomson, Conduction of Electricity through Oases , 3rd ed., Camb. TJniv. Press, 1928. 

|| Tyndall and Grindley, Proc. Boy . Soc., A, 110 (1926), 341; Tyndall and Powell, 
Proc. Roy. Soc., A, 129 (1930), 162; ibid.. A, 134 (1931), 126; and ibid.. A, 136 (1932), 
145. See also Loeb, Phys. Rev., 38 (1932), 649 ; Bradbury, Phys. Rev., 40 (1932), 608. 
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evidence as to the probabilities concerned is available from the following 
sources. 

(а) Measurement of accommodation coefficients. The thermal accom- 
modation coefficient of gas atoms on a solid surface is determined by 
the probability of energy exchange between the atoms and the vibrating 
atoms of the solid. From measurements of accommodation coefficients 
information may be obtained as to the magnitude of this probability 
and its variation with temperature. 

(б) The velocity of sound in gases at high temperatures. An outstanding 
discrepancy between the theoretical values of the vibrational specific 
heats of gases, and those measured by velocity of sound methods, has 
been cleared up by the development of an independent method of 
measuring the specific heats.f The results obtained by this method 
agree with theory. The discrepancy is due to the fact that the inter- 
change of energy between vibration and translation is so slow that the 
gas in a sound wave is not in thermodynamical equilibrium. From the 
sound measurements it is possible to obtain an estimate of the pro- 
bability of interchange of vibrational and translational energy. J 

(c) j Reaction rates of unimolecular chemical reactions. It is an empirical 
fact that an 'activation’ energy is required before a unimolecular reac- 
tion will take place. In many cases this consists in the excitation of 
vibration, and the variation of reaction rate with the pressure of the 
decomposing gas or of foreign gases yields information as to the pro- 
bability of activation of vibration by collision. Conversely, a theory of 
this excitation is of great value in interpreting the observations. 

1-7. Chemical Reactions in General. 

Under this heading are included a vast number of phenomena. The 
simplest type are two-body collisions, in which a rearrangement of 
particles takes place on collision; but the most important type are three- 
body collisions, where combination or dissociation of two molecules 
takes place under the interaction of a third. 

The chief problem here is the calculation of the relative probabilities 
of different types of reaction in terms of the properties of the reacting 
substances. A number of extremely general phenomena require ex- 
planation, such as catalysis, the nature of activation energy, § etc. 

This classification of the various phenomena, which come under the 
general title of collisions of heavy particles, is by no means a sharp 

f Blackett, Kideal, and Henry, Proc. Boy. Soc ., A, 126 (1930), 319. 

j Henry, Nature , 129 (1932), 200; Proc. Camb. Phil. Soc., 28 (1932), 249. 

§ See, however, Polanyi, Atomic Beactions, § 1 (1932). 
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one. The last four processes are of a very similar nature, but as the 
methods of experimental investigation are very different it was thought 
best to separate them as above. 

Unfortunately the theory of collisions of heavy particles is at present 
not nearly so well developed as the theory of electronic collisions. 
Quantitative results are, at present, only available for fast collisions for 
which Bom’s first approximation is valid, and for the elastic collisions 
between gas atoms. However, a number of general results have been 
obtained for other cases, and for certain problems, such as the excita- 
tion of vibration, the only remaining difficulty is the complicated nature 
of the algebra. Hollowing the same general scheme as for electronic 
collisions, we consider first the behaviour of fast particles. 


2. Fast Collisions of Massive Particles 

2.1. The Stopping -power of Matter for Fast Positive Ions. 

The calculation of the loss of energy per cm. path of fast positive 
ions traversing matter is very similar to the corresponding calculation 
for fast electrons, carried out in Chapter XI. We adopt the following 
notation: 

M 1} M 2 are the masses of the colliding and struck systems re- 
spectively. 

M = M 1 M 2 I(M 1 +M 2 ) is the reduced mass of the combined system. 
Z'e is the charge on the ion. 

The symbols Jc , Jc n , k , n 0 , n have the same meaning as in Chapter XI. 
The formulae of Chapter XI may be used with the mass of the electron 
replaced by M , and € 2 by Z'c 2 . The differential cross-section in momen- 
tum variables is thusf 


I 0n {K)dK = 


1287rW 2 £' 2 € 4 dK , 


( 1 ) 


where e 0n {K) = j? f dr, 

S = l J 

and XA/27T, as before, is the change of momentum. As before, the 
effective cross-section corresponding to excitation of the state n will be 
obtained by integrating the differential cross-section between the 
limits of allowed momentum change. For the fast collisions under 
consideration these limits are fixed by the same considerations as for 
electrons, since the matrix elements e Q7l {K) are the same functions of 
the momentum change Kh/27T for both cases. 


t Of. Chap. XI, eq. (10). 
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The lower limit of K will then bef 

JSTaia = 4z7T 2 M (E n -~- E 0 )/h 2 ; 

the upper limit is fixed by the conservation of moment um , so that 

■^max = 2 km/(M+m) 

21cm j 'M. (2) 

Apart from these modifications the treatment is exactly the same as 
for electrons. We obtain the following formulae: 

Excitation of optical levels :% 

Qm,nr = (l6rr*Z'* e */mv*) |*^ nT |*^ nr log {2mv^U nT -E nl )}. (3) 

Excitation of X-rays :§ 

Qii= ( 2tt 2' 2 e 4 /m« 2 \E nl \) Z nl b nl log ( 2mv 2 /£ nl ) . (4) 

Primary ionization : || 

Qni = ( 2 ^ z ' 2 ^ c ni Z n i/mv 2 1 E nl \)log{2mv 2 j G nl ). (5) 

Energy loss per cm. path : ff 
rlT 

— _ as (4:7re 4c 2j' 2 Nlmv 2 )Zlog(2mv 2 jE) 9 (6) 

(LX 

where E = 1*105jR 7&, for hydrogen. 

By comparison with the corresponding formulae for electrons given 
in Chapter XI in the sections listed below we see that for high-velocity 
encounters a positive ion of charge +€ behaves in the same way as an 
electron moving with the same velocity. In the case of the energy loss 
per cm. path, there is a slight difference in the logarithmic term, which 
is lo g(mv 2 /E) for an electron, but log(2mv 2 /E) for a massive particle. 

The accuracy of these expressions, as representing the observations, 
has been considered by Blackett and by E. J. Williams. §§ In Table I 
a comparison of observed and calculated values for the energy loss per 
cm. of a-particles passing through certain gases is given, u is the 
velocity of the incident particle, v of the electron in the atom. 

The agreement appears to be quite satisfactory, except for oxygen. 
Referring to (6) it will be seen that the calculation of the stopping- 
power requires a knowledge of the mean excitation energy E of the 
atom concerned. For an atom such as oxygen it is difficult to obtain 
this accurately; the value assumed in obtaining the figures given in 
Table I have been obtained using formula (70) and Table V of 
Chapter XI. A further source of error may arise from the inaccuracy 

t Cf. Chap. XI, § 1.1. t Cf. Chap. XI, § 3.1. § Cf. Chap. XI, § 3.2. 

|| Cf. Chap. XI, § 3.3. tt Cf. Chap. XI, § 4.2. 

tt Proc. Boy. Soc. 9 A, 135 (1932), 132. §§ Ibid. 108. 

3595.8 ri cr 
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TABLE I 


Gas. 

u 2 /v 2 . 

(|^) J (2irNZZ'*e l /mv*). 

Observed. Calculated. 

H a 

0-01 

11*1 

10*9 

h 2 

0-02 

9*3 

9*9 

o 2 

0 01 -> 0-5 

7*5 

9*4 


of Bom’s approximation for collisions of the relatively slow a-particles 
with an atom in which the orbital velocity of the K electrons is quite 
high. 

Using formula (6), we find that a particle passing through a gas con- 
taining N atoms per c.c. will, in losing velocity from v x to v 2 , move 
a distance R given by 

R = (ME*l32ne*Z'*ZmN)[Ei(y 2 )~Ei(y x )l (7) 

where Z is the nuclear charge of the atoms through which the particle 
is passing, and 

Vi = 21og(2m?;f/^), y 2 = 21og(2 mv^/E), 

Ei(y) = J e~ x x~ x dx } 

Blackett f has discussed the experimental evidence with reference to 
this expression, and has shown that for gases such as air, the formula 
(7) will fit the experimental results for ^-particles and fast protons very 
well if the mean excitation energy E is suitably adjusted. For air 
a value of E of 127 electron volts is found to fit the results best. 

2.2. The Capture of Electrons by Fast Positive Ions . 

(a) Bound electrons. In most experimental investigations the main 
capture process consists in the extraction of a bound electron from an 
atom by the positive ion; we shall consider this process fir st 

The general theory necessary has been developed in Chapter VIII, 
this being a rearrangement collision in which the reaction is 

(Nucleus A and electron) + Nucleus B 

Nucleus A + (Nucleus B and electron). 

Since we are dealing with fast collisions we may use Born’s approxima- 
tion and the formulae of Chapter VIII, § 4.2. The cross-sections for 
capture of an electron from state n around nucleus A to state q around 

f Loc. cit. 



XIII, § 2 FAST COLLISIONS OF MASSIVE PABTICLES 227 

nucleus B is given from Chap. VIII, eq. (68) by 

QnA —*■ Q.B 

h 8 t t 3 3I 2 Cl C C [2 

Jill 7(r e ,p)^(rJ^(rJexp{^(M 0 -r^^n*p)}(ir fi cZp si n6dd. 

0 

( 8 ) 

Here V(r e , p) is the interaction energy between the nucleus A and the 
electron, *p n ( r e ) is the wave function of the electron in the state n round 
nucleus A , <^(r e ) is that of the same electron in the state q around 
nucleus B } p is the distance between the nucleus A and the centre of 
mass of the system (nucleus B-\- electron), and r e denotes the electronic 
coordinates. M is the reduced mass of the final system; if we denote 
the masses of the nuclei A and B by M ' A , M B respectively and the mass 
of the electron by m, then 

M = M A (M B ^m)J(M A ^M B -J r m). 

The wave numbers Jc 9 lc a are given by 

/, __ 27rV 7r _ 2 ™v' (M B +m)M A 

h M A +M B +m’ a h M A +M B +m 9 { ) 

v, v r being the initial and final relative velocities. n 0 , n denote unit 
vectors in the directions of initial and final relative motion, so that 
n 0 -n = cos 6 . 

It is convenient to evaluate (8) by changing from the coordinates 
p, r e to the coordinates r A , r B which denote the positions of the electron 
relative to the nuclei A , B respectively. We then obtain 

__ h q Sir C 

VnA — h4c J 

0 

Xexp|^p(A*r 4 — dr A dr B ^ sin0^0, (10) 

where V(r A ) is written for F(r c , p), and 

(M A +M B +m) A = M A M B vn Q ~M A (M B +m)v'n 
(M A +M B +m)R = M b (M a -f m)vn 0 — M A M B v'n . (11) 

Since the variables occurring in the double integrals are now separable, 
the calculation may be completed without difficulty if the atomic wave 
functions have a simple form. 

The calculation of the cross-section Q nA q b f° r capture into a IS 
state from a 1 S state has been carried out by Brinkmann and Kramers 


JJ F(rJ#( 
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using formula (10). f They find that if the velocity v is so high that 
the contribution to the cross-section comes only from small momentum 
changes, 

Q = |2 18 7ra^ 5 £'% 8 ^ (12) 

where s = 7iv/27T € 2 and Ze, Z'e are the nuclear charges. This expression 



Eig. 43. Cross-sections for capture of electrons 
by a-partieles. 

A. Theoretical curve for nitrogen. 

B. Theoretical curve for capture into a IS state from a 
nucleus of charge 7. 

shows that for high velocities the probability of capture falls off as v~ 12 , 
in sharp contrast to the excitation probability which, for optically 
allowed transitions, falls somewhat more slowly than v~ 2 (see formula 
(3) of this chapter). This is due to the presence in the capture problem 
of a term proportional to v in the minimum momentum change, due 
to the momentum involved in the electron transfer. No such term 
occurs in the case of direct excitation. 

Since the experiments of Rutherfordf and of Jacobsen§ refer to the 
capture of electrons by a-particles moving through air, Brinkmann and 
Kramers (loc. cit.) carried out the calculations approximately for cap- 
ture from nitrogen atoms. They obtained reasonably good agreement 
with experiment, as is shown in Rig. 43. The empirical law found by 
f X. Wet./Amat 33 (1930), 973. J Phil. Mag., 47 (1924), 277. 

§ Ibid. 10 (1930), 401. 
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Rutherford to represent the variation of the probability of capture with 
velocity, namely, Qocv~™ (13) 

is due to the fact that in the experimental range the probability of 
capture of a K electron increases with increasing velocity of the ol- 
particle, whereas the cross-section for capture of an L electron decreases 
with nearly the 12th power of the velocity. The combination of the 
two effects leads to the law (13). 

The effect of capture and loss of electrons on the rate of loss of energy 
of fast positive ions traversing matter has not been investigated 
theoretically, but the importance of capture in this phenomenon has 
been emphasized by Blackett. f 

(6) Free electrons. The capture of a free electron by an ion may be 
considered as a spontaneous transition of the electron from a state of 
the continuous spectrum of the neutral atom to a discrete state of the 
same atom. It differs from the previous case in that the excess energy 
is not taken up as energy of relative translation but is liberated as 
radiation. 

According to the theory of spontaneous emission of radiation, if a 
beam of electrons falls on an atom, the number of transitions per second 
producing light of frequency v n polarized in the x direction, is given in 
terms of the cross-section Q™ lm , where 

Qnt m = $Q i7T *( Vn /c)3 e \X K , nlm \yh. 

nlm is the matrix element 

J <P K X'P%lmdr, 

tft K being the initial wave function (that of the continuous spectrum 
normalized as in Chap. XIV, § 2) and ip nlm the final wave function. 
The evaluation of these cross-sections corresponding to capture of free 
electrons by hydrogen-like atoms has been carried out by Stueckelberg 
and Morse$ and by Wessel.§ 

3. Slow Collisions of Heavy Particles 

3.1. Elastic Collisions of Cas Atoms. 

As was pointed out in § 1.4 of this chapter, it is of considerable 
interest to calculate the collision cross-sections for gas atoms colliding 
with each other with gas-kinetic velocities. Besides the total elastic 
cross-section Q, which may now be measured directly by molecular ray 

t JProc. Roy. Soc A, 135 (1932), 132. t ^tiys. Rev., 36 (1930), 16. 

§ Ann. der Rhys ., 5 (1930), 611. 
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methods we require also the cross-sections Q D which are effective 
in viscosity and diffusion respectively. These are defined by:|: 


7 T 

Q 7j = 2tt j J(0)sin 3 0 d6 
o 

TT 

Q n = 2tt J /(0)sin 2 ^0sin0 dO , 


(14) 


where I (6) is the scattered intensity in relative coordinates. These may 
be compared with v 

Q = 2tt j 2(0)sin0 d0 (15) 

o 

[cf. Chap. II, eq. (18)]. 

The coefficient of viscosity r) of a simple gas at absolute temperature 
T is then given by § ^ 5 , 2 x § 1 + 6 

where j — 1/2kT , Jf is the mass of a gas atom, k is Boltzmann’s con- 
stant, and R ±1 is given by 

M 11 = ifv’’Q v e-i^‘dv; 


v denotes the relative velocity of the gas atoms, of which Q v as defined 
above is a function; c is a small correcting term of order 10” a . 

Further, the coefficient of diffusion D between two gases (distin- 
guished by suffixes 1 and 2) is given by 




1 1_ 

K+Va^Pu 1 € o’ 


where v l9 v 2 denote the numbers of each kind of atom per unit volume, 
M l3 M 2 are the masses of each kind of gas atom, e 0 is a small correcting 
term|| depending on v l3 v 2 , and 


p “ = 2 J *■ 

— oo 

In order to investigate the modifications of the classical formulae 
which are introduced by the quantum theory it is simplest to start 


t Cf. Fraser, Molecular Rays , 1931, Chap. 4. 

$ Vide Massey and Mohr, Proc . Roy . Soc., A, in press. 

§ Chapman, Phil. Trans., A, 216 (1916), 279; 217 (1917), 115. See also Massey and 
Mohr, loc. cit. 

[] Chapman, Phil. Trans., A, 217 (1917), 115. 
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with the rigid sphere model for the gas atoms. We thus set for the 
interaction energy between the spheres 

V(r) = co (r c r 0 ) 

= 0 (r > r 0 ). 

On the classical theory this gives for Q the value rrrl and for 1(6) the 
value To calculate the scattering on the quantum theory the 

method of Chapter II may be applied (cf. Chap. II, § 3.2, where it is 
shown that in the low- velocity limit Q 4rrr^). If the colliding atoms 



Fig. 44. Illustrating behaviour of quantum theoretical cross-sections effective in 
viscosity, scattering, and diffusion, on the hard sphere model. 

Curves A refer to dissimilar atoms, B to identical atoms. 

are similar, account must also be taken of the symmetry relations 
introduced by the Bose-Einstein statistics (cf. Chap. V). In this case 
1(6) contains only even harmonics and so is symmetrical about 6 — r. 
The exclusion of odd harmonics has the general effect of increasing the 
deviations from classical theory, as will be observed from Eig. 44, in 
which the quantum and classical values of Q> Q v , and Q n are compared. 

We note that, although the cross-sections Q v and Q D tend to the 
classical values as the ratio of wave-length to atomic diameter is de- 
creased, the total cross-section Q tends, not to its classical value, but 
to twice that value. The reason for this different behaviour will be 
clear by reference to Fig. 45, which illustrates the calculated angular 
distribution function 1(6). It will be seen that 1(6) differs from the 
classical value only at small angles of scattering. The angle at which 
the deviations first become apparent decreases with decrease of wave- 
length, but the magnitude of the deviation within this angular range 
increases with decrease of wave-length in such a way that Q remains 
twice the classical value. Q v and Q D) however, differ from Q in that 
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their magnitude depends mainly on large angle collisions. For such 
collisions classical mechanics becomes valid when the wave-length is 
sufficiently short. Classical and quantum theories never give the same 
result for all angles; there remains always a small angular range at 
which they differ (cf. Chap. VII, § 3). 



Fig. 45. Angular distributions of scattered atoms on 
the rigid sphere model for 2rrr 0 /\ = 20. 

As a result of the quantum modifications of Q ^ for helium atoms the 
hard sphere model is found to represent the variation of the viscosity 
of helium with temperature, over the range from 25° K. to 300° K. within 
7 per cent. This is of special interest in view of the fact that the devia- 
tions observed in this range from the law given by the classical rigid 
sphere model have been used to determine the law of force between 
helium atoms.f It is clear therefore that quantum formulae must be 
used in calculating the viscosity of such light gases as helium and 
t G£. R. H. Fowler, Statistical Mechanics , Chap. X (contributed by J. E. Lennard- 
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hydrogen even at ordinary temperatures. In order to calculate cross- 
sections for complicated fields of force, it is necessary to evaluate a 
large number of phases; to do this by numerical integration of the 
corresponding differential equations would be extremely laborious. 
This difficulty may be overcome by using Jeffreys ? f method to evaluate 
those phases greater than unity and Born’s approximation $ for those 
considerably less than unity, the intermediate phases being obtained 
by interpolation on a phase-order diagram. This method has been 
applied § using the field of interaction between helium atoms given by 
Slater and Kirkwood. || 

In the past, viscosity and, to a lesser extent, diffusion phenomena in 
gases have been used as a means of determining the laws of force 
between gas atoms. The use of quantum theory shows that a further 
method may be used, for the total elastic cross-section Q (which has 
no meaning on classical theory, cf. Chap. II, § 1; Chap. X, § 1) depends 
also on the field of force between the colliding atoms and, since it is 
more sensitive to changes in the number of small angle collisions than 
either Q v or Q n [see formulae (14) and (15)], it depends more on the 
interaction energy at large distances. The measurement of Q as a 
function of temperature therefore enables us, in principle, to determine 
the field of force between the atoms concerned. The introduction of 
molecular ray methods has made the range of practical applicability of 
this method much greater than the two earlier ones mentioned above. 
Q has been calculated for a number of possible fields of force by Massey 
and Mohr and the use of their formulae in connexion with experimental 
observations of total collision areas should lead to considerable further 
knowledge of atomic interactions. 

The form of the angular distribution of the scattered atoms is of 
interest in molecular ray work, both for its own sake and to enable 
estimates to be made of the angular resolution required for the accurate 
measurement of free paths. The latter question has been discussed by 
Massey and Mohr (loc. cit.) who give a method for determining the 
resolution necessary in any particular case. With regard to the pos- 
sibility of detecting experimentally the maxima and minima exhibited 
in Fig. 45, it is clear that, for the collision of dissimilar atoms, the Max- 
wellian distribution of velocities in the colliding beams will smooth out 
the angular distributions. For similar atoms, on the other hand, the 
maxim um at 90° (45° when one atom is initially at rest) is present at 

t Cf. Chap. VII, § 3. t CL Chap. II, § 2. 

§ Massey and Mohr, Nature, 130 (1932), 276. |J Phys. Rev., 37 (1931), 682. 

3595.8 jg- k 
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all velocities of impact, and so should be detectable even with non- 
monochromatic beams. In this way it may be possible to establish 
directly the validity of the Bose-Einstein statistics to which the 
maximum is due. 

Similar considerations may be applied to the motion of slow positive 
ions in gases. 

3.2. The Transfer of Excitation . 

The importance of the transfer of excitation between atoms on col- 
lision has already been mentioned at the beginning of this chapter. 
The general feature which emerges from the experimental data is that 
the probability of this transfer is a maximum when the energy difference 
between the two states is zero. The energy difference appears to be 
usually more important in determining the probability of the transfer 
than the relative velocities or nature of the systems concerned. As an 
illustration of this we shall consider the results of a few selected 
experiments. 

3.21. Quenching of Mercury Resonance Radiation. It is well known 
that the presence of a foreign gas in a mercury resonance lamp has 1 the 
effect of diminishing the intensity of resonance radiation. This is due 
to the deactivation of the excited mercury atoms by collision with 
molecules of the foreign gas. Erom observations of the variation in 
intensity of the resonance radiation with different foreign gases present 
it is possible to determine the effective cross-sections corresponding to 
deactivation of the mercury atoms by the gas molecules. Such a series 
of observations was carried out by Zemansky ; f in Fig. 46 the relative 
efficiencies of different gases in producing the transition 2 Z P X -> 2 3 P 0 of 
the mercury atom, which requires 0*218 volts, are illustrated. The 
efficiency is given in terms of the effective cross-section, and is plotted 
against the energy of the vibrational level of each gas with energy 
nearest to the resonance value 0*218 volts. It is clear that the points 
obtained determine a resonance curve of the usual type. Carbon 
monoxide alone behaves anomalously, showing that the energy dif- 
ference is not the only factor concerned. 

3.22. The Absorption of Positive Ions. i U m ladung. 5 The observed 
absorption of slow positive ion beams in gases is due almost entirely 
to neutralization, by capture of electrons from the gas molecules. A 
large number of measurements of the absorption coefficients of ions in 
gases have been carried out by various investigators, and in all cases 


t Phys. Rev., 36 (1930), 919. 
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the absorption coefficient of a gas is found to be greatest for ions of 
the same gas; that is to say, positive ions are absorbed most strongly 
by gases which form the same ions by loss of an electron. Thus N+ ions 
are absorbed less strongly than NJ ions in nitrogen, f and H 2 ' ions are 



Fig. 46. Illustrating relative efficiencies of 
various gases in quenching mercury reso- 
nance radiation. 

absorbed more strongly in H 2 than either H + or H^, despite the large 
size of the triatomic ion.J 

3.23. Excitation of Sodium by Excited Mercury Atoms. Experiments 
of a somewhat similar nature were carried out by Beutler and Josephy,§ 
who irradiated a mixture of sodium and mercury vapours with a mer- 
cury lamp and measured the intensity of the sodium lines with excita- 
tion energies in the neighbourhood of that of the exciting line (wave- 
number 2537). Allowing for the statistical weight of the terms involved 

f Kallmann and Rosen, Zeita. /. Physik , 64 (1930), 808. 

X Holzer, Phys. Rev., 36 (1930), 1204. 

§ Zeita. /. Physik , 53 (1929), 755. 
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in the sodium lines, they obtained the curve illustrated in Eig. 47 for the 
excitation probability of the different sodium levels represented as a 
function of the energy of the level. A strong maximum is observed at 
the resonance point with a subsidiary maximum corresponding to 
resonance with the metastable 2 3 P 0 state of mercury, 

A great number of other ex- 
amples of this phenomenon are 
known, f and it is clearly of great 
importance in chemical kinetics. 
Thus a molecule is much more 
effective than an atom in de- 
activation, as it can take up 
energy by change of rotation 
quantum number, whereas an 
atom can only do so by change 
of kinetic energy. 

We now consider these phe- 
nomena from a theoretical point 
of view. 

3.3. Theory of Resonance Effects. 
In Chapter VIII, § 3.2, a 
method of calculation of cross- 
sections for transitions between 
two states in approximate re- 
sonance was discussed,. We use 
the same notation in this section, 
and denote the initial state by 
the suffix 0 and the final state by the suffix n. In the two following 
cases it was shown that the problem consists in the solution of two 
simultaneous differential equations only. If the states 0 and n are in 
approximate resonance, or if the interaction energy terms V Q{ are small 
for all states s and t, the probability of the transition is determined by 
a function F n which is a solution of the simultaneous equations 


Energy 



Eig. 47. Excitation probabilities of various 
sodium lines by collisions of the second 
kind with mercury atoms excited to the 
2\P state. 

Dotted lines indicate energies of the 2 1 P and 2 3 P 0 
states of mercury. 


= ^\ 0n F m 

^ 2 +K~~^V nn y n = ^V 0n F 0 . 


(16) 


t C5f. Eranck and Jordan, Anregung von QuantenspriXngen durcfo JSt&sse, 1926, p. 216; 
Buark and IJrey, Atoms , Molecules , and Quanta , 1930, Chap. XIV. 
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F 0 represents the incident and elastically scattered wave, and must 
have the asymptotic form 

F 0 ^ e ^+r-V^/(0, 0), (17) 

F n represents an outgoing wave, so that 

F n ~ r^e ih * r f n {0, <j>). 

The cross-section corresponding to the transition 0 n will then be 

rr 27 t 

Qn = T Si ]fn{6, ^ sin 6 d6d4 ' 

0 0 

In the case when V si is small for all s and t, the term in V 0n can be 
taken as a perturbation and the equations (16) solved by successive 
approximations, as in Chapter VIII, § 3.2. It is then found that 

f n (9, </>)=- J V 0 n (r')F 0 (r', 6')% n (r', tt-G) dr', (18) 


where F 0 (r, 9), Q n (r, 9) are solutions, both with asymptotic form similar 
to (17), of {V2+P— (877 *M/h*)V 00 }F 0 = 0 (19) 

and {7*+kl-(8ir*Mlh*)Vnn}% n = 0. (20) 


© denotes the angle between the directions 6 , <f> and 9', (/>'. This method 
is described in Chapter VIII under the heading of ‘Method of Distorted 
Waves’. 


The formula (18) has been applied by Morse and Stueckelberg f to 
a great many phenomena, with a view to investigating the variation of 
the cross-section with the ‘Resonanz-Unscharfe’ (the energy difference 
between the initial and final states). For the collisions of atoms it has 
not as yet been possible to make accurate calculations of any of the 
quantities involved in the integrand of (18); but it is possible to choose 
forms which represent the behaviour of the systems fairly accurately, 
and which enable the equations (19) and (20) to be solved in terms of 
known functions. Thus Morse and Stueckelberg took for V 00 and V nn 


the forms 


T'oo — a o/ r2 


The constants a 0 , a n were adjusted so that, with velocities corresponding 
to the temperature of the gas involved, the closest distance of approach 
of the two atoms was equal to the sum of their gas-kinetic radii. The 
equations (19) and (20) were solved in series of Bessel functions. Various 


t Ann. der Phya., 9 (1931), 579. 
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forms were taken for V 0n (r ) . If the transitions in both systems A and B 
are optically allowed, they take asymptotically for large r 

V 0n (r) ~ 

where a% is a constant. If one transition is allowed while the other has 
only a quadrupole moment, they take 

Vo n(r) ~ a*/**, 

and if both are associated with quadrupole moments 

V Qn {r) ~ ajr\ 

Finally, if either transition is associated with no moment, they take 

Such a transition may occur with electron exchange or with S S 
transitions. 

For all atoms the functions V 00 and V nn represent strongly repulsive 
fields; thus the wave functions F 0 , have no appreciable magnitude 
for distances much less than the classical distance of closest approach. 
As a consequence, the asymptotic expressions given above for V 0n are 
sufficiently accurate. The remaining calculation consisted then in 
summing series of integrals involving Bessel functions. The results of 
the calculations are illustrated in Fig. 48. The quantity J3 is related to 
the sum d 0 of the gas-kinetic radii of the reacting atoms by the ex- 
pression £ = 2-2(d 0 /a 0 )M*, 

where M is the reduced mass of the system in terms of the mass of 
the hydrogen atom. In the case of dipole-dipole and dipole-quadrupole 
transitions the dependence of the cross-section on velocity takes the 

form Qon* 4>(AJEJU) 

and Q 0n oc E<f>(AE/E), (21) 

where A E is the energy difference between the two states (the ‘Resonanz- 
Unscharfe’); the functions <f> are illustrated for different values of f3. 

For interaction terms vanishing exponentially the dependence of Q 
on E and A E is not so simple and must be written in the form 

Q 0ri cc x (E)<f>[(AE/E),El (22) 

The functions x(J£), <f>[(AE/E), E] are illustrated separately in Fig. 48 c. 

In all cases we note that the function <f> is of the exact form found 
experimentally (Figs. 46, 47). The resonance is particularly sharp for 
optically allowed transitions and large atoms (large /?). 
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It remains to consider the transfer of charge. For this case the 
interaction term is of the form 


Vo n ~ (e7«o) e ~ r,r “= 

where r 0 is between 2 and 4 times a 0 . In this case, again, the cross- 




Q, =2 c^E^iAEjJS) 
ol *= M(r Q fa 0 )*E. 

(c) 

Fig. 48. Calculated cross-sections for transfer of excitation. 

section Q takes the form (22). The forms of the functions x and are 
illustrated in Fig. 49 a, again establishing the resonance nature of the 
phenomenon. Fig. 49 b illustrates the variation of the cross-section with 
velocity for various fixed values of AE. The form of these curves is in 
agreement with the experiments of Bartels, f who has measured the 
mean free paths of slow protons in molecular hydrogen, but the cal- 
culated maximum occurs at too low a voltage. This defect is probably 
due to the failure of the approximations when the interaction is large. 

| Ann. der Phys., 13 (1932), 373. 
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However, it is clear that for small interactions the method is successful 
in explaining the observations. The resonance effect is mainly due, 
according to the theory outlined above, to the fact that the product of 
the incoming and outgoing waves in formula (18) makes a large con- 



r 0 n~ (e*/a 0 )e-r[r 0 

Q ■■ : c x (E)<f>(AEIE, E) 

Oi 1 = M(r 0 Ja 0 ) 2 AE. 

Eig. 49. Calculated cross-sections for charge transfer. 

tribution to the integral when the wave-lengths are nearly equal. The 
matrix element V 0n is also probably greater in the resonance case. 

3.31. The Case of Strong Interaction. To extend the theory further 
it is necessary to develop accurate approximate methods for the solution 
of the simultaneous equations (16) when V 0n can no longer be con- 
sidered small. Such methods have been introduced by Ton don f and 
by Stueckelberg.J 

London’s method is derived from a consideration of the physical 
f Zeits.f . PhysiJc, 74 (1932), 143. $ Helv. Phys. Acta, 5 (1932), 370. 
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nature of the processes occurring. When the interaction V 0n is large 
the perturbation method fails owing to the occurrence of adiabatic 
phenomena. As the interacting systems approach and separate again 
transitions occur in both directions. Morse and Stueckelberg’s method 
does not allow for the reverse process occurring before the systems 
separate, and so gives too large a probability.! London therefore bases 
his approximations, not on stationary state wave functions which are 
unperturbed by the interaction, but on wave functions which are non- 
stationary in that they include the adiabatic energy changes. The 
method then follows on the same lines as that described in C hap VIII, 
§ 3.3, as the Method of Perturbed Stationary State Wave Functions. In 
this way London arrives at a formula which differs from (18) in that 
the interaction energy V 0n is replaced by 

i(-®o-^Jarctan [2 V 0n /{F 0 -F n +V 00 -V nn }]. (23) 

To obtain a more accurate solution of (16), it is necessary to expand 
the functions. F 0 , F n in series of spherical harmonics, and to adapt the 
method of Chap. II, § 1 , to the problem under consideration. We 
thus set _ _ ,, 

^0 = 2 *gP.(o os 9), F n = X F° n P s ( cos 0). (24) 

S 8 

The functions F 8 must be found, subject to the boundary conditions 
that F q must represent an incident wave, and F n a scattered wave, so 
that the functions F 8 have asymptotic form, for large r, 

Fl ~ {2ikr)- x (28+l)exj>(ir)l)i 8 X 

x[sin(&r— |57r+77j)4-gJexp{i(A;r-~|s7r+^)}] 

F% (2i’kr)'-' 1 (2s+l)q^ l i 8 exp{i&r+ 2 t? 7 *}, (25) 

where q 8 n9 77 ®, etc., are constants which we have to find. From these 
expressions we deduce for the effective cross-sections Q 0 , Q n for elastic 
and inelastic collisions respectively, 

< 2 o=p 2 (2a+l)(41g'S| a +4sin 2 T ? S— 4#g sin ijg cos ??g}. 


2(2^+!)l3S 


When I#* | 2 is small compared with unity, it may be calculated readily 

t Cf. Chap. VIII, Pig. 11. 
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by Bom’s approximation ;f we obtain 

oo 

qi = ^ J V 0n J s+i {hr)J s+i {lc n r)r dr. (27) 

0 

No matter how large V 0n may be, this formula will hold for sufficiently 
large s; but for such s that the formula (27) gives q s n > J, it is com- 
pletely incorrect, and other methods must be used. 

A method similar to that of Chap. VII, § 3, has been given by 
Stueckelberg (loc. cit.) for the case V 0n large. Stueckelberg expands F% 
in the form = J .-i e xp{A- 1 (^ 0 +^ 1 +A 2 /S , 2 +...)}, (28) 

and solves the equation for F% obtained by eliminating F* t from the 
equations (16), and neglecting terms of order higher than h. The form 
of the solution depends on whether the function 

- 8n*M(V 00 -V nn )/h* (29) 

has a real positive zero. If such a zero R exists, Stueckelberg obtains 
the following formulae for q, rj. In these formulae the index s is omitted. 
If we write 

0*J 2 = Jc*-U nn -~s(s+l)/r\ U nn = 8n*MV nn /h* 

with a similar expression for yu, 0 , and further 

A = UW+Jcl—U 00 —U nn )—s(s+l)Jr z , 

JB = mk*-K-Uoo+UnJ*+±(U 0n r]i, 

( v o ) 2 = A+JB, {v n )* = A-B, 

It CO 

' -^n :== ^ “ j $/?> 

where the lower limit of integration is the zero of the integrand, and 
further 

oo oo 

P = N n— M o+ J v 0 dr, y = —N 0 +M n — j v n dr, t = N n — N 0 , 

R R 

then 

q 0 = — ie- i P\_e-' i ( T +P\ 1 — e- 2S )sin r + sin /J], 
q n = -“ie^-y)e~ s (l—e- 2S )^sinT, 

: ( 30 ) 

Vo = 2N n +2 | v 0 dr -M 0 -l(2s+I)7r 

R 

The quantity S (i.e. S s ) which occurs in these formulae, and which is of 


t Loc. cit. 
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primary importance in determining the magnitude of the cross-section, 
is equal to the value, at r = H, of 

"Po »)*/ 2 {gj; (Oio+D^)} (v 0 +v»)- 

To calculate the cross-section Q n with fair approximation when 
Bom’s formula is not valid for all s , it is necessary to calculate q s n from 
(30) for small values of 5, and from (27) for large values, interpolation 
being used to obtain values for the few intermediate values of s. This 
method has not been applied in detail to any particular case, since the 
potentials V 00 , V nn , and V 0n for atomic collisions are not known with 
sufficient accuracy to warrant such detailed calculation. It is quite 
clear, however, that this method predicts a smaller probability than 
does Bom’s approximation; Stueckelberg has shown that, when the 
zero R exists, the maximum possible value of Q is roughly ttR 2 . 

The theory discussed above predicts the existence of resonance 
phenomena, similar to those predicted by the more approximate theory 
of § 3.31; it shows also that the cross-section in the neighbourhood of 
the resonance point may attain a much greater value when there is no 
"crossing point’ R than when such a point exists. In fact, the cross- 
section in the former case may be very much greater than the gas- 
kinetic cross-section. Typical resonance curves for the two cases are 
illustrated in Fig. 50. 

' In both cases the relative velocity of the systems corresponds to 
one electron volt and M is 10 times the mass of a hydrogen atom. 

It may also be pointed out that the method of solving the coupled 
equations (16) outlined above may be applied to inelastic collisions of 
electrons with atoms; for this case F 00> V nn , and V 0n are well known. 

3.4. Passage of Positive Ions through Gases. 

In this section we consider the collisions of positive ions of energy 
greater than, say, 50 volts with gas atoms. The types of collision which 
occur may be classified as follows : 

1. Elastic collisions. 

2. Collisions resulting in the neutralization of the ion by electron 
capture from the gas atoms. 

3. Inelastic collisions resulting in excitation or ionization either of 
the gas atoms or the incident ions. 

The cross-section for elastic collisions must be calculated by the 
Method of Partial Cross-sections (Chap. II, § 1) and is given in terms 
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of the phase constants by the series 

Q = ^2 (2w+1)sin2,?n - (31) 

k is, as usual, equal to 277/wave-length. A large number of terms of 
this series are required (at least 400 for 100-volt protons in helium); 



Energy Difference of Initial and Final States in Volts 


Fig. 50. Calculated cross-sections for collisions of the second kind between 
atoms, as a function of the 4 Besonanz-Unscharfe 
A. Calculated with no crossing point, for V 0n = c/r 3 . 

B. Calculated assuming a crossing point, for V 0n = c/r 2 . 


but the summation over a certain range of n may be replaced by an 
integral. Use may also be made of the oscillatory nature of sin 7 j n when 
n is small (less than 200 for 100-volt protons in helium). Some cal- 
culated values of Q for the collisions of protons with helium and argon 
are given in Table II. 

It will be seen that these calculated cross-sections do not differ greatly 
from the gas-kinetic values; yet experimental determinations'} - of the 

f Dempster, Phil. Mag., 3 (1927), 115; Bamsauer, Kollath, and Lilienthal, Ann. der 
Phys ., 8 (1931), 709. 
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TABLE II 


Gas. 

Proton Energy 
in e. volts. 

Cross-section 
in units of rca%. 

Gas Kinetic Cross-section 
in units of 7 to% (exptl.). 

Ho 

90 

3-7 

2-6 


800 

2-0 


A 

73 

16-4 

7*3 


650 

10-7 



free paths of protons in both helium and argon have indicated much 
smaller total cross-sections than the gas-kinetic. However, the reason 
for this is clear when the angular distribution of the scattered protons 
is considered. This may be calculated by classical methods*)* except at 
very small angles of scattering, and it may be shown that the limiting 
value of the angular distribution function 1(0) for zero angle of scat- 
tering is approximately \lc 2 Q 2 which is Q except for very slow ions 
(< ^ volt). Combining these results it is found that the scattered 
intensity falls off so rapidly with increasing angle of scattering that 
only a small fraction of the elastic collisions occurring could be observed 
in the experiments cited. 

Collisions in which an electron is captured by the ion are usually 
inelastic, as the mutual kinetic energy is altered by the collision. In 
the special case of exact resonance which occurs, for example, when 
a helium positive ion captures an electron from a helium atom, the 
collisions are elastic in the sense that the mutual kinetic energy remains 
unaltered. It is not strictly correct to assign a cross-section for charge 
transfer in the case of exact resonance, as it is impossible to determine 
experimentally whether an ion observed in any given direction is the 
incident ion which has been scattered or a struck atom which has lost 
an electron. Actually the observations show that large numbers of 
positive ions are produced moving in directions nearly perpendicular 
to the incident beam. As we know from experiments in which the 
incident ions are distinguishable from atoms which have lost an electron, 
that very few ions are directly scattered in such directions, we may 
arbitrarily consider that all ions which move in directions making angles 
greater than, say, 45° with the direction of incidence, are struck atoms 
which have lost one electron, all the remaining ions arising by direct 
scattering from the incident beam. Since the observed absorption of, 
say, He-*” ions in He is mainly due to large angle deviations, we may 
say, on the basis of our assumption, that the absorption is mainly due 
f Of. Chap. VII, § 3, for the proof of this statement. 
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to charge transfer. To calculate the absorption cross-section we may 
then use the formula given in Chap. VIII, § 3.2, for the limiting value 
of the probability of an inelastic collision in the case of exact resonance. 
This calculation follows on the same lines as that of the elastic cross- 
section given earlier in this section, and it is found that the absorbing 
cross-section due to transfer of charge is comparable with the gas- 
kinetic cross-section, in agreement with the experiments of Kallmann 
and B. Posen, f A more exact theory, which takes account of the 
identity of the nuclei (cf. Chapter V) will only modify the form of the 
angular distribution, of the scattered ions at intermediate angles of 
scattering, where maxima and minima will occur due to the interference 
of the two types of scattered waves. Since the contribution to the 
cross-section arising from these angles is very small, this effect is un- 
important, except for precise measurements of angular distributions. 

When electron capture requires change of kinetic energy, the theory 
of the process must follow on exactly similar lines to that of excitation 
and ionization by the ions. Since the velocity of the ions is small com- 
pared with the orbital velocities of the atomic electrons, and since there 
are few cases where the resonance between initial and final states is so 
close as to permit of the consideration of the interaction of these two 
states alone, the only method which is satisfactory for the discussion 
of these processes is the Method of Perturbed Stationary State Wave 
Functions discussed in Chap. VIII, § 3.3. 

This method has been applied^ to the calculation of the cross-sections 
for excitation of the 2 1 P state of helium by protons, and for electron 
capture by protons. The excitation cross-section is illustrated as a func- 
tion of the energy of the protons in Pig. 48. Similar curves are obtained 
for the capture cross-section. For purposes of contrast the correspond- 
ing curve for electrons is also shown in the figure. The obvious difference 
in the calculated behaviour of the two particles is shown also by the 
experimental results, both for excitation and ionization.§ 

A further important result of the calculations is that the probability 
of the collision is negligible until the energy of the incident proton 
exceeds a certain value, which is considerably greater than the excita- 
tion energy. This 'activation energy' can be shown in general to be 
approximately proportional toj 

Jf(AI£) 2 jRg, (32) 

t Zeits.f. Physih , 64 (1930), 808. 

t Massey and, Smith, Proc. Roy. Soc ., A, in course of publication. 

§ Vide Dopel, Ann. der Phys., 16 (1933), 1. 
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where A E is the excitation energy, M the reduced mass of the colli ding 
systems, and JR 0 is the sum of their radii. The existence of this activa- 
tion energy, which is not predicted by Born’s approximation (see 
Fig. 51), is confirmed by the experimental results; and the available 
evidence also indicates that it is of the order of magnitude given by 



Fig. 61. Cross-sections for excitation of the 2 1 P level of helium. 

A- Calculated for protons using Method of Perturbed Stationary States. 

B. Calculated for protons using Bom’s approximation. 

C. Calculated for electrons. (This curve has been drawn on one-third the 
seal© to facilitate comparison.) 

(32). Thus Appleyardf showed that sodium ions with energy between 
300 and 3,000 volts can excite mercury atoms (AE = 5 volts), hut are 
not appreciably excited themselves (requiring A E — 32 volts). Again 
BopelJ has found that hydrogen atoms with less than 1,000 volts energy 
can excite potassium and sodium atoms (A E = 2 volts) quite strongly, 
although even when their energy is increased to 20,000 volts there is 
no indication that they are ever excited themselves by the collision 
(requiring AE =10 volts). 

The study of the passage of positive ions through gases is by no 
means in a final stage, either from an experimental or theoretical point 
of view. References to further work are given below.§ 

t Proc. Boy. Soc., A, 128 (1930), 330. t Ann. der Phys., 16 (1933), 1. 

§ For experimental material see J. J. and G. P. Thomson’s Conduction of Electricity 
through Cases, Part II, Chap. IV, 1933. For theoretical work see Massey and Smith 
(loc. cit.), where further references to this branch of the subject are given. 
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3,5. Exchange of Energy between Translational Motion and Molecular 
Vibration and Rotation . 

In this section we shall discuss methods by which one may calculate 
the probability that a molecule will change its vibrational or rotational 
state under impact from another atom. For this purpose we require to 
know the interaction energy between the molecule and atom. 

The theoretical treatments given at present have been confined to 
impacts in which the striking atom moves along the line joining the 
nuclei of a diatomic molecule; the vibrational transition probabilities 
will probably be greatest for such impacts. We need, then, only con- 
sider the interaction of the striking atom with one of the atoms of the 
molecule (of mass M B , say). A form of the interaction energy which 
probably gives a very good approximation near the distance of closest 
approach is Ce~ ar , (33) 

where r is distance between the atom M B and the striking atom. The 
constant a may be determined by comparing (33) with the potentials 
deduced by Lennard-Jonest from experimental measurements of the 
viscosity and thermal conductivity of gases. 

If we denote by R the distance between the nuclei of the striking 
atom and the centre of gravity of the molecule, and by p the distance 
between the vibrating nuclei of the molecule, then (33) may be written 

V{R >P ) = e-«<*+V>, (34) 

where A = M 0 /(M B +M 0 ), 

and M c is the mass of the other nucleus in the molecule. If we assume 
that the vibration is simple harmonic, the vibrational wave functions 
are Hermite polynomials. Owing to the fact that the amplitude of the 
nuclear vibration is small compared with the length 1/a, the non-diagonal 
matrix elements of V with respect to the vibrational wave functions 
are small. The method of Chap. VIII, § 3.3 (perturbation method with 
distorted waves), may thus be used to calculate the transition pro- 
babilities with considerable accuracy. 

Such calculations have been carried out by Zener J using a simplified 
field, and by Jackson and Mott§ using the field (34). With the latter 
field the following results are obtained for a head-on collision such as 
that described. We denote by / p n m the probability per collision that 
the vibrational quantum number changes from ntom; M A is the mass 

t R. H. Fowler, Statistical Mechanics, Chap. X, 1929. 

t Phys. Rev., 37 (1931), 556. 


§ Cf. § 3.6. 
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of the striking atom, v n the relative velocity before the collision, v 
afterwards. Then 


j Pn,m 


where 


32tt* 

h 


M c (M b +M c )M- a 


X 


sinh rrq n sinh m q n 


(cosh nq n — cosh 


m = n^l, 


q n = 4:7TM*v n /ha 3 
q m s 4:TrM*v m /ha , 


and v is the natural frequency of the vibrator. The probability of an 
energy change in which n changes by more than 1 is very small, except 
for high energies of impact. 

The chief interest of this formula is that it shows that exchange of 
energy between translation and vibration takes place only with diffi- 
culty. Thus in the one-dimensional collisions of helium with nitrogen 
at room temperature, the probability of deactivation of the molecule 
from the first vibrational state is of the. order 6x 10~ 7 . It is the very 
low probability of exchange of vibrational and translational energy 
which accounts for the failure of the velocity of sound method of 
determining the specific heats of gases, at high temperatures, f 

Similar methods may be applied to the consideration of the transfer 
of excitation of vibration between two molecules on impact. It is found 
then that, even in the case of exact resonance, the probability of transfer 
of vibrational energy may be very small. The resonance cross-section 
increases with the reduced mass of the two molecules and the kinetic 
energy of relative motion, while the resonance effect is sharpest for 
heavy molecules. 

Kicef has applied the theory to the consideration of the activation 
of various complex molecules by impact with similar molecules, with 
inert gas atoms, and with hydrogen. He finds that hydrogen is as 
efficient in activation as these molecules, and is much more so than the 
inert gases. This is in general agreement with the chemical evidence. 

The theory of the excitation of rotational motion is less well de- 
veloped, but it appears that transfer of energy between translation and 
rotation can take place relatively easily.§ The probability of such 
a transfer will naturally depend very largely on the symmetry of 
the molecule. In particular, if the molecule is excited to such a high 

■f* Cf- § 1.5 of this chapter. J Chemical Reviews, 10 (1932), 125. 

§ Zener, Pfvys..Rev., 37 (1931), 556. 

3595*8 Jj 
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electronic state that the charge distribution is nearly spherically sym- 
metrical, the excitation of rotation will be difficult. This is in agreement 
with observation. f 

3.6. The Collisions of Atoms with Crystals . 

3.61. Accommodation Coefficients. The recent experiments of Stern 
and EstermannJ have shown that molecules may be elastically reflected 
by crystal surfaces, and that cross-grating diffraction effects may be 
obtained, due to the interference of the de Broglie waves of the 
molecules. The intensity of the diffracted beams shows that a large 
fraction of the molecules are reflected without energy interchange with 
the crystal; the measurements of thermal accommodation coefficients 
confirm this result. 

The thermal accommodation coefficient a of a solid surface for gas 
atoms at temperature T is defined as 



where T g is the temperature of the gas atoms before striking the solid 
at temperature T 8 , and T' g is their temperature after a single collision. 
It is obvious that a is a measure of the probability of energy exchange 
between the gas atoms and the vibrational motion of the solid lattice. 
The low value of a is then due to the small probability of these ex- 
changes. The theory of § 3.5 is at once applicable and has been applied 
to the problem by Jackson and Mott.§ One-dimensional collisions are 
considered and the formula (37) for the transition probability used. 
Comparison of the resulting expressions for a(T) with the experiments 
of Roberts, 1 1 carried out with helium gas and tungsten surfaces, reveals 
very good agreement. Taking an exponential field Ce~ ar between the 
gas atom and solid surface, and a value of a of about 8 x10 s cm.- 1 ,* 
the calculated variation of a with temperature agrees well with the 
observed. It is difficult to compare the absolute magnitudes of oc with 
theory, owing to the microscopic roughness of the tungsten wire, which 
makes the effective area open to collisions uncertain. Nevertheless, the 
success of the theory shows that the study of accommodation coeffi- 
cients will lead to valuable information about the interaction of atoms. 

For gases other than helium the large van der Waals attractive 
forces must be taken into account ; at the time of writing this has not 
been done in a satisfactory way. 


t Rompe, Zeits. f. Physik , 65 (1930), 428. 

t Zeits. f. Physik , 61 (1930), 95. § Proc. Roy. Soc, t A, 137 (1932), 703. 

|i Proc. Roy. Soc., A, 129 (1930), 146, and 135 (1932), 192. 
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3.62. Electron Emission from Metals due to Impact of Positive Ions 
and Metastable Atom,s. It has long been known that positive ions are 
capable of ejecting electrons from metal surfaces f when not in thermal 
contact with the surface; OliphantJ and others have shown that meta- 
stable atoms of helium are capable of producing similar effects. 

The general explanation of the phenomena has been discussed by 
Oliphant and Moon,§ who show that the effects are due to collisions 
of the second kind with the metal electrons, in which the atom is 
deactivated and a metal electron receives sufficient energy to carry it 
over the surface potential barrier of the metal. The probability of such 
collisions is quite high, as has been shown by a quantum-mechanical 
treatment in which the atom is considered as a slowly moving point 
and the metal electrons considered as colliding with the atom.|| The 
cross-section for a collision of the second kind may then be computed. 
For further detail we refer the reader to the original papers. 

f Vida Oliphant, Proc. Roy. Roc., A, 127 (1930), 373. 

t Ibid. 124 (1929), 228. 

§ Ibid. 127 (1930), 388. 

|| Massoy, Proc. (Jamb. Phil. Roc., 26 (1930), 386, and 27 (1931), 460. 



XIV 


TRANSITION PROBABILITIES BY METHOD OF 
VARIATION OF PARAMETERS 


1. Introduction 

The problems of quantum mechanics may conveniently be divided into 
two classes: the calculation of the eigenvalues of the energy and of the 
other observables of a dynamical system; and the calculation of the 
probability that a system will make a transition from one state to 
another under a given perturbation. Our aim in this chapter is to sum- 
marize the methods available for the solution of the latter class of 
problem. The previous chapters have been mainly concerned with the 
calculation of a particular type of transition probability, namely, that 
between two states of equal unquantized energy, due to a perturbation 
(interaction between atom and colliding particle) which is not a function 
of the time. For this type of problem we have found it convenient to 
use a periodic wave function, containing the time in the exponential 
factor exp(— 27 nWtjh) only. In this chapter we consider methods for 
the calculation of transition probabilities between states one of which 
is quantized; for such problems a periodic wav© function cannot be 
used, and the ‘Method of Variation of Parameters 5 must be employed. | 

The transition probabilities calculated in this chapter may be divided 
into two classes in the following way: 

I. Transitions, due to a perturbing field which is not a function of 
the time, from a quantized state to an unquantized state of equal 
energy. Examples of this kind of problem are: Gamow’s theory of 
radioactive decay; J the Auger effect ;§ the spontaneous dissociation 
of a molecule in a high rotational state. Perturbation theory is parti- 
cularly suitable for the solution of this kind of problem, because, if the 
perturbing field is not ‘small’, it is impossible to use the conception of 
a transition probability. This may be seen most easily by reference to 
the Auger effect, where one has to calculate the probability that if two 
electrons are in excited states in one atom, one of them will fall to the 
ground state, giving up its energy to the other electron, which is thereby 
ejected from the atom. The ‘perturbing energy’ is here the interaction 
potential energy of the two electrons; if this is not ‘small’, so that the 

t The method was first given by Dirac, Proc. Boy. Soo ., A, 114 (1929), 243. 

t Atomic Nuclei and Badioactivity , Oxford, 1931, p. 30. 

§ Auger, J. Phys . Bad., 6 (1925), 205. 
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probability is small of the transition taking place in a time equal to 
the period of the atom, then it is meaningless to speak of the electrons 
as being initially in definite stationary states. 

This is not true of transitions between two unquantized states. For 
such problems the validity of the perturbation method depends on the 
quite different considerations discussed in Chap. VII, § 2, and elsewhere 
in this book. 

II. Transitions due to a perturbing field which is a function of the 
time. Hero the initial and final states may ho of different energy. Both 
the initial and final states may he quantized or unquantized. Examples 
are; the excitation and ionization of an atom by collision with an 
a-particlo, when the a-particle is treated as a moving centre of force; 
the absorption of radiation and the photoelectric effect, when the light 
wave is not treated as a quantized field. 

Transitions under the heading I may bo considered as a special case 
of II. We shall therefore consider transition probabilities in the fol- 
lowing order: 

Transitions caused by a perturbing function which is a function of 
the time: 

(а) Final state quantized. 

(б) Final state in range of continuous energies. 

Transitions caused by a perturbing function which is a periodic 
function of the time. 

Transitions caused by a perturbation independent of the time. 

2. Excitation of an Atom by a Perturbation which is a Function 

of the Time 

For simplicity we take for the unperturbed system a single electron 
moving in the field of an infinitely heavy nucleus. Let r denote the 
coordinates of the electron, ll the Hamiltonian of the unperturbed 
atom, and W s the wave functions (not functions of t) and energy 

values of the stationary states, satisfying the equation 

{H-WM* « 0 . ( 1 ) 

We suppose the system to be perturbed by an energy term F(r ,t), and 
the atom to b© initially (t a t 0 ) in the state s = 0, the wave function 
being therefore initially 

$ 0 (r)exp(^%7riW 0 t/h)* ( 2 ) 

Afc any subsequent time let the wave function be x F(r, t); then T may 
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be determined from the initial condition (2) and from the wave equation 

— = F V F. (3) 

277 i 8t v ’ 

To interpret Y we expand it in the form 

Y(r, f) = 2 a a {t)>fi a (T)ex p(— 2 mW a t/h), (4) 

S 

and make the assumption that \a s (t)\ 2 is equal to the probability that 
the atom is in the state s at time t (for quantized states; for unquantized 
states cf. § 2.1). We have therefore to calculate the coefficients a s {t). 
Substituting (4) in the left- hand side of (3), we obtain 

which is therefore equal to V X Y. Hence, if we multiply both sides of 
this equation by any one of the functions ip*(r)exp(-{-2TriW 8 t/?i) and 
integrate over all r, we obtain 

~a a {t) = - ?pexp(2 TviWJlh) f #T(r)F(r, *)Y(r, t) dr. (5) 

Initially, at time t = t 0 , all the ct 8 are zero, except for a 0 , which is equal 
to unity; hence, integrating (5), we obtain, if s ^ 0, 

t 

«.(*) = - ^ J dt {exp(277 iW s t/h) J >A?(r)F(r, <)Y(r, 0 dr) . (6) 

to 

This equation is exact. It cannot, however, be used to evaluate a 8 , 
since the right-hand side contains the unknown function X Y. If, how- 
ever, it is permissible to assume that during the perturbation TOr, t) 
is only slightly different from its original form, we may replace X F by 
0 o (r)exp(— 27riW Q t/h) in the right-hand side of (6), and writ© 

t 

a s (t) = - ^ J V a0 (t)exv{2?ri(W a -W 0 )t/h} dt, (7) 

to 

where V a0 (t) = J ^*(r)F(r, t)U r) dr. (8) 

It is permissible to make this approximation if the perturbing energy 
is ‘small’. The significance of this statement depends on the type of 
perturbation under consideration. We consider first the perturbation 
due to a heavy charged particle of charge E passing the atom, the 
particle being treated as a moving centre of force. 
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If the nucleus of the atom is at the origin, and the position of the 
perturbing particle at time t is 

R « (X, Y, vt), 

then V(r,t)~ — ej57/|R — r|. ( 9 ) 

The probability that the atom will be left in the state s after the 
collision is !« K (oo)| 2 , where 

•| 00 

27ri r 

*«(° o) = — -jr- J ^o(*)oxp[27ri(l^-lT 0 )e/^] dt. (10) 

• 00 

The perturbation method is valid here if the wave function is only 
slightly perturbed during the collision. This is obviously true for distant 
collisions, and may bo shown to bo true for collisions in which the 
particle passes through the atom, if its velocity is so great that the time 
during which the perturbation is effective is small. The method is also 
valid if the charge E on the particle is small compared with Ze. A 
necessary condition for the validity of the approximate method is 

1 K(°o)! 2 < i- 

The condition is not sufficient; for instance, for very slowly varying 
perturbations, a B (t) may be comparable with unity during the collision, 
even though a^(oo) is small. f 

If the perturbation is due to a light wave, we require to find the 
probability, P H &t> that the atom is excited to the state s in time At. 
Writing = -P> the probability after time t that the atom remains 
in its normal state is then e it being of course assumed that spon- 
taneous emission of radiation does not take place. The perturbation 
method will thus be valid for t such that 

Such perturbations are considered further in § 3, and it is shown that 
the method always gives an accurate value of P 3 , unless the light wave 
is of intensity great enough to excite the atom in a time comparable 
with 1/v, which is in practice never the case. 

2d. Ionization of an Atom by a Perturbation which is a Function of 
the Time . 

The wav© function v F(r, t) describing the atom after the perturbation 
must contain terms which describe ionized states of the atom. The 


t Of. Chap, VIII, § 3.2. 
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expansion (3) is thus not complete; we must replace it by 

Y(r,0 = 2 a s^ ex P(-^ 27r ^^)+ J a w^(0^( r ) ex 'p(—%iriWtJh)dW 9 

( 11 ) 

where the functions ^(r) are the solutions of (1) for positive energy. 
These solutions are of the form 


*Aw( r ) = L nw( r )> 

where 8 , 'JJ is the normalized spherical harmonic given by 
= [(2n+l)(n^u)l/47T(n+u)l] i Pii f (co&8)e iu ^, 
and L is the radial part of the wave function normalized so thatf 
[Chap. II, eq. (15)] 

L ~ (kr)~ x sin(&r — \nrr-\- rj n ) 

and N is a constant. In (11) a summation over all values of u is to 
to be understood. If we set 

N = N(W) = 8k(hv)-*, (12) 

then it may be shownj that the function G defined by 

R 

j l Pwnu( T )'Pw'nu{ V ) = 0 (W , B), 

where the integration is over a sphere of radius B, has the following 
property: iif(W) is any function of W } then 


Um f G(W, B)f(W) dW = f(W‘ ’). 

R-+-QO J 


This property of the function G(W , B) is conveniently expressed by the 
statement G(W,oo) — 8(W—W'), 


where S is the ‘8 -function’ of Dirac. § 

Making use of (12), it is easy to show that 

t 

<Hv{t) === J V wo (t)ex-p[%ri(W-W 0 )t/K] dt. (13) 

to 

The wave function may be deduced from (11). 

We shall now deduce from the wave function (11) the probability 
that the electron is ejected from the atom. We shall suppose that the 
perturbing function is operative only from time t = 0 to time t — T. 
We shall calculate the probability, Pdv 0 da), that, during this time 
interval, the electron is ejected in a direction lying in a solid angle dco 

f The term ( 27rZe 2 /hv)log 2kr which occurs for Coulomb fields is omitted. 
t Sommerfeld, Wave Mechanics , p. 290. § Quantum Mechanics , p. 63. 
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about the direction given by the unit vector n, and with velocity lying 
between v 0 , v 0 -\-dv 0 . 

For this purpose wo investigate the asymptotic form of T(r , tf) for 
values of r , t given by r = xiv 0 1 for values of the time t so long after 
the perturbation has ceased that 

t dv$ Tvq . 

Under these conditions it is clear that 

Pdv 0 dco = | X F|V 2 drdco 

= | X F | H*vl dv 0 day. (14) 

The right-hand side must be independent of t, and we shall show that 
this is the case* 

We have then to investigate (11) for large r, t. The coefficient 
given by (13) tends to a constant value as t -> oo, since the perturbing 
energy V is assumed to be finite only in the time interval 0 < t < T. 
Replacing i/j w ( r) by its form for large r, we see that the only terms in 
the integral in (11) which involve r 9 t are 

(kr)~ 1 si n(kr — \mr-\- 7] n )e~ 2rriWt!h , 
which may be written 

(2t/b*)"~ x jexp \^ l7T ^ n - (vr — lvH)—in7ri+irj n J — 

— exp (—vr— %v 2 t) + \mri — irj n J J . (15) 

The range of integration in (11) is from W = 0 to W = oo, and hence 
from v == 0 to v = oo. The first of the two terms in (15) has a stationary 
pointf in this range, for v == rjt , and, for r, t sufficiently large, the whole 
integral comes from the neighbourhood of this point, f The second term 
in (15), which corresponds to an ingoing wave, has no such point in the 
range, and therefore makes a contribution to the integral of higher 
order in 1 /L It may therefore be neglected. 

The first term in (15) may be written 

(2^>fcr)“ 1 exp Jf(v — v 0 ) 2 +(y Q r—'^vlt) — (16) 

where v 0 = r/t. Making use of the formula 

4*oo 

J exp(i-4£ 2 ) d'C = (n JiA)* (£ = v—v 0 , A = —rrmt/h), 

— 00 

t i.e. the function is said to have a stationary point for any value of v .for 

which f'(v) = 0. The theorem quoted may easily he proved By deforming the path of 
integration into the complex plane. 

3595.8 
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we obtain from (11), putting dW = mv dv, 

| V F| ~ I 2 a Wanu (co)N(W 0 )(2ik 0 r)-\?i/mt)imv 0 exp( — yi7ri+i Vll ) l S^{e,4,)\, 

where W 0 = e ^ c * 

This may be written 

|T| — r-±(mvo/t)*\f(6 9 <f >)\ , (17) 

where /(0, </>) = (h/v 0 )* 2 2 ex P(^7n — iw7ri)/S“(0, ^)%;nti(°°)» 

n u 

and where r = It will be seen that | X F| 2 is proportional to £~ 3 . 
From (14) we deduce that 

P dv 0 da> = (m^/70|/(M)i 2 (18) 

Further, integrating over all 6, </>, we find that the total probability 
that a particle is ejected with energy between W, W-\-dW is 

2 2 \ a JVnu(°°) I 2 djW . (19) 

n u 

An alternative form may be given for f(6 , <^). Inserting the formula 
(13) for a w in (16) and referring to formulae Chap. II, (16), and 
Chap. VI, (24), we obtain 

/(M) 

2 *T J dr ’ f dt mr ' } ^- 0 ) F ( r '> <)«Ao(r')exp|>i( W~W 0 )t/h]. (20) 

Here cos© = cos# cos 0' + sintfsin#' cos(</>*— <£'), (21) 

and g(r, d) is the function discussed in Chap. II, § 1 — i.e. 

3r(r, 0) = 2 (2n+ l)i n e l VnP n (coa 6)L n {r), 

n 

which has asymptotic form 

g ^ e iA:«_]_ r ~l e ar x f unc tion of 6. 

The function Sf(r', tt— ®) thus represents a plane wave in the opposite 
direction to 0 3 <f> together with an outgoing wave, and is thus not the 
complex conjugate of the wave function of the final state. It is only 
when the influence of the nucleus on g ma y be neglected (fast electrons, 
small atomic number, 2i rZe 2 /hv << 1), so that g(r', rr — 0) may be replaced 
by exp( — ikn- r'), that g may be considered as the complex conjugate 
of the final state.| 

3. Transitions due to a Perturbing Function Periodic in the Time. 
We take for the perturbing potential 

F(r, t) == \U(r)e-* nivl +\U*(r)e 2Ttivt , (22) 

where U is a function of r but not of t, and A is a parameter. Assuming 
t Cf. Chap. Ill, p. 36, note at end of § 2. 
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that the perturbed system is in the state 0 at time t = 0, then at time 
t the wave function is, from (13), 


2 «*(0&(r)ex ^(—2rriW a t/h)+ 

+ / a w(0<Aw( r )exp(— 2-niWt/h) dW, 


where 


a. 


GXv[2ni(W a -W 0 -hy)t/h ]- 1 yn 

" r rr "t AU a i 


W a — W 0 — hv 


,+ 


expf277i(W^— W 0 +hv)tlh ]— 1 „ rrs|e 
1 - • - w a -W Q +hv " “ 30 


(23) 


(24) 


and U a0 = j ^*(r)U(r)Mr) dr, (25) 


with a similar expression for a PF . 

In order to obtain results of physical significance in problems where 
V is periodic, one must take t, the time during which the perturbation 
acts, to b© great in comparison with 1/v. One requires the probability 
P a At per time At (At > 1/v) that the atom will be excited or ionized, 
in contradistinction to the problem considered in §2.1, where the 
probability of excitation during a single event (collision) was required. 
Denoting by JP = 2 P & the total probability per unit time of excitation 
or ionization, then the probability that after time t the atom is still in 
its normal state is The perturbation method used (cf. § 2.1) to 

obtain (25) is only correct for values of t such that this probability is 
not very different from unity, i.e. if 

Pt< 1. (26) 

However, if the perturbation is due to a light wave, P 8 will be pro- 
portional to its intensity, i.e. to A 2 , and in calculating P 8 we may take 
A as small as we please. Thus it is always possible to choose t so that 
(26) shall be satisfied, consistently with the inequality t >> l/v. The 
perturbation method thus gives accurate results for intensities of per- 
turbing field such that P is proportional to A 2 , which is the case for all 
light waves. 

The method of interpretation depends on whether the final state is 
quantized or whether it lies in the range of continuous energy values. 
In the former case the transition probability \a s \ 2 does not increase 
with the time, unless v is equal to v 30i where v a0 == \W 8 — in 
this case it increases with the square of the time, as may easily be 
seen from (24). To obtain a result of physical significance one must 
assume that the perturbing field is not strictly monochromatic, but 
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consists of a large number of fields of different frequency in the neigh- 
bourhood of v s0 , superimposed on one another. The transition proba- 
bility is now obtained by integrating \a s | 2 with respect to v over the 
critical value v s0 . We write in (22) A 2 = dv. The second term in (24) 
clearly contributes nothing of importance (if W„ > W 0 ), and we obtain 
for the transition probability 

f 2[1— cos{2,r(l^— W 0 — hv)t/h}] TT , 2 , 

J [TF-Wo-Av] 2 ’ ltyso1 ^ 

As t becomes large, the main part of the integral comes from the neigh- 
bourhood of v = v s0 . The integral reduces to| 

±7T 2 \U 80 \H/h 2 . (27) 

The Einstein B coefficient (absorption coefficient) may be calculated 
in this way.J 

If the final state lies in the range of continuous energy values, we 
may use the method of § 2.1. Thus we consider that the perturbation 
acts during a finite interval of time T , where vT 1 , but PT 1 . 
Then, from (21), \a w { T)\ 2 dW is the probability that the electron is 
ejected with energy between W, W-{-dW. This function has a strong 
maximum for W = W Q -\-hv. The total number of electrons ejected with 
all energies is 

J [<hv(T)l 2 dW = J A 2 1?7^ 0 1 2 dW. (28) 

As vT ->■ oo, practically all the integral comes from the neighbourhood 
of W — W 0 -\-hv, so that (28) may be replaced by§ 

4>7r*T\\U W0 \*/h, W = W 0 +hv, (29.1) 

which is the required probability that the electron is ejected in the 
time T. Similarly, the number of electrons ejected into the solid angle 
dco is, per unit time, from (18), (20), 

|2 ^ { %(r',n-®)\U(r'W 0 (r')dr' do. (29.2) 

1 •> i 


f We make use of the formula 



— 00 


dX = 7T. 


t For further details the reader is referred to Frenkel, Wave Mechanics, Elementary 
Theory, p. 146. 

§ N.B. — The hyperbolic wave function used in the evaluation of Uwq is normalized as 
in eq. (12) of this chapter. 
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Bethof has shown how to interpret the wave function (23) without 
using the expedient of a perturbation that acts only in the time interval 
0 < t < T, In formula (23), if r be a point outside the atom, fa 
vanishes and fa y may be replaced by its asymptotic form 
far ~ 2(/«?) h 1 8in(Ar— ln7T+Y) n )$%(0, <j>). 

Using this expression for wo shall show that, so long as vt !> 1, the 
wave function (23) corresponds to an outgoing wave of finite amplitude 
for r < vt and vanishing for r > vL 

For points r outside the atom, wo have from (23), (24) 

r 1 _ fi-MVr-Wt-hvWh 


x 


>F««.0 W __ WQ _ hv 

X {kr)^N{W)Bm{kr-lnn+r ln ) dW. 


(30) 


In this integral wo make the substitution 


2n( W — W y )tjh » £, 

so that & 2rr(2m W) h /h =*= k y +l/vt~\-0(l/t 2 ). 

Here W v is written for W 0 +hv f k v for 27r(2mW y ) i /h. If vt is large, the 
integrand in (30) has a strong maximum for W = W v , and (30) can be 
replaced by 

N(W v )3^U mnu , 0 e- M ^“ h f sin(kr~-in^+r, n ) ^ (fil) 

n»u J b ' cr 

The integral on the right is equal to 

(2 ikr)~'e ikr ~i tmi * i v« j (Vi*/*— e «W*-i)J£-i 

— (2ikr)- 1 e- ikr + in7rl ~ ir >* J [e-W* 1 — e i ^- r l vl ~ 1 '>]C~ 1 d£. (32) 

Now if A, B are real numbers. 



- * J 

— 00 


sin Bt~\ 

a 4, , 


which is clearly equal to 0 if -4, li have the same sign, and. to 2wi if 
they have opposite signs* Hence the second integral in (32), which 
represents the ingoing wave, vanishes; the first integral vanishes if 
r > vt, and is equal to 2rri if r < vt . Hence for (31) we may write 

T ~ (2kr)^e i ^^^27rN(W) 2 exp(fy n — W) ££(0, 4>W Wnu # (r < irf). 

n,u 

^ 0 (r > ?;£). 

Formulae (29*1), (29.2) for the number of electrons ejected may easily 
be deduced. 


t Ann. der Phys., 4 (1930), 443. 



262 ME THOD OF VARIATION OF PARAMETERS XIV, § 3 

3.1. Ionization of a Hydrogen Atom by a Light Wave. 

If we take for the scalar and vector potentials of the light wave 
<D = (f>(x,y,z)e~ z ' nivl complex conjugate, 

A = a (x,y,z)e~ Z7Tivt complex conjugate, 
then we have for the perturbing term the operator 

V(r,t) = U(r)e~ Z7rivl + complex conjugate, 
where Z7(r) = —e<f>+(eh/2TTimc)a-gra,d (SchrOdinger) 

_ —efi—ep^a- a) (Dirac). 

For a plane-polarized wave along the 2 -axis one may take 
<f> — 0, a x = ae^ z , a y — a z — 0. 

Hence U s0 = <f ia f ijj* dr. 

80 2 mmc J rs 8x 

If the light wave has wave-length long compared with the radins of the 
atom, e^ s may he replaced by unity. t 

4. Transitions caused by a Perturbation which is not a Function 
of the Time 

The formulae of the preceding section are at once applicable, by putting 
v = 0. Since in § 3.1 transitions were possible only to states of energy 
W 0 where W 0 is the initial energy, it follows that transitions are 
only now possible to states of energy W 0 . Energy is therefore conserved 
in such transitions, as may be seen from the physical nature of the 
processes involved. 

4.1. Final and Initial States Unquantized . 

Scattering of a Beam of Electrons by a Centre of Force . 

We make use of formula (29.2), For ifi 0 we take a beam of electrons 
normalized so that one electron crosses unit area per unit time, so that 

*Ao — exp(i&n 0 *r). 

U(r) is the potential energy of the electron in the field of the scattering 
centre. (r',ir—®) reduces to exp(— i&n-r'), where n is a unit vector 
in the direction Thus (29.2) reduces to 

~ J exp[i&(n 0 — n)-r']D'(r') dr' *, 

which is the formula obtained by the first approximation of Born’s 
method [Chap. VII, eq. (5)]. 

*f ■® , ° r ’khe application of these formulae to the calculation of the photoelectric effect 
cf. Sommerfeld, Wave Mechanics , p. 177, and Ann. der Phys., 4 (1930), 409; Hulme, 
Proc. Boy. Soc., A, 133 (1931), 381 ; Sauter, Ann. der Phys. 3 9 (1931), 217. 
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4.2. Initial State Quantized, Final State Unquantized . 

We take for our example a non -relativistic theory of the internal 
conversion of y-raya. We suppose an a-particlo in the nucleus, co- 
ordinate R, is in an excited state described by a wave function x*(R), 
and an electron in the atom in the normal state in the K level, described 
by a wave function <//*(r). We require the probability per unit time 
that the a-particlo jumps to its normal state (wave function x/(R)), 
giving up its energy to the electron, which is thereby ejected. If 

F(r, R) — 2e a /|R— r| 

be the interaction between them, then by (23) this probability is 

2 JJ drdR xf^T v ( r > K )Xi^i dco > (33) 

where i//y represents the wave function of the final state normalized as 
in equation (34), and the summation is over all possible final states 
with the requisite energy. 

The escape of an a-particl© from a radioactive nucleus has been 
treated by this method by Rorn.f 


f ZeiU.f. Fhyttik, 58 (1929), 300. 
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RELATIVISTIC TREATMENT OF THE TWO-BODY PROBLEM; 
INFLUENCE OF RADIATIVE FORCES ON THE SCATTERING; 
EMIS SION OF CONTINUOUS X-RAY SPECTRUM; 
NUCLEAR PROBLEMS 

1. Relativistic Quantum Mechanics. Use of Retarded Potentials 

The work of Dirac f provides a complete relativistic theory of the motion 
of a single particle (proton or electron) in an electromagnetic field. 
Dirac’s theory has been applied to the hydrogen atom , % to the nuclear 
scattering of fast electrons, § and to the interaction of an electron with 
electromagnetic radiation of high frequency . || On the other hand, a com- 
plete relativistic theory of problems involving the interaction of two or 
more particles is, at present, lacking. Howevor, there is a certain limited 
class of such problems which may be solved; namely, the calculation 
of transition probabilities under conditions such that first-order per- 
turbation theory (first Born approximation) is valid. 

In order to illustrate the method by which such transition proba- 
bilities may be calculated, we shall consider the following problem 
(Auger effect). In a heavy atom, a K electron has been ejected; there 
is therefore a finite probability that an L electron will fall into the K 
ring, giving up its energy either to a light quantum or to one of the 
other atomic electrons. We shall calculate the probability that the 
L electron gives up its energy to an optical electron. 

The method we shall use precludes the possibility of using anti- 
symmetrical wave functions for the initial or final states. We shall 
treat the electrons separately, denoting by R the position of the inner 
electron, by y^R) the wave function of its initial state in the L ring, 
and by x/R) its final state in the K ring. We denote the wave function 
of the initial state of the optical electron by ^(r) and the final ionized 
state by <p f (r). The effect of the antisymmetry is considered at the end 
of this section. 

The inner electron can return to the K level either by giving up its 
energy to the electron, or by emitting a quantum of radiation. The 

t Proc. Roy. Soc., A, 117 (1928), 618, and Quantum Mechanics, Chap. XIII. 

t Darwin, Proc. Roy. Soc., 118 1928), 664; Gordon, Zeits.f. Physik, 48 (1928), 1 . 

§ Cf. Chap. IV, § 4, of this book. 

II For the Compton effect cf. Klein and Nishina, Zeits . /. Physik, 52 (1929), 893; for 
photoelectric effect cf. Hulme, Proc. Roy . Soc., A, 133 (1931), 381; Sauter, Ann. der 
Phys., 9 (1931), 217. 
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probability per unit time of the latter event is denoted by A { _, f , the 
Einstein A coefficient. According to any completely non-relativistlc 
theory (c -> oo) the A coefficient is zero, since in the absence of a radia- 
tion field the atom will stay in the excited state for ever. Diracf has 
been able to account for the A coefficient by treating the radiation 
field as an assembly of light quanta obeying quantum-mechanical laws. 
Before the formulation of Dirac’s theory the A coefficient was obtained 
in the following way.} 

The radiating system — in our case the L electron — is treated as a 
classical charge distribution, of density 

p /t ox p(— 2naV /£ <)-f- complex conjugate, (1) 

where P/i = — eX/Xi- 

The current vector corresponding to this charge density is 

/)-( eomplox conjugate, 

where 

i/i = £ X* Pi °Xc> (Dirac’s equation) 

€fh 

= 4 ^ im (X/g™ d Xt—X/fP & < 1 xt) (SchrOdinger’s equation). 

On the classical theory such a charge density will give rise to an oscil- 
lating electromagnetic field, radiating energy. The energy radiated per 
unit time may be calculated. If wo divide this by the energy of a light 
quantum, we obtain a formula for the A coefficient. 

It is clear that this method of calculating the A coefficient is an 
unsatisfactory mixture of classical and quantum mechanics; neverthe- 
less it is along these lines that w© must proceed in order to obtain 
a relativistic theory of the interaction of two particles. We proceed to 
find the field due to the oscillating charge density (1). 

By classical electromagnetic theory the scalar potential <D and vector 
potential A due to this charge density are given by the differential 
equations 

= — Anpn exp ( 2niv fi <)+■•■ (2.1) 

V* A — ~ j£ = -±fj /{ exp(-2 niv fi t)+... . (2.2) 

To obtain a particular integral we set 

== y, z)exp(— 27rtV /< <) j _j_ CO mplex conjugate, (3) 

A = a(a;,y,z)exp (— ) 

t Proo. Hoy. Soc., A, 114 (1927), 243, and Quantum Mechanics, p. 218. 
t Of. O. Klein, Zeits. f. Physik, 41 (1927), 407. 

Mm £ 


3505.8 
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and obtain (V 2 +4 t7 2 v| £ /c 2 )^ = — 4* rp ft , (4) 

etc. The solution, of this equation representing an outgoing wave only, 
is /* i 

<f> = J ~ 7 |exp(27riv /i |r— r'\/c)p fi (x',y',z') dr'. (5) 

Taking the asymptotic form of (5), we obtain, for large r, 

4) ~ r- 1 exp{2 7 Tiv /i (r/c— t)} J exp(— 2rnv fi n-r'Jc)p f{ {x', y’, z') dr +..., 

where n is the vector r/r. A similar expression is obtained for the vector 
potential; the rate of emission of energy may thus be calculated. 

In order to obtain the probability that the L electron will give up 
its energy to the optical electron, we proceed as though the field <&, A 
given by (5) were in fact present, and calculate its effect on the optical 
electron by the method of Chap. XIV, § 3. The probability of ejection 
increases with the time, only if the energy received by the electron is 
equal to ±hv fi . The probability per unit time is then (Chap. XIV, 
eq. (29.1)) 4 t7 2 | /* ... , 2 

where is the wave function of the final state of the electron, nor- 
malized to represent one emitted electron per unit time. 

If we make c oo in (5), we obtain 

<f> = -« J p r ~ p]X*( r ')x<(r') dr', 

a = 0, 

andhence (6) reduces to the non-relativistic formula. Chap. XIV, eq. (33). 

With this method of treatment it is meaningless to inquire whether 
the optical electron is ejected by direct interaction with the L electron, 
or whether a light quantum is first emitted and then re -absorbed. 
Both processes are included in (6). 

Formula (6) takes no account of the antisymmetrical property in 
non-relativistic quantum mechanics. We can obtain a formula which, 
as c oo, tends to the non-relativistic formula with antisymmetrical 
wave functions. Let us denote by \A \ 2 the expression (6). \A\ 2 is the 
probability that the L electron falls to the ground state, and the optical 
electron is ejected. Similarly we can find the probability |J5| 2 that the 
optical electron falls to the ground state, and the L electron is ejected. 
The required expression is 

\A-B \* 3 

which is probably the correct expression for the number of electrons 
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ejected of both kinds. The expression must be summed over all 
possible final states. 

Calculations on those lines for the Auger effect have not at present 
been carried out; this section is intended as an example of the method, 
rather than as a discussion of the effect for purposes of comparison 
with experiment. 

2. Relativistic Treatment of Collision Problems 

The excitation and ionization of atoms by fast electrons may be treated 
by the method of § l.f We shall consider the problem of a beam of 
electrons incident on a hydrogen atom in the normal state, with wave 
function i/q (r )exp ( — 2m E i t/h) . We require the probability that an 
electron is scattered in a given direction after exciting the atom to 
a state with wave function ^ / (r)exp (~~27riE f t/h). 

As in § 1, the interaction between the two electrons is treated as a 
small perturbation. For the unperturbed wave function of the incident 
electrons one should take, therefore, the wave function for a stream of 
electrons scattered by a nucleus (Chap. Ill, eq. (23)). Since, however, 
v ^ c, <* 2 /hv 1, so that this may be replaced by a plane wave, to the 

order to which we are working [neglect of (c 2 /&c) 2 , cf. § 3]* We there- 
fore take for our zero-order wav© function xo a plane wav© normalized 
to give one electron crossing unit area per unit time, so that 
Xi(R) « t;~~*exp{27 ri^ Z—Wt)/h}. 

For the corresponding wave function with Dirac electrons, cf. Chap. IV, 
eq. (12). 

To obtain the probability of scattering we treat the atom as a varying 
charge distribution of density (cf. (1) above) 

— €^(r)*/r i (r)exp{27r^(^ / —^)^}, ( 7 ) 

with a corresponding expression for the current; we then calculate the 
effect of the field of this charge on the incident beam of electrons. The 
method is that of Chap. XIV, § 3. The theory predicts that electrons 
will be scattered with energies W — E f +E^ One must not add the 
complex conjugate term to (7), for this would predict the presence of 
electrons scattered with energy W-—E i +E f> more energy than they 
had initially.J 

The field due to (7) cannot be interpreted as the field radiated by 
t The method is due to Holler, Zeits. /. Physik , 70 (1931), 786. 

t In the case of § 1, there is no final state of energy Wl—Pi+Ef. Thus the presence 
of the conjugate term makes no difference to the number of electrons ejected. 
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the atom, as in § 1, firstly because the atom is initially in its normal 
state and is not radiating, and secondly because the field is complex. 

With <f> and a given by § 1, equations (3) and (4), we sec from Chap. 
XIV, eq. (29.2), that the differential cross-section for scattering in a 
solid angle dco is 

\f(9)\*d<jo = v t J 8r(r ')[— ^ ( 8 ) 

where g(r') = exp(— Swip/r'/A) (SchrOdinger), 

p /5 v f being the momentum and velocity after the collision. For Dirac 
electrons cf. Chap. IV, eq. (12); g is the complex conjugate of the wave 
function for an electron travelling in the direction p /? normalized so 
that there is one particle per unit volume. 

In the non-relativistic theory one must use an anti symmetrical wave 
function to describe a collision between an electron and a hydrogen 
atom. In the relativistic theory discussed here no wave function for 
the whole system appears, but we can take account of the antisymmetry 
in the same way as in § 1. Thus in equation (8) we have obtained an 
expression \f(6)\ 2 dco for the probability that an electron will be 
•scattered into the solid angle dco. If in (7) we replace if/ f (r) by a hyper- 
bolic wave function describing an electron ejected with momentum jtfy, 
and g in (8) by the wave function i[t f ( r) of an electron captured in the 
state / in the atom, we obtain the probability \g(9) | 2 dco that the 
incident electron is captured, and the atomic electron ejected. In the 
non-relativistic theory, when one takes account of the antisymmetry, 
the probability for scattering into the solid angle dco is 

2 \f(Q)~~~g(0)\* dco, (9) 

where the summation is over all possible initial and final directions of 
the spin (cf. Chap. V, § 6). We may assume that, in the relativistic 
theory also, the scattering is given by the formula (9). 

Formulae for the stopping-power and primary ionization may be 
obtained by evaluating integrals of the type (8), and summing over all 
final states. (For results see below.) We must, however, remark here 
that all important contributions to the primary ionization are made by 
collisions in which the incident electron changes its momentum by a 
small amount only. Under these conditions the method of impact 
parameters is applicable. Williams t has shown that all the results 
given below may be deduced by this method, the incident electron 
being treated as a moving centre of force, with the field demanded by 
f Proc. Roy . Soc. t 139 (1933), 163. 
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the ‘classical’ relativity theory. We conclude that an experimental test 
of these formulae does not provide a test of the relativistic quantum 
theory of the interaction of two electrons. This theory only provides 
formulae which can be obtained in no other way, when applied to 
problems where the incident particle loses a large proportion of its 
energy. 

The formulae for the stopping-power and cross-section for ionization 
are,f in the notation of Chap. XI, §§ 3.3 and 4.2, 
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By comparison with the corresponding formulae (68) and (50) of 
Chapter XI wo see that the chief difference between these relativistic 
formulae and the non-relativistic formula is the presence in the relati- 
vistic formulae of a term — log(l — ?; 2 /c 2 ). This term has the effect of 
producing a minimum in dTjdx and Q l * nl at sufficiently high velocities. 
Otherwise there is no appreciable modification. Thus for electrons in 
air Botho and Fermi give the following values of dTjdx: 

Initial energy in volts 10® 10 e 10 7 10 8 10 9 10 10 

dTjdx 3*67 1*69 1*95 2-47 2*99 3*48. 


3. Collision between two Free Electrons 

The first application of the method of § 2 to a collision problem was 
made by Holier, J who applied it to the collision between two free 
particles. Since the effect of one electron on the other is treated as 
a first-order perturbation, the results are of an accuracy equal to that 
of the first approximation in Bom’s method. With an inverse square 
law field, V = the successive approximations in Bom’s method 

correspond to an expansion § in powers of the constant 2? T€ 2 /hv. A 
relativistic correction is only of interest if v ~ c, and thus Meller’s 
formula neglects % re % /hc in comparison with unity. An attempt to find 

t Thee© formula© have been derived by Beth© and Fermi, Zeita.f. Physik, 77 (1932), 
296, using Meller’s method, and by 13. JT, Williams, loo. cit., using the method of impact 
parameters. 

t Zeita.f. Phyaik, 70 (1931), 786; Ann. der Phya., 14 (1932), 531. 

§ If we take for our unit of length K/2-Trmv, Sehr (3 dinger’s equation for an electron 
in the inverse square law field becomes 

V a 0— {— (1 — 4,TT€* /hvr) 4* ass 0. 

Dirac’s second-order equation takes a similar form (of. Mott, Proc . Roy. Soo., A, 124 
(1931), 425). 
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a more accurate formula cannot be made without taking into account 
the loss of energy by radiation, since if a particle moving with velocity 
comparable with c is scattered through a large angle, the probability 
that it will lose energy in the form of radiation is of order of magnitudef 


2ne 2 jhc. 

Moller’s formula ,$ for the cross-section for scattering between angles 
0 } 6~\~d6 is 


1(6) do = y+ 2 1 dxf 

\mv 7 y 2 


where 


x = cos 6* 


( 1 — a ? 2 ) 2 1 


2 — (y+3)sin 2 0 
2 +(y — l)sin 2 ^ 


3 (y-l)» 

-x* + 4y a 


(-£)*• 


( 10 ) 


6* is the angle of scattering referred to axes with respect to which the 
centre of gravity of the two electrons is at rest. It is interesting that 
if one applies the method of the preceding sections, using the second- 
order relativistic wave equation without the spin terms, on© obtains 
the same formula without the term 


(y l) 2 
4y 2 


[i +r: y, 


(ii) 


which may thus be considered as the contribution made by the spin. 

Eor small angles. Holler's formula gives for the effective cross-section 
for loss of energy between Q , Q+dQ 


27re 4 dQ 
mv* 


( 12 ) 


a result predicted by Bohr§ in 1913. 

Experiments have been carried out by Champion|| to test the formula 
(10). Two hundred and fifty forked /?-r ay tracks have been photographed 
in an expansion chamber, the initial values of vjc lying between 0*82 
and 0*92. The agreement with the theoretical formula is good, as shown 
below. 


Angle . 

No. scattered . 

Obs . 

Mailer. 

30-max. 

10 

13 

20-30 

26 

30 

10-20 

214 

230 


t Cf . § 4. If the two colliding particles are of equal mass and charge, the dipole 
moment vanishes and the probability of radiation is much less. 

+ Ann. der Phys., 14 (1932), 568, eq. (74). 

| Phil. Mag . ,25 (1913), 10; 30 (1915), 68. 


|| Proc. Roy. Soc., A, 137 (1932), 688. 
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It should, however, be noticed that the 'spin’ term (11) ma.v e g only a 
very small contribution for angles less than 30°. 

On the other hand Williams and Terrouxf and Williams^ have pro- 
duced evidence which shows that, for vjc ~ 0-9 and Q ~ 10,000 volts, 
the energy loss is about twice as great as that given by formula (12). ’ 


4. Influence of Radiative Forces on Nuclear Scattering 

When an electron or proton is scattered by a nucleus, there is a finite 
probability that it will lose energy in the form of radiation. In order 
to calculate this energy loss, we must take into account the reaction 
between the moving particle and the radiation field. The phenomenon 
is the analogue, for states of positive energy, of the spontaneous emis- 
sion of radiation by atoms, and the method of calculation is similar to 
that used to obtain the Einstein A coefficient. 

Let us suppose that a beam of electrons of energy E, such that one 
particle crosses unit area per unit time, falls on a nucleus. Let us 

denote by r/ . , _ . T , 

1(6, <f>;a,/3; v) dcodCldv (13) 


the probability that an electron will be scattered in the direction 0, <f> 
into the solid angle dco after giving up energy to a light quantum of 
frequency between v and v-\-dv and with its electric vector lying in the 
solid angle dCl in the direction a., p. 

From (13) we may deduce the various measurable quantities as 
follows. Wo denote by 

dvdco J I <Kl ~ I e (v, 6) (14) 


the probability that an electron will be scattered into the solid angle 
dco with energy between E — hv, E — h(v+dv), and by 

dvdCl j I dco — I a (v, ot) (16) 

the probability that a quantum of radiation will be emitted, with its 
electrio vector in the solid angle dCl. 

A further problem is the calculation of the correction to the Ruther- 
ford formula for elastic collisions that will be introduced by the radiative 
forces; this has not been investigated, but is probably not more than 
6 per cent., even for fast electrons and large angles. 

A formula for 1(9, <f>; a, P; v ) has been obtained by Mott,§ using the 


t Ibid., 126 (1929), 289. 

§ Mott, Proo. Comb. Phil. Soc., 27 (1931), 256. 


t Ibid., 130 (1930), 328. 



272 RELATIVISTIC TREATMENT OF THE TWO-BODY PROBLEM XV, § 4 
theory of spontaneous emission due to Dirac.f We introduce the fol- 
lowing notation: 

V(r) is the interaction energy between the nucleus and colliding 
particle. 

0) is the solution of the equation 

= ( 16 ) 

having asymptotic form J 

l aj8 is a unit vector in the direction a 3 /3; E 3 v 3 E' 3 v f are the kinetic 
energy and velocity of the electron before and after the collision. Then 

I dvdndoj = - |J| 2 — dCldco, (17) 

v rrhsc* v 


where J = J ^(r', tt— ©){ l aj 3 * grad V E (r' 3 6') dr 

and cos© = cos 0cos O' + sin #sin 0' cos(<^— cf>'). 

In the case of the Coulomb field, F(r) is equal to — Ze 2 jr. Q(r,0) is 
given by Chap. Ill, eq. (15). § 

If 2irZe 2 lhv 1, approximate expressions may be obtained for J by 
writing j$( rj ^ = eikz 

More accurate expressions have been obtained by Scherzer;|| these are 
rather complicated, and the simpler expressions, which give the order 
of magnitude of the effect, are reproduced here. We have 


Tm . ( Ze 2 \ 2 2 tt€ 2 16 dv f p p A" 1 

I (0 S v ) == - — ~ \*-7 + - 2 cos 9 , 

\ 2 pvj he 377 v \p p ) 


where v 3 p 3 v' 3 p' are the velocity and momentum before and after the 
collision. 

We see from (18) that if an electron is scattered through an angle 9, 
the probability that it will emit a photon of frequency between v and 


v-\-dv is 


16 2tt€ 2 v 2 sin 4 J# dv 

37 t he c 2 plp'-\-p f Ip — 2cos0 v 


(19) 


4.1. Relativity Correction. 

A complete relativistic theory of the effect of the radiation forces has 
not at present been given. However, it is extremely probable that (19) 
still gives the order of magnitude of the effect correctly, for the following 


f Proc. Boy. Soo. t A, 114 (1927), 243. J Cf. Chap. II, eq. (17). 

§ Denoted there by xjj(r, 6). || Ann. der Phys 13 (1932), 137. 
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reasons: Formula (17) takes account only of dipolo radiation, but since 
the minimum wave-length of the emitted radiation is always long com- 
pared with the classical distance of closest approach, it is unnecessary 
to consider quadripole radiation. If one carries through the calculation 
described above with, instead of (16), the relativistic wave equation 
without spin, namely, 

V 2 </-+ jm 2 c 2 — ^ 2 j 2 J xfj = 0, 

one obtains for 1(9, v) exactly the formula (18). It is unlikely that the 
spin terms will make much difference. The number of scattered elec- 
trons, neglecting spin corrections, is (Chap. IV, § 4) 

(Ze 2 /2pv)* cosec 4 |0. (2b) 

Dividing, one obtains (19). It is not therefore likely that radiative forces 
have a large effect on the scattering, even for very fast electrons, owing 
to the small factor 27 re 2 /Ac in (19). 

We note, however, that formulae (18) and (19) are eertainly not valid 
for very small v, because they give an infinite number of electrons 
scattered into a given solid angle. This is probably due to a breakdown 
in the perturbation method used in solving the equation giving the 
interaction between the radiation field and the electron. f 

4.2. Continuous X-radiation. 

By integrating (13) over all directions of the scattered electrons, one 
may investigate the spectrum of the radiation emitted when cathode 
rays fall on a thin target. The approximation used above leads to 
wrong results except for very light elements (Z ^ 2). The exact formula 
has been investigated by Gaunt, J Oppenheimer,§ Sugiura,|| and most 
completely by Sommerfeld,tt anc * good agreement with experiment has 
been obtained. 

5. Nuclear Problems 

5.1. Anomalous Scattering. 

As shown in Chapter III, quantum mechanics leads in general to the 
same formulae as classical mechanics for the scattering of a-p&rticles 
by nuclei, if the inverse square law of force be assumed. Anomalies 
arise if the incident particle has the same charge and mass as the struck 
particles, as shown in Chap. V, § 4. However, deviations from classical 

t Cf. Mott, loc. cit. % Phil. Trans. Boy. $oa. t 229 (1930), HIS, 

§ Zeits.f. Physik , 55 (1929), 513. || Phys. Bev., 34 (1929), 85 8. 

■ft eZer Phys., 5 (1931), 255. 
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scattering have been observed f for several elements other than helium, 
and these, as well as the deviations in helium for fast a-particles, must 
be ascribed to the breakdown at small distances of the inverse square 
law of force between the nucleus and a-particle. 

It is natural to attempt an explanation of the anomalous scattering 
by assuming that the law of force between a nucleus and an a-particle 



is of the type introduced by Gamow, and by Gurney and Condon, to 
account for radioactive decay. We therefore assume that the potential 
energy V(r ) of an a-particle in the field of a nucleus is of the form 
illustrated in Fig. 52, where 

F(r) = 2Ze*jr ( r > r 0 ), 

and F(r) is given by some other function for r < r 0 . It must be em- 
phasized that the form of F(r) for r < r 0 must not be taken too 
seriously. It is possible that the idea of potential energy is not applic- 
able to the problem, since the nucleus may be polarized by the field 

t The anomalous scattering of a-particles has been observed by Rutherford ( Phil . 
Mag., 37 (1919), 537) and by Chadwick and Bieler {Phil. Mag., 42 (1921), 923) in 
hydrogen; by Rutherford and Chadwick {Phil. Mag., 4 (1927), 605), Chadwick {Proc. 
Roy. Soc., A, 128 (1930), 114), and Wright {Proc. Roy. Soc., A, 137 (1932), 677) in 
helium; by Bieler {Proc. Roy. Soc., A, 105 (1924), 434) and Chadwick {Phil. Mag., 50 
(1925), 889) in aluminium and magnesium; by Rietzler {Proc. Roy. Soc., A, 124 (1931), 
154) in aluminium, beryllium, boron, and carbon; and by Duncanson and Miller in 
aluminium {Proc. Roy . Soc., A, in course of publication). 
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of the incident particle, so that V is a function of the velocity. It is 
quite possible that quantum mechanics is not applicable within the 
nucleus. At the same time, we can account for a great many features 
of the anomalous scattering if we assume only that the a-particle, for 
r > r 0 , is described by a wave function \jj satisfying Schrodinger’s equa- 
tion, and that for r < r 0 there is some quite unspecified attractive field. 
In view of the success of the Gamow-Gumey- Condon theory, we are 
here on fairly safe ground. 

Details of the scattering by such a field have been worked out,f using 
the methods of Chapters II and III. We denote by j R the ratio of 
the observed number of scattered particles to the number of particles 
expected according to the classical theory, and by 0 the angle of 
scattering with reference to axes moving with the centre of gravity of 
the two particles. Then we obtain 

It = J l+^a^sin^^e 1 ^ 10 ^ 81112 ^ 2 (2^+ l)e 2i ^-~ r J°\e 2i ^ — l)P n (cos0)| 2 , (21) 

where oc = 4c7rZe 2 lhv 9 e 2 *7* = Y(n+l-\-iot)lY(n-\-l — ioc ). 

The quantities are defined in the following way: if V(r) is the nuclear 
field illustrated in Fig. 52, the solution L n of the equation 

$£+ \^^L{E-V}- n{n pl] L= 0, in* = -ML., 
dr 2 L h 2 K r 2 J 

which vanishes at the origin, will have asymptotic form 
L n ~ sin(&r — \nrc — a log 2Tcr+rj n +t, n ). 

The quantities thus represent the deviation of the wave function at 
infinity from the form which it would have with the pure Coulomb 
field, and play a similar role in the theory of anomalous scattering to 
that of the phase constants rj n in Eaxen and Holtsmark’s theory of the 
scattering of electrons by the fields of neutral atoms. In the first case 
we are dealing with the deviations of the wave function from the form 
it would have in the Coulomb field, while in the last case we are con- 
cerned with deviations from the plane wave form. 

If the t n are small they may be calculated J by a perturbation 
method analogous to Bom’s but differing from it in that the unper- 
turbed wave functions are the functions L n instead of the corresponding 

f Mott, Proc. Roy . 8oc., A, 133 (1931), 2 28; Taylor, Proc. Roy. Soc. 9 A, 134 (1931), 
103, and 136 (1932), 605. The scattering has been investigated by many authors, using 
the approximate method of Bom (Chap. VII). However, it is easy to see that the 
conditions for the validity of this method are not satisfied, and that the results obtained 
are not even qualitatively correct. 

£ Massey, Proc. Roy. Soc., A, 137 (1932), 447. 
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plane wave functions. Also, by following an argument similar to that 
of Chap. II, § 2, it can be shown that the £ n are all negligiblef if the 
incident a-particles are so slow that none will enter the region (r < r 0 ) 
where the Coulomb field fails. The condition that, for a given n, £ n 
should not be negligible is that a particle moving classically with angular 
momentum [^(^+1)]^/2 tt, impact parameter [n(%+l)]i %/2rrmv, should 
penetrate the region r C r 0 . 

Thus for sufficiently small v, R is unity, and for increasing v the 
terms in the series (21) become appreciable one after the other. We note 
that the velocity at which anomalous scattering begins is the same for 
all angles, in contradistinction to the classical theory. At small angles 
the anomalies will, however, be small, owing to the term sin%6 in (21). 

5.11. Comparison with Experiment. For elements heavier than 
helium, several terms of the series (21) will be required, and the experi- 
mental material is too meagre to allow of any comparison with the 
theory, except as to the order of magnitude of the effect. For hydrogen, 
however, an a-particle with angular momentum ^2h/2rr and velocity 
2 x 10 9 cm. sec. approaches only to a distance 6*4 x 10“- 13 cm. frotn the 
centre of the nucleus, which is considerably greater than the probable 
distance at which Coulomb forces break down. Thus only one term of 
the series (21) is required, and we have 

R = ^^+^~isin 2 |(9(e 2 ^o_i)p. (22) 

The formula (22) only contains one unknown parameter £ 0 , which is 
a function of v but not of 6. Thus from the observed scattering at 
constant angle, £ 0 may be determined, and hence the scattering at all 
other angles may be deduced. Calculations on these lines have been 
carried out by H. M. Taylor, £ and very good agreement with experiment 
obtained. Similar calculations for helium yield fair agreement. 

5.2. Resonance Levels. 

It was first pointed out by Gurney § that with a field such as that 
illustrated in Fig. 52 there may exist narrow ranges of energy such that 
^-particles with energies lying in these ranges may pass easily into the 
nucleus, although the classical distance of closest approach is greater 
than r 0 . The phenomenon has been discussed from a theoretical point 
of view by several authors; we shall summarize the results obtained. 

The breadth A E of the level is given by the formula 

A E ~ hX , 

f This is not the case if there is a resonance level. 

t Proo. Boy. &oc. 9 A, 136 (1932), 605. 


§ Nature, 123 (1929), 665. 
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where A is the decay constant from the level considered. A may be 
calculated from a formula given by Gamow.j* 

If no disintegration of the nucleus is possible, the only result of the 
level will be to cause anomalous scattering for incident a-particles 
having their energies in the range AE. 

If the energetic relations are such that disintegration is possible, 
protons will be emitted when the nucleus is bombarded by a-particles 
having their energies in the range AE. No protons will be emitted for 
a-particles of greater or less energy, unless the a-particles have enough 
energy to pass over the top of the potential barrier. 

One may give an upper bound to the cross-section for disintegration; 

this isj (2n+l)h 2 /4:7rm 2 v 2 (m = mass of a-particle), 

where n is the azimuthal quantum number associated with the level. In 
most experimental investigations, inhomogeneous beams of a-particles 
are used, and in that case it can be shown that the presence of resonance 
levels will not result in any greatly increased yield of disintegration- 
products^ This is due to the fact that the small width of the resonance 
level just compensates for the large probability of penetration. 

The experimental evidence at present available! | seems to indicate 
the existence of resonance levels; but it is doubtful whether the observed 
widths agree with those expected theoretically, ff 

f Atomic Nuclei and Radioactivity , p. 50. 

j Mott, loc. cit. 

§ Kallmann, Naturwiss., 20 (1932), 393. 

|| See, for example, Chadwick and Constable, Proc. Roy. Soc. } A, 135 (1932), 48. 

ft Mott, loc. cit. 
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Morse and Stueckelberg, theory of ‘Um- 
ladung% 237. 

Mott , scattering of fast electrons, 57 ; 
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Neher, nuclear scattering of fast electrons, 
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Neon, scattering by, 147. 

Nicoll, see Mohr and N. 
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8 , 
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Palmer, see Tate and P. 

Pauli , theory of spinning electron, 41. 
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136. 

Penny, calculation of excitation proba- 
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Polarization of atom by incident electron, 
156. 
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ladung’, 235; electron emission from 
metals, due to, 251. 
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Powell, see Tyndall and P. 
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gases, 245 ; excitation of 2 X P state in 
helium by, 246 ; scattering in hydrogen 
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Quenching of resonance radiation in 
mercury, 234. 

Ramien, excitation of molecular vibration, 
217. 
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sections, 116, 122, 133. 

Ramsauer and Kollath, electron scattering 
in gases* 121, 133, 136, 145, 146. 

Ramsauer effect, theoretical explanation 
of, 139 et seq. 

j Ramsauer, Kollath , and Lillienihal , free 
paths of protons in rare gases, 244. 

Rare gases, scattering of electrons in, 131 ; 
Ramsauer effect in, 134, 144. 

Rayleigh , Lord ; scattering by a spherical 
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Refractive index of de Broglie waves, 4. 
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tion to Rutherford scattering formula, 
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and R. 
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states, 250. 
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Stem-Gerlach experiment, 43. 
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of, 250. 

Ruark, investigation of wave packets, 18. 

Rupp, investigation of double scattering, 
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Rutherford, capture of electrons by cc- 
particles, 228 ; anomalous scattering of 
a-particles, 274. 

Rutherford scattering law, deduction 
from wave mechanics, 32 ; correction for 
relativity, 57; correction for identical 
particles, 73, 76 ; correction for shielding 
due to atomic electrons, 125. 

Saaymcm, see Brose and S. 

Sauter, photoelectric effect, 264. 

Scherzer, influence of radiative forces on 
scattering, 272. 

Schrodinger’s equation, 3 ; see also wave 
equation. 

Self-consistent field, application to scatter- 1 * 
ing problems, 123. 
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Smith ( R . A.), see Massey and S . 

Sommerfeld, scattering by Coulomb field, 
35 ; X-ray spectrum, 273. 
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electron, 44 et seq. ; influence on scatter- 
ing formulae, 74, 113, 149. 
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Stern-Gerlach experiment, 42, 46. 

Stier, scattering of slow electrons by a 
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a-particles, 221 ; relativistic correction, 
269. 

Stueckelberg, theory of collisions between 
atoms, 240. 

Stueckelberg and Morse , capture of free 
electrons by positive ions, 229. 

Sugiura, continuous X-ray spectrum, 273. 

Tate, see Smith (P.) and T. 

Tate and Palmer, electron scattering, 136; 
angular distribution of ejected electrons, 
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Taylor , anomalous scattering of a-particles, 
275. 

Temple, scattering by inverse square law 
field, 34. 

Thieme, excitation of helium by electrons, 
177, 192. 

Thomas-Fermi field, 123; application to 
scattering in mercury, 148. 

Thomson (Q. P.), atomic scattering factor, 
132. 

Thomson ( J . J .), classical formula for 
ionization cross-section, 182. 

Total cross-section for scattering, defini- 
tion of, 24. 
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mobilities of ions in gases, 222. 

‘Emladung’, 234. 

Van Atta, small angle scattering in helium, 
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by collision with electrons, 217 ; with 
molecules, 248. 

Viscosity, quantum theory of , 230. 
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Wave equation, for a single electron, 3, 1 3 ; 
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Wave function, definition of, 1 ; of beam of 
electrons, 4, 6; for spinning electron, 43. 

Wave-length of de Broglie waves, 2. 

Wave packets, 14. 

Webb , see Hughes , McMillen, and W. 
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la, 90 ; application to scattering of elec- 
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stopping-power, 189, 225; relativistic 
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